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ABSTRACT. Let (X,d) and (Y, p) be compact metric spaces, let 7 and 7 be
Lipschitz involutions on X and Y, respectively, let A = Lip(X,d,7), and let
B = Lip(Y, p,n), where Lip(X,d,7) = {f € Lip(X,d) : for = f}. For
each f € A, or 4(f) denotes the peripheral spectrum of f. We prove that
if 51,5 : A — A and T1,T5 : A — B are surjective mappings that satisfy
oxB(T1(f)T2(g9)) = 0x,4(S1(f)S2(g)) for all f,g € A, then there are k1, k2 €
Lip(Y, p,n) with K1k2 = 1y and a Lipschitz homeomorphism ¢ from (Y] p) to
(X,d) with Top =pononY such that T;(f) = ;- (S;(f) o) forall fe A
and j = 1,2. Moreover, we show that the same result holds for surjective
mappings 51,5 : A — A and T1,T> : A — B that satisfy o, g(T1(f)T2(g9)) N
0 a(S1(f)9(g)) # 0 for all f,g € A

1. INTRODUCTION AND PRELIMINARIES

The symbol K denotes a field that can be R or C. Let A be an algebra over K
with unit e4 and f € A. The spectrum of f is denoted by o 4(f) and defined by

oA(f) ={A € C: f — Aey is not invertible in A},
if K=C and
oA(f) ={a+ib € C: (f —aeq)? + b*e4 is not invertible in A},

if K =R. It is known that o4(f) is a nonempty compact subset of C wherever,
A is a Banach algebra with unit over K (see [9, Theorem 1.2.8] for K = C
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and [11, Corollary 1.1.8 and Theorem 1.1.19] for K = R). Let A be a Banach
algebra with unit e4 over K and let f € A. The peripheral spectrum of f is
denoted by o, 4(f) and defined by

orAlf) = {A € oulf) - [Nl = max{[w| s w € ou(f)}}-

Definition 1.1. Let A and B be Banach algebras with unit over K.

(i) Amap T : A — B is called multiplicatively spectrum preserving, if

os(T(f)T(g)) = oa(fg) for all f,g € A

(i) Amap T : A — Bis called peripherally multiplicative spectrum preserving,
if 07 5(T(f)T(9)) = ox.a(fg) for all f, g € A

(iii)) A map T : A — B is called weakly peripherally multiplicative spectrum
preserving, if o g(T(f)T(g)) Nora(fg) # 0 for all f,g € A.

(iv) Four mappings S1,52 : A — A and T1,T5 : A — B are called jointly
peripherally multiplicative spectrum preserving, if

0= 5(T1(f)T2(g)) = 0x,.4(S1(f)S2(g))

for all f,g € A.
(v) Four mappings 51,52 : A — A and 11,75 : A — B are called jointly
weakly peripherally multiplicative spectrum preserving, if

or5(T1(f)T2(9)) N om a(S1(f)S2(g)) # 0
for all f,g € A.

Definition 1.2. Let (A, || - ||) and (B, || - ||) be normed algebras over K.

(i) A map T : A — B is called norm multiplicative, if |T(f)T(9)|| = |l fgll
for all f,g € A.

(ii) Four mappings Sy, 5 : A — B and 11,7, : A — B are called jointly norm
multiplicative, if ||T1(f)T2(g)|| = ||S1(f)S2(g)|| for all f,g € A.

Let X be a compact Hausdorff space. We denote by Ck(X) the set of all
K-valued continuous functions on X. It is known that Cg(X) is a unital com-
mutative Banach algebra over K with unit 1y, the constant function on X with
value 1, under the uniform norm || - ||x defined by

Ifllx = sup{[f(2)] : 2 € X} (f € Cx(X)).

We write C'(X) instead of Cc(X). A complex function algebra on X is a complex
subalgebra A of C'(X), which separates the points of X and containing 1y. A
complex Banach function algebra on X is a complex function algebra A on X
such that it is a unital Banach algebra under an algebra norm || - ||. If the algebra
norm on A is the uniform norm |- || x, then A is called a complex uniform function
algebra on X. Let f € C(X). The range of f is denoted by Ranx(f) and defined
by Ranx(f) = {f(x) : € X}. The set of all z € X for which ||f|x = |f(z)]
is called the mazimizing set of f and denoted by M(f). The peripheral range of
f is denoted by Ran, x(f) and defined by Ran, x(f) = {f(z) : € X, || fllx =
|f(z)|}. In fact, Ran, x(f) is the image of M(f) by f. It is known [16, Lemma
1] that Ran, x(f) = 0..a(f) for all f € A, where X is a compact Hausdorff space
and A is a complex uniform function algebra on X.
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Definition 1.3. Let X and Y be compact Hausdorff spaces and let A and B be
subalgebras of C'(X) and C'(Y) over K, respectively.

(i) A map T : A — B is called multiplicatively range preserving, if
Rany (T'(f)T'(g)) = Ranx(fg) for all f,g € A.

(ii)) A map T : A — B is called peripherally multiplicative range preserving, if
Ran, y(T(f)T(g)) = Ran, x(fg) for all f,g € A.

(iii) A map T : A — B is called weakly peripherally multiplicative range pre-
serving, if Ran, y (T(f)T(¢9)) N Ran, x(fg) # 0 for all f,g € A.

(iv) Four mappings 51,52 : A — A and T1,Ty : A — B are called jointly
peripherally multiplicative range preserving, if

Ran,y (T1(f)T2(g)) = Ran, x(S1(f)S2(9))

for all f,g € A.
(v) Four mappings 51,52 : A — A and 11,75 : A — B are called jointly
weakly peripherally multiplicative range preserving, if

Ranﬂ7y(T1(f>T2<g)) N Ranﬂ,X(Sl(f>52(g)) 7& @
for all f,g € A.

The study on the multiplicatively spectrum preserving maps was initiated by
Molnér in [18]. For a first countable compact Hausdorff space X, he showed [18,
Theorem 5] that if T': C(X) — C(X) is a surjective multiplicatively spectrum
preserving map, then there exist a homeomorphism ¢ : X — X and a continuous
function x : X — {—1,1} such that T(f) = k- (f o p), for all f € C(X), that is,
T is a weighted composition operator from C'(X) onto itself. Lambert, Luttman,
and Tonev [12, Theorem 1| characterized the surjective norm multiplicative maps
between complex uniform function algebras and showed that these mappings are
essentially weighted composition operator in modulus. Lee [14] generalized their
result to complex function algebras.

Let A be a unital commutative Banach algebra over K. A character of A is a
nonzero homomorphism ¢ : A — C, where C is regarded as an algebra over K.
We denote by A(A) the set of all characters of A. Let A be a complex Banach
function algebra on a compact Hausdorff space X. For each x € X, the map
daz A — C defined by da.(f) = f(z) (f € A), is an element of A(A), which
is called the evaluation character on A at x. A is called natural if for every
v € A(A) we have ¢ = 4, for some z € X.

Rao and Roy [19] obtained a generalization of Molnér’s theorem for natural uni-
form function algebras. Hatori, Miura, and Takagi in [5] generalized the result of
Rao and Roy by replacing the multiplicatively spectrum preserving condition by
a weaker multiplicatively range preserving condition. Luttman and Tonev [16]
replaced the range by the peripheral range or, equivalently, by the peripheral
spectrum. Lambert, Luttman, and Tonev [12] and Lee and Luttman [15] char-
acterized weakly peripherally multiplicative spectrum preserving between com-
plex uniform function algebras and showed that these mappings are essentially
weighted composition operators.
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There has been a recent surge of work done on characterizing the mappings
between Banach algebras that preserve certain spectral properties; see [4] for a
survey. These problems are known as spectral preserver problems.

Let X be a topological space. A self-map 7 : X — X is called a topological
involution on X if 7 is continuous and 7(7(z)) = x for all x € X. Clearly, such
7 is a homeomorphism from X onto X.

Let X be a compact Hausdorff space and let 7 be a topological involution on
X. The map 7* : O(X) — C(X) defined by 7*(f) = for is an algebra involution
on C'(X), which is called the algebra involution induced by T on C(X). We now
define

CX,7):={feCX):7(f) = [}

Then C'(X,7) is a unital self-adjoint uniformly closed real subalgebra of C(X)
that separates the points of X. Moreover, ilx ¢ C(X,7) and C(X) = C(X,7) &
iC(X, 7). Note that C(X, ) = Cr(X) if and only if 7 is the identity map on X.
A real function algebra on (X, 7) is a real subalgebra A of C'(X,7) that separates
the points of X and containing 1x. A real Banach function algebra on (X, 1) is
a real function algebra A on (X, 7) such that it is a unital Banach algebra under
an algebra norm || - ||. If the algebra norm on A is the uniform norm || - ||x, then
A is called a real uniform function algebra on (X, 7). For each z € X, the map
das A — Cdefined by d4.(f) = f(z) (f € A), is an element of A(A), which
is called the evaluation character on A at z. Also A is called natural if for every
¢ € A(A) we have ¢ = § 4, for some x € X. This algebra was defined explicitly
by Kulkarni and Limaye [10]. For further general facts about C'(X,7) and real
uniform function algebras, we refer the reader to [11].

Let X be a compact Hausdorff space and let A be a nonempty subset of C'(X).
A function f € A is said to be a peaking function in A if Ran, x(f) = {1}.
We denote by P(A) the set of all peaking functions in A. For x € X, the set
of all f € P(A) for which f(z) = 1 is denoted by P,(A). A nonempty subset
F of X is called a peak set of A if there exists a function f € P(A) such that
F={xz e X : f(x) = 1}. For a nonempty subset F of X, we denote by Fr(A)
the set of all f € A for which ||f||x = |f(x)| =1 for all z € E.

Let X be a compact Hausdorff space, let 7 : X — X be a topological involution
on X, and let A be a nonempty subset of C(X, 7). An (i)-peaking function in
A is a function f € A with Ran, x(f) = {i¢,—i}. A nonempty subset F' of X is
called an (i)-peak set of A if there exists an (i)-peaking function f € A such that
F ={x € X : f(x) = i}. Note that F is a compact set and F N 7(F) = (. For
x € X, we denote by iP,(A) the set of all f € P(A) for which f(x) =i. These
types of functions were studied extensively in [17].

Spectral preserver problems have yet to be investigated for real Banach func-
tion algebras, or for real Banach algebras. Lee [13] studied the jointly uniform
norm multiplicative maps, jointly peripherally multiplicative spectrum preserving
maps, and jointly weakly peripherally multiplicative spectrum preserving maps
between real uniform function algebras, using the peaking functions, (i)-peaking
functions, and the version of Bishop’s lemma for real uniform function algebras.
Moreover he showed that such mappings are essentially weighted composition
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operators on the Choquet boundaries of mentioned algebras. To see the version
of Bishop’s lemma for complex uniform function algebras we refer [3, Theorem
2.4.1).

Let (X,d) and (Y,p) be metric spaces. A map ¢ : X — Y is called a
Lipschitz mapping from (X, d) to (Y, p) if there exists a constant C' such that
plp(z), o(y)) < Cd(x,y) for all z,y € X. Let (X,d) be a metric space. A func-
tion f : X — Kis called a K-valued Lipschitz function on (X, d) if f is a Lipschitz
mapping from (X, d) to the Euclidean metric space K. We denote by p(x.q4)(f)
the Lipschitz constant of f: X — K, that is,

Pxa)(f) = sup {W

Let (X, d) be a compact metric spaces. We denote by Lipg (X, d) the set of all
K-valued Lipschitz functions on (X, d). Then Lipg (X, d) is a subalgebra of Ck (X)
over K containing 1x that separates the points of X. Moreover, Lipk(X,d) is a
commutative unital Banach algebra over K with the Lipschitz algebra norm

1Flliweeay = Ifllx +peca(f) - (f € Lipg(X, d)).

We write Lip(X,d) instead of Lipg(X,d). It is known that Lip(X,d) with the
norm || - ||Lip(x,q) is a natural complex Banach function algebra on X. These
algebras were first introduced by Sherbert [20,21].

Jiméneze-Vargas and Villegas-Vallecillos [8] studied and characterized periph-
erally multiplicative spectrum preserving maps between Lipschitz algebras on
compact metric spaces. Weakly peripherally multiplicative range preserving maps
between Lipschitz algebras on pointed compact metric spaces were characterized
by Jiméneze-Vargas, Luttman, and Villegas-Vallecillos [7]. Jiméneze-Vargas et
al. [6] characterized jointly weakly peripherally multiplicative range preserving
maps between Lipschitz algebras on pointed compact metric spaces.

Let (X,d) be a metric space. A selfmap 7 : X — X is called a Lipschitz
involution on (X,d) if 7(7(z)) = « for all z € X and 7 is a Lipschitz mapping on
(X,d). Note that if 7 is a Lipschitz involution on (X, d), then 7 is a topological
involution on (X, d). Let (X, d) be a compact metric space and let 7 be a Lipschitz
involution on (X, d). Then 7*(Lip(X,d)) = Lip(X, d). We now define

Lip(X,d,7) = {f € Lip(X.,d) : 7°(f) = f}.

In fact, Lip(X,d, 7) = Lip(X,d)NC(X, 7). The following result is a modification
of [1, Theorem 2.7].

:x,yEX,x;«éy}.

Theorem 1.4. Let (X,d) be a compact metric space and let T be a Lipschitz
involution on (X,d). Suppose that A = Lip(X,d,7) and A = Lip(X,d). Then
the following statements hold:

(i) A is self-adjoint real subalgebra of A, 1x € A, and ilx ¢ A.

(i) A= A@iA and A separates the points of X.

(iv) A is closed in (A, || - ||lLip(x.a))-

(v) (A, - lluipx,a)) @ a real natural Banach function algebra on (X, d,T).

(vi) A = Lipp(X,d), if and only if T is the identity map on X.
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The algebras Lip(X, d, 7) are called real Lipschitz algebras with involution and
were first studied in [1]. We know from [2] that Ch(Lip(X,d, 7)) = X, where
Ch(A, X, 1) is the Choquet boundary of real function algebra A with respect to
(X, 7).

In Section 2, we first give a version of Bishop’s lemma for real Lipschitz algebras
with involution. Next, we obtain some results, which are useful in Sections 3-5. In
Section 3, we characterize jointly uniform norm multiplicative maps between real
Lipschitz algebras with involution and show that these mappings are essentially
composition operators in modulus. In Section 4, we characterize jointly periph-
erally multiplicative spectrum preserving maps between real Lipschitz algebras
with involution and show that these mappings are essentially weighted compo-
sition operators. In Section 5, we first show that jointly weakly peripherally
multiplicative spectrum preserving maps between real Lipschitz algebras with in-
volution are jointly peripherally multiplicative spectrum preserving. Finally, we
show that jointly weakly peripherally multiplicative spectrum preserving maps
are essentially weighted composition operators. In this work, we follow almost
the same method of Lee in [13].

2. BISHOP’S LEMMA AND SOME RESULTS IN REAL LIPSCHITZ ALGEBRAS

The key result to the work on peripheral multiplicativity and its generalizations
is Bishop’s lemma. In this section, we first give a version of Bishop’s lemma for
Lip(X, d, ), where (X, d) is a compact metric space and 7 is a Lipschitz involution
on X. For this purpose, we need the following lemmas.

Lemma 2.1. Let (X,d) be a compact metric space and let 7 : X — X be a
Lipschitz involution on (X,d). Then for each x € X, there is a function f €
Lip(X,d, ) with f(z) = f(7(z)) =1 and 0 < f(y) <1 for ally € X \ {z,7(z)}.

Proof. For each z € X and every ¢ > 0, define the function h,; : X — C by

d(z,
o) = maxf0,1 - 20y e x),
It is easy to see that h,s € Lip(X,d), h.s(z) = 1 and 0 < h,5(y) < 1 for all

y € X\ {z}.

To prove the result, we first assume that x € X with 7(z) = z. Define the
function f : X — C by f = hy17"(hy1), where 7% is the algebra involution on
C(X) induced by 7. Then f € Lip(X,d,7), f(x) = f(7(z)) =1and 0 < f(y) < 1
forally € X \ {z,7(z)}.

We now assume that z € X with 7(x) # x. Take 0 < § < d(z,7(z))/2. Then
hes(T(2)) = hr(z)s(x) = 0. Define the function g : X — C by g = hy5 + hra)s.
Then g € Lip(X,d) and g(x) = g(7(z)) = 1. Let y € X \ {z,7(x)}. Clearly,
0 < d(y,r) < ¢ implies that d(y,7(z)) > ¢ and 0 < d(y,7(z)) < ¢ implies that
d(y,z) > ¢ since 0 < 0 < L(I If d(y,z) > ¢ and d(y, 7(x)) > d, then

9y ) he5(y) + hez)s(y) = 0.
If 0 <d(y,z) < ¢ and d(y,T(x)) > §, then

9(Y) = hes(y) + hr@)s(y) = 1 —d(y,z) /6 < 1.
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If d(y,z) > ¢ and 0 < d(y,7(x)) < d, then

d(y, 7(x))
)

Therefore, 0 < g(y) < 1 for all y € X \ {z,7(z)} and so ||g||x = 1. Define the
function f : X — C by f = ¢g7*(g). Then f € Lip(X,d, 1), f(z) = f(r(z)) =1,
and 0 < f(y) <1lforally € X\ {z,7(z)}. O

9(y) = hes(y) + hr@ys(y) =1 — <L

As an immediate consequence of Lemma 2.1, we obtain the following result.

Corollary 2.2. Let (X,d) be a compact metric space and let 7 : X — X be a
Lipschitz involution on (X,d). If v € X, then P,(Lip(X,d, 7)) is nonempty and
{z,7(x)} is a peak set for Lip(X,d, ) with respect to X.

Lemma 2.3. Let (X,d) be a compact metric space and let 7 : X — X be a
Lipschitz involution on (X,d). Then for each x € X with T(x) # x, there is
a function f € Lip(X,d,7) with f(x) =i, f(7(z)) = —i and |f(y)| < 1 for all
ye X\ {x,7(2)}.

Proof. Let z € X with 7(z) # x. Take 0 < 0 < d(z,7(z))/2. Define the function
Gus : X = C by

9x5(y) = imax{0, 1 — d(xé’ y)} (y € X).

Then g¢,5 € Lip(X,d), g.s(x) = i, go5(7(z)) = 0, and |g,.5(y)| < 1 for all
y € X \ {z}. Define the function f : X — C by f = gus + 7(gsrs). Then
f € Lip(X,d,7), f(z) = i and f(r(x)) = —i. Let y € X \ {z,7(x)}. Then
there exist , f € [0, 1) such that ¢,5(y) = i and g, 5(7(y)) = i. Therefore,
f(y) =i(a—B) and so |f(y)| < 1. O

As an immediate consequence of Lemma 2.3, we obtain the following result.

Corollary 2.4. Let (X,d) be a compact metric space and let 7 : X — X be a
Lipschitz involution on (X,d). If v € X with 7(x) # x, then iP,(Lip(X,d, 7)) s
nonempty and {x,7(x)} is an (i)-peak set for Lip(X,d, ) with respect to X.

We are now in a position to state and prove the peak and (i)-peak versions of
Bishop’s lemma for Lip(X,d, 7).

Theorem 2.5. Let (X, d) be a compact metric space, let 7 : X — X be a Lipschitz
involution on (X,d), let f € Lip(X,d,7), and let z € X.

(i) (Peak version of Bishop’s lemma for Lip(X,d, 7)). If f(z) # 0, then there
is a function h € P,(Lip(X,d, 7)) such that M(fh) = M(h) = {z,7(x)}
and Rang x(fh) = {f(x), f(7(x))}.

(ii) If f(x) = 0, then for each € > 0 there is a function h € P,(Lip(X,d, 7))
such that || fh||x < e.
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Proof. (i) Let f(z) # 0. Take f; = le)‘f Then f; € Lip(X,d,7) and |fi(z)| = 1.
Define the function g : X — C by

1, yeX, [hly)l<1
gly)=q92-1AWl  yveX, 1<[hl)<2, (2.1)
0, ye X, |fily)| > 2.
Then g € Lip(X,d,7), g(z) = g(7(z)) = 1, and 0 < g(y) < 1 for all y € X.
By Lemma 2.1, there exists a function k € Lip(X,d, 7) with k(z) = k(7(z)) =1
and 0 < k(y) < 1 for all y € X \ {z,7(x)}. Define the function h : X — C by
h = gk. Then h € Lip(X,d,7), h(7(z)) = h(z) = 1, and |h(y)| = |g(y)k(y)| < 1
for all y € X\ {x,7(z)}. Hence, M(h) = {z,7(x)} and h € P,(Lip(X,d,7)). Let
ye X\ {x,7(z)}. If |fi(y)] <1, then

|fih()] = [fi(y)gwky)] = [fily)k(y)] < 1.
If 1 <|fi(y)| <2, then

[F1@)h)| = 1 @)gW)kw)] = LI = [Ay)DIEG)] < 1.
If | fi(y)| > 2, then

[Aw)h@)| = 1f1(n)g()k(y)| =

Hence, |fi(y)h(y)] < |fi(z)| for all y € X \ {z T(a: } On the other hand,

(fih)(z) = fi(x)h(z) = fi(z) and (fih)(7(z)) = fi(r(z))h(7(z)) = fi(r(2)).
Hence, || fih]lx = [f1(z)] = |fi(7(2))], M(fih) = {z,7(z)}, and Rany x(fih) =
{fi(z), fi(r(x))}. Since fh = |f(x)|fih and |f(z)] > 0, we conclude that

M(fh) = M(fih) = {z,7(x)} and
Ran, x(fh) = {|f(x)|A : A € Ran, x(fih)}
= {lf @)1 (), [f (@) f1(7())}
= {f(z), f(r(2))}.
(ii) Let f(z) = 0. If f(y) = 0 for all y € X, then (ii) holds for all h €
P.(Lip(X,d,7)). Note that, by Corollary 2.2, P,(Lip(X,d, 7)) # 0. We now
assume that f(xg) # 0 for some o € X. Let € > 0 be given. Set F' = {y €

X ¢ |f(y)| > min{e, L on 7t0)lVy © Then F is a 7-invariant compact subset of X,
xo € F,and x ¢ F. By Lemma 2.1, there exists a function ¢g € Lip(X,d, 7) Wlth
g(x) = g(r(x)) =1 and |g(y)| < 1 for all y € X \ {z,7(x)}. Clearly, HgHF < 1.
Hence, there exists m € N such that (||g||#)™ < 177 Assume that h = ¢™. It is

easy to see that h € P,(Lip(X,d, 7)). Since
[fWh)] < I Flx b < [ llx7m—

=&,

HfH
for all y € F' and

@)l = [FWIhy)] < [f(y)] < min{e, }<e
for all y € X \ F, we deduce that ||fh|x < e. O

|f($0)|
2
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Theorem 2.6. ((i)-peak version of Bishop’s lemma for Lip(X,d, 7)). Let (X,d)
be a compact metric space, let T : X — X be a Lipschitz involution on (X,d),
let f € Lip(X,d,7), and let v € X with 7(x) # x. If f(x) # 0, then there
is a function h € iP,(Lip(X,d, 7)) such that M(fh) = M(h) = {z,7(x)} and
Rany x(fh) = {if (), —if (r(z))}.

Proof. Let f(x) # 0. Take f; = mf. Then f; € Lip(X,d,7) and |fi(z)| = 1.
We consider the function g : X — C defined by (2.1). By Lemma 2.3, there
exists a function k € Lip(X,d,7) with k(z) = i, k(7(z)) = —i and |k(y)| < 1
for all y € X \ {z,7(x)}. Define the function h : X — C by h = gk. Then
h € Lip(X,d,7), h(z) = g(x)k(x) = i, h(r(x)) = g(7(x))k(r(x)) = —i, and
|h(y)| = lg(y)k(y)| < 1 for ally € X \ {z,7(x)}. Hence, h € iP,(Lip(X,d,7)).
Let y € X \ {z,7(2)}. If | fi(y)] < 1, then

A = 11(y)g(W)k©)l = [f1(w)k(y)] < 1.

If 1 <|fi(y)| <2, then

[1)h)] = 1F(»)gW)k@)l = [W)I2 = [L(y)DIE@)] < L.
If | fi(y)| > 2, then

|fi)h(y)] = | fiy)g(y)k(y) =0 < 1.

Therefore, |fi(y)h(y)| < |fi(x)| for all y € X \ {z,7(x)}. Hence, M(fih) =
{z,7(x)}. This implies that M(fh) = {x,7(x)} since fh = |f(z)|fih and
|f(z)| > 0. On the other hand, (fih)(z) = fi(z)h(z) =ifi(z) and (fih)(7(x)) =
fi(r(z))h(r(z)) = —ifi(7(x)). Hence,

[f1hllx = fi(z)h(@)] = [f1(7(2)h(7(2))].
Therefore, Ran, x(fih) = {ifi(x),—ifi(7(x))}. Since fh = |f(z)|fih and
|f(z)| > 0, we have
Ran, x(fh) ={|f(z)|X: X € Ran, x(f1h)}
= {ilf (@) f1(x), =il f(2)[ fo(7(2))}
= {if(z), —if(r(z))}.
[

We now give some lemmas in real Lipschitz algebras Lip(X,d, 7), which are
useful in the next sections.

Lemma 2.7. Let (X, d) be a compact metric space, let 7 : X — X be a Lipschitz
involution on (X, d), and let f,g € Lip(X,d, 7). Then the following statements
hold:

(1) Ifllfhllx < llghlx for all h € P(Lip(X,d, 7)), then |f(z)| < |g(z)| for all
reX.

(ii) If || fhllx = |lghl||x for all h € P(Lip(X,d, 1)), then |f(x)| = |g(x)| for all
reX.
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Proof. (i) For each z € X and every § > 0 the function h, s : X — C defined by

hosly) = maxfo.1 - W08y e ),
belongs to Lip(X,d) and satisfies h,s(z) = 1 and 0 < h,5(y) < 1 for all y €
X \ {z}. Assume that ||fh|x < ||gh|x for all h € P(Lip(X,d, 7)), but |g(xo)| <
| f(z0)| for some zy € X. Choose a positive number ¢ with |g(zo)| < & < |f(z0)].

We first consider the case 7(xg) = x¢. The continuity of g at xy implies
that there exists 0 > 0 such that |g(y)| < ¢ for all y € X with d(y,zo) < .
Define the function k : X — C by k = hy,s7*(hays).- Then k € Lip(X,d, 1),
k(xg) = k(m(x9)) = 1 and 0 < k(y) < 1 for all y € X \ {zo,7(z0)} and so
k € P(Lip(X,d,1)). If y € X with d(y, x¢) > 6, then k(y) = 0 and so |g(y)k(y)| =
0 <e. Ifye X with d(y,z¢) < 9, then |g(y)k(y)| < e||lk||x < ¢, since [g(y)] < €
and ||k||x = 1. Therefore, |gk(y)| < e for all y € Y and || fk|x > |f(zo)k(z0)| =
|f(zo)| > € and so ||gk||x < e < || fk||x, which is a contradiction.

We now consider the case 7(x¢) # xo. Then |g(7(x0))| = [g(z0)| = |g(z0)| <
e. By the continuity of g at z¢ and 7(zg), there exist §; > 0 and ds > 0
such that |g(y)| < € for all y € X with d(y,z¢) < ¢; and |g(2)| < ¢ for all
z € X with d(z,7(z9)) < 9. Choose a positive number § with 0 < § <
min{dy, 02, d(xo, 7(x0))/2}. Define the function f, : X — Cby fi = hgys4+Nr (w6
Then f; € Lip(X,d), fi(xo) = fi(7(z9)) =1 and || f1||x = 1. Define the function
k:X — Cby k= fit*(f1). Then k € Lip(X,d,7), k(z¢) = k(7(x)) = 1 and
|k(y)| < 1forally € X\ {xo,7(x0)}. Hence, k € P(Lip(X,d,)). Fory € X, one
can see that 0 < d(y,xo) < ¢ implies that d(y, 7(zo)) > § and 0 < d(y, 7(xp)) < ¢
implies that d(y, zg) > 9, since 0 < § < M If y € X with d(y,z0) > ¢ and
d(y,7(x0)) > 6, then k(y ) =0 and so

l9W)k(y)| =0 <e.
If y € X with d(y,z0) < d and d(y, 7(xg)) > 0, then

l9()k()] < ellkllx =&,
since 6 < 07 and so |g(y)| < e. If y € X with d(y,z9) > 0 and d(y, 7(x0)) < 9,
then

l9()k()| < ellkllx =&,
since 0 < 0y and so |g(y)| < e. Therefore, |g(y)k(y)| < € for all y € X and
Ikl > [f(zo)k(zo)| = |f(@o)| > = and so [lgh|lx < = < [|fkllx, which is a
contradiction.

(ii) This follows from (i). O

Lemma 2.8. Let (X,d) be a compact metric space, let 7 : X — X be a Lip-
schitz involution on (X,d), and let x,y € X. Then x, = y, if and only if
Fo. (Lip(X,d, 7)) C F, (Lip(X,d, 7)), where z; = {z,7(2)} for z € X.

Proof. The necessity part is clear. Assume that =, # y,. Then y € X \ z,. By
Lemma 2.1, there exists a function f € Lip(X,d, 1) such that f(x) = f(7(z)) =
1,0 < f(2) < 1 for all z € X \ ;. Therefore, f € F, (Lip(X,d,7)) and
0< f(y) = f(r(y)) < 1. Thus, f € F,. (Lip(X,d, 7')) \ F,, (Lip(X,d,7)). Hence,
F..(Lip(X,d, 7)) € F, (Llp(X d, 7)) and so the sufficiency part holds. O
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Lemma 2.9. Let X be a compact Hausdorff space and let A be a natural complex
Banach function algebra on X. Then

Ran, x (f) = ora(f),
for each f € A.

Proof. To prove the result, it is sufficient to note that f(X) = o4 (f) forall f € A,
which is a known result. However, for the proof, let f € A. Since A is a natural
complex Banach function algebra on the compact Hausdorff space X, we have

A(A) ={d4,: 7€ X} (2.2)
Since A is a commutative unital complex Banach algebra, we have

oa(f) = F(A(A)), (2.3)
by [9, Theorem 2.2.5]. Apply (2.2) and (2.3), we have

FX)={f(2): v € X} = {0au(f) s 2 € X} = {f(0a0) v € X}
= {/(9) : ¢ € A(A)} = f(A(A) = 7a(f)-
0J

Lemma 2.10. Let (X, d) be a compact metric space, let 7 : X — X be a Lipschitz
involution on (X,d), let A= Lip(X,d,7), and let A = Lip(X,d). Then
(f

(i) oa(f) =0caalf) forall f € A.
(i) Rt x (f) = 0wa(f) for all f € A

Proof. (i) Let f € A and let A € 0 4(f). Then there exist real numbers o and [
such that A = a+i8 and (f — alx)? + 3?1y is not invertible in A. Hence, there
exists z € X such that ((f —alx)?+ 8%1x)(z) = 0. Thus, (f(z) —a)?>+ 5% =0,
which implies that f(z) = « and f = 0. Hence, (f — alx)(z) = 0 and so
A=a¢€ O’A(f).

Conversely, let A € o4(f). Then f — Alx is not invertible in A. Hence, there
exist z € X and real numbers « and § such that A = a+i5 and f(x) = . Thus,
f(r)—a =i andso ((f—alx)*+3%1x)(x) = 0. Consequently, (f—alx)?+5*1x
is not invertible in A. Therefore, A = a +if € o4(f).

(ii) Let f € A. By (i), we have

oa(f) =oa(f) (2.4)

Since, A is a natural complex Banach function algebra on X, by Lemma 2.9, we
have

Ranz x(f) = ox.a(f)- (2.5)
From (2.4) and (2.5), we deduce that Ran, x(f) = o, 4(f). O

Lemma 2.11. Let (X,d) and (Y, p) be compact metric spaces and let T : X — X
andn:Y — Y be Lipschitz involutions on (X, d) and (Y, p), respectively. If the
map ¢ 1 Y — X satisfies f o € Lip(Y, p,n) for all f € Lip(X,d, 1), then ¢ is a
Lipschitz mapping from (Y, p) to (X, d).
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Proof. Let h € Lip(X,d). By Theorem 1.4(ii), there exist f,g € Lip(X,d, 7) such
that h = f+1ig. Hence, hop = (fop)+i(goy) and so hop € Lip(Y, p). Define
the map T : Lip(X, d) — Lip(Y, p) by

T(h) =hog (h € Lip(X, d)).

Then T is an algebra homomorphism from Lip(X,d) to Lip(Y, p) with T'(1x) =
ly. By [20, Theorem 5.1}, there exists a Lipschitz mapping 6 from (Y, p) to (X, d)
such that

T(h)=hod.

Therefore, h o p = h o6 for all h € Lip(X,d). This implies that ¢ = 6 since
Lip(X, d) separates the point of X. Hence, ¢ is a Lipschitz mapping from (Y p)
to (X, d). O

3. JOINTLY UNIFORM NORM MULTIPLICATIVE MAPS

In this section, we give a description of surjective jointly uniform norm mul-
tiplicative maps between real Lipschitz algebras with involution. Throughout
this section, we assume that (X, d) and (Y, p) are compact metric spaces, that
7:X — Xand n : Y — Y are Lipschitz involutions on (X,d) and (Y, p),
respectively, that x, = {z,7(x)} for z € X, that X, = {z, : © € X}, that
yp ={y,n(y)} fory € Y, that ¥, = {y, : y € Y}, that A = Lip(X,d, 7), and that
B = Lip(Y, p, n).

Lemma 3.1. Let f,g € A, let x € X, let y € Y, and let four mappings Sy, Ss :
A — A and T1, T, : A — B be jointly uniform norm multiplicative satisfying

T3 () () T2(9)(y)]
= [S1(f)(2)S2(9)(2)]. Thenz € M(S1(f)S2(g)) if and only if y € M(T1(f)12(g))-
Proof. The proof is straightforward. O

Theorem 3.2. Let four mappings S1,5 : A — A and T1,T, : A — B be
surjective jointly uniform norm multiplicative. Then there is a bijection mapping
v X, =Y, such that

()W) T2(9) ()] = [S1()(2)S2(g) ()],

for all f,g € A, x € X and y € V(z,). Moreover, if f,g € A, x € X and
y € ¥(z,), then x € M(S1(f)S2(9)) if and only if y € M(T1(f)12(g)).

Proof. We divide the proof into several parts. By the hypotheses, we have

1T (N Ta(9)lly = 15:(F)S2(9)ll x (3.1)
for all f,g € A.
Part 1. Let f,g € A and j € {1,2}. Then |S;(f)(z)| < |S;(9)(z)| for all
v € X if and only if [T,(f)(w)| < IT,()(w)]| for all y € Y
Suppose that [S1(f)(x)] < [S1(g)(z)| for all z € X. Then

151(N)llx < 151(g)lx- (3.2)



PERIPHERALLY MULTIPLICATIVE MAPPINGS 13

Let k € P(B). The surjectivity of Ty implies that k = Ty(h) for some h € A.

Since
[S1(f) () Sa2(h)(x)] < |S1(g)(x)S2(h) ()],
for all z € X, we deduce that
151(£)Sa (M) x < [1S1(g)Sa(h) | x- (3.3)
By k = Ty(h), (3.1), and (3.3), we have

1T (kI = TN TRy = [15:1(F)S2(h)]x < [191(9)52(h)][x
= T (g)Ta()lly = [Ta(g)k]ly- (3.4)

Since (3.4) holds for all £ € P(B), by Lemma 2.7, we deduce that |T1(f)(y)| <
T1(g)(y)| for all y € Y.
Similarly, we can show that if |Sa(f)(z)] < [S2(g)(z)| for all x € X, then
T2(f) ()] < [Ta(g)(y)| for all y € Y.
Conversely, suppose that |T5(f)(y)| < |T2(g)(y)| for all y € Y. Then
IT2(N)lly < [1T2(9)lly- (3.5)

Let k € P(A). The surjectivity of S; implies that k = S;(h) for some h € A.

Since
T2 (h) (W) Ta(f) ()] < [Ta(h)(y)T2(9)(y)],
for all y € Y, we deduce that
[Ty (R)To(f)lly < IT1(h)T2(g)]ly - (3.6)
By k = Si(h), (3.1), and (3.6), we have

1ES2(N)llx = [151(h)S2(f)llx = [Ty () T2(f)|ly < [T1i(h)T2(g)ly
= [151(R)S2(9)llx = [[ES2(9)lx- (3.7)
Since (3.7) holds for all k& € P(A), by Lemma 2.7, we deduce that |Sy(f)(z)| <
|S2(g)(z)| for all x € X.

Similarly, we can show that if |T1(f)(y)| < |Ti(g9)(y)| for all y € Y, then
151(f)(@)] < [S1(g)(x)] for all z € X.

Part 2. Let ©+ € X and let oj(x) = S;'(F, (A) for j € {1,2}. Then
S1(h)Ss(k) € Fr, (A) and || Ty (h)Ta(k)|ly = [|S1(h)S2(k)||x = 1, for all h € o (x)
and k € o(x).

Let h € o/ (z) and k € oA (z). Then Si(h), Sa(k) € F,, (A). Hence,
[S1(M)[[x = [S1(R)(z)| = |Si(h)(T(2))] =1

and
152(K)[|x = |S2(k)(z)| = [S2(k)(7(x))] = 1.
Therefore,
1= [(S1(h)S2(k))(@)| < [[S1(R)[[x[S2(k)|[x =1 = [(S1(h)S2(k))(@)],

and so

1= [[S1(h)S2(k)l[x = [(S1(R)S2(K)) ()] = [(S1(h)S2(k))(7(x))]
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Thus, Si(h)Sa2(k) € F,.(A). Moreover, by (3.1), we have || T1(h)T2(k)||y = 1.
Part 3. Let x € X and let
A= () MT(WTa(k).
hedt (z),kEota(x)

Then A, is a nonempty compact subset of Y.

Clearly, M(Ty(h)Ty(k)) is a nonempty compact subset of Y for all h € o7 (x)
and k € @(z). Therefore, A, is a compact subset of Y. Let n € N, hy,... h, €
o (x) and kiy,...,k, € oh(x). Then Si(hy)...S1(h,) and So(ky)...S(k,) €
F,_(A). By the surjectivity of S; and Ss, there exist h, k € A such that

Si(h1) ... Si(hy) = Si(h) and  Sa(ky)...Sa(kn) = Sa(k). (3.8)

By the argument above, h € S;'(F, (A)) = #(r) and k € Sy (F,.(A)) =
oy(x). Since 1 = [|S1(h)S2(k)||x = ||T1(h)T5(k)||y, there exists yo € Y such that
1= TR T8y = I3 () (50) T k) ()]

Let i € {1,...,n}. Then |S1(h)(z)| < |S1(h;
for all x € X. By Part 1, we have |T1(h)(y)
|T5(k:)(y)| for all y € Y. Thus,

L= [Ty (h)T5(k)[ly = [T1(h) (yo) |1 T2(k) (yo)| < [T (i) (yo)||T2(ki)(yo)]
< T (ha) Ta(ka)[ly = [[S1(hi) Sa (ki) || x = 1.

Hence,

)(@)] and |Sy(k)(2)| < [S5(k:) ()]
| < [Ti(ha)(y)] and [To(k)(y)| <

1T (hi) T (ki) Iy = [T1(hi) (yo) T2 (i) (yo)| = 1. (3.9)
Since (3.9), holds for all i € {1,...,n}, we deduce that yo € NP, M (T} (h;)T2(k;))
and so NP, M (T (h;)Tz(k;)) # 0. By the finite intersection property,

N M(Ty(h)Ty(k)) # 0,
hed) (x), k€t (x)

that is, A, # 0.

Part 4. Let x € X, lety € A,,, and let f,g € A. Then T\(f)Ts(g) € F,, (B)
if and only if $,(f)Sa(g) € Fu, (A).

Let T1(f)T2(g) € F,,(B). Then

L= TN T(9)lly = Ti(F)Y)T2(9)(y)] = [TL(F)(n(y) T2(n(y))]-

By (3.1), we have ||S1(f)S2(g9)[|x = 1. This implies that ||[Si(f)||lx > 0 and
152(9)]|x > 0. We claim that S (f)(x)S2(g)(z) #0. Assume that S;(f)(z)S2(g)(z)
= 0. Without loss of generality, we can assume that S;(f)(z) = 0. By Theorem
2.5(ii), there exists h € P,(A) such that

o
152(9)l1x

The surjectivity of S; and Sy implies that there exist ky, k2 € A such that Sy(k;) =
Sy (ko) = h. Since h € F,_(A), we deduce that k; € o (x) and ky € o (). Hence,

1S1(F)Pllx <
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y € M(Ty(k1)Ty(ks)) since y € A, . This implies that

(Ty (k1) Ta(k2)) ()| = [Ty (k1) Ta (ko) [ly = [|S1 (k1) Sa(k2)l|x = ([[P]lx)* = 1,
and so T (k1)Tz(ko) € ( ). Hence,

(k
1= [(Ty(f)T2(9) W)I[(T1 (k1) T2 (k) ()] < (T2 () T2(9) 1 (k1) To(ke)ly
< [T () T2 (k) v 1 T3 (k1) To(g) [y = 1S1(f)S2 (ko) x[151 (k1) S2(9) ] x
= ||51( )bl x1[hS2(9)[lx < 151 ()Rl x ]l x 152(9) I x

since ||h||x = 1 and ||S’2( )||x > 0, which is a contradiction. Hence, our claim is
justified. By Theorem 2.5(i), there exist hy, hy € P.(A) such that

Ran, x (S1(f)h2) = {S1(f)(z), S1(f)(7(z))}
and

Rang x (Sa(g)h1) = {S2(g)(x), S2(g)(7(x))}-
(

Hence, [|S)(f)hallx = |S1(£)(@)] and [Sa(g)hullx = [S2(g)(x)|- By the surjectiv-
ity of S; and Sy, there exist ki, ko € A such that S(k;) = hy and Sy(ky) = ho.
Hence, k1 € o (x) and ke € h(x). Thus, y € M (T (k1)T5(ks)) since y € A,,.
Therefore,

151(f)S2(9)llx = [S1(F)(@)[[S2(g) ()] = [[S1(f)hallx[[h1S2(9) ]| x

= [151(f) Sz (k)| x |51 (k1) S2(g) || x
= T2 (f) T2 (k) [y 12 (k1) T2(9) Iy
> || T0(f)T2(k2)T1 (k1) T2(9) ly
> T () (W) T2 (g) W T1 (k) () Ta (k2 ) ()]
=1
= [|51(f)S2(9)llx-

Hence, |S1(f)(x)S2(g)(z)| = 1. Therefore, Si(f)S2(g) € F,.(A). Similarly, we

can show that Sy(f)S2(g) € F,, (A) implies that T1(f)T>(g) € F,, (B).

Part 5. Letx € X and lety € A,.. Then A, =y, ={y,n(y)}.

Since y € A,_, we have y € M (T (h)Ty(k)) for all h € o7 (z) and k € oh(x). It
follows that n(y) € M(Ti(h)Tx(k)) for all h € o/ (x) and k € o (x) since M (k)
is n-invariant for all £ € B. Hence,

yn ={y:n(y)} € Ae.,. (3.10)

Suppose that w € A,_\ {y,n(y)}. By Lemma 2.1, there exists a function k €
P,(B) such that 0 < k(w) < 1. The surjectivity of 7} and 75 implies that there
exist hy, hy € A such that Ty (hy) = To(he) = k. Since k € I, (B), we deduce that
k2 € Fy"(B) and so Tl(h1>T2(h2> € Fyn(B) By Part 4, Sl(hl)SQ(hQ) S F;UT(A)
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Hence, by Part 4, k* = Ty (hy)T3(hs) € F,, (B) since w € A, . This implies that
|k*(w)| =1 and so |k(w)| = 1, which is a contradiction to k(w) < 1. Therefore,

As, Sy} = yy- (3.11)
By (3.10) and (3.11), we have A, =y, = {y,n(y)}.
Part 5 allows us to define a map ¥ : X, — Y, by
U(x,) = Ay, =yy (xe X, ye A,,). (3.12)

Part 6. The mapping ¥ : X, =Y, defined by (3.12) is a bijection.

Let z,,2. € X,, and suppose that ¥(z,) = ¥(z,). Let h € F, (A) be
given. The surjectivity of S; and Sy implies that there exist ki, ky € A such
that Si(k1) = Sa(ke) = h. Since h? € F,_(A), we deduce that S;(k;)Sa(ks) €
F, (A). By the definition of U and Part 4, Ti(k1)T2(k2) € Fy(s,)(B) and so
T1(k1)T5(k2) € Fu(s,)(B). Applying Part 4 and the definition of ¥, we deduce
that h? = Si(k1)S2(ks) € F._(A). This implies that h € F,_(A). Hence, F,_(A)
is a subset of F, (A). Therefore, x, = 2z, by Lemma 2.8, and so W is injective.

Now let y € Y. Define % (y) = Ty '(F,,(B)), %2(y) = T ' (F,, (B)), and

By, =[] MS(R)S:(k)). (3.13)

he%1 (y),ke B2 (y)

Then B,, is a nonempty 7-invariant subset of X, where its proof is analogous
to the proof of Part 3. Assume that v € B,,. Let k € F,, (B) be given. The
surjectivity of 77 and Ty implies that there exist hy, he € A such that k = Ty(hy) =
Ty(hy). Clearly, hy € %1(y) and hy € %(y). Hence, by (3.13) and = € B,,, we
deduce that = € M(Si(h1)S2(ha)). This implies that Si(h1)S2(h2) € Fp. (A)
since M(f) is a 7T-invariant subset of X for all f € A. By the definition of ¥
and Part 4, we deduce that k* = T (h1)T5(hs) € Fu(s,)(B). This implies that
k € Fy(,)(B). Hence, F, (B) is a subset of Fy(,,)(B). Thus, y, = ¥(z;) by
Lemma 2.8. Therefore, ¥ is surjective.

Part 7. Let x € X and let y € V(x,). Then

151(F)(2)S2(9) () = [T1 () (y) T2(9) ()],
forall f,g € A.

Let f,g € A. If any of Si(f), Sa(g), Ti(f), or To(g) is identically 0, then
the result follows by (3.1). So we assume that none of Si(f), S2(g), T1(f), and
T5(g) is identically 0. Now, suppose that Si(f)(x)S2(g)(x) = 0. Then either
S1(f)(x) = 0 or Sa2(g)(z) = 0. Without loss of generality, we can assume that
S1(f)(x) = 0. To prove |T1(f)(y)T2(g)(y)| = 0, let € > 0 be given. By Theorem
2.5(ii), there exists a function h € P,(A) such that

€
The surjectivity of S; and Sy implies that there exist ki, ks € A such that h =
Sl(]{fl) = SQ(kQ) ThU.S, Sl<k1)52(k52) = h2 c Fm,-(-/l) By Part 4, Tl(kl)TQ(kQ) S
F, (B). Therefore, by (3.1) and (3.14), we have

T2 (f) (W) T2(9) ()| = T () (y) Ta(k2) (y) Ta (k1) () Ta(9) ()]

(3.14)
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< [T ()T (k) Iy 173 (K1) Ta(g)
= [[51(f)Sa(k2) | x[[51 (k1) S2(9)l| x
= [[S1(F)hlIx[152(g)hl x
< 151 (NAllx[1S2(9) [ x 1hl x
= [[51(HAllx152(9) ]l x
< E.
As e was chosen arbitrary, |71(f)(y)T2(g)(y)] = 0. Applying a similar argu-
ment, we can show that if T7(f)(y)72(g)(y) = 0, then |Si(f)(z)S2(g)(z)| = 0.
Since T1(f)(y)T2(g)(y) = 0 if and only if Si(f)(x)S2(g)(z) = 0, we deduce

that S1(f)(x)S2(g)(x) # 0 if and only if T7(f)(y)T2(g)(y) # 0. Suppose that
S1(f)(2)S2(g)(z) # 0. Then Si(f)(z) # 0 and S3(g)(z) # 0. By Theorem 2.5(i),
there exist hq, he € P.(A) such that

Rang x (S1(f)h1) = {S1(f)(x), S1(f)(7(z))}

and

Ran; x(52(9)h2) = {S2(9)(x), S2(9)(7(x))}-
The surjectivity of S; and Sy implies that there exist k1, ko € A such that Sy (k) =
h2 and SQ(]{?Q) = h1 ThUS Sl(kl)SQ(kQ) = hzhl c P (./4) and SO Sl(kl)SQ(k? ) <
F,_(A). By Part 4, Tl(krl)TQ(kg) € I, (B). Hence,
T2 ()W) T2(9) ()] = |Ta(f)(y)Ta(k2) ()| T1 (k1) (y) T2(9) (y)]
< T2 () Ta(ko) Iy | T2 (K1) T2(9) |y
= [|S1(f)S2(k2) [ x |51 (k1) S2(9) || x
= [[S1(f) Pl x 152(g) kel x
= [51(f)(@)[|S2(9) ()]
= [51(f)(2)S2(g)(2)].
(
|

(

(
By the argument above, T1(f)(y)T2(g)(y) # 0. An analogous argument gives that

()

(

191()(2)S2(9) ()| < [T1(f)(y)T2(9) ()]

Hence, [51(f)(x)S2(9) ()] = [T1(f)(y)T2(9)(y)]-

Part 8. Let f,ge A, let v € X, and let y € Y(x,). Then x € M(S1(f)S2(g))
if and only if y € M(T1(f)12(g))-

By Part 7 and Lemma 3.1, the proof is clear.

The proof of the theorem is now complete. 0

4. PERIPHERALLY MULTIPLICATIVE MAPS

In this section, we study surjective jointly peripherally multiplicative spectrum
preserving maps between real Lipschitz algebra with involution and prove that
such mappings are essentially weighted composition operators. Throughout this
section, assume that (X, d) and (Y, p) are compact metric spaces, that 7 : X — X
and n : Y — Y are Lipschitz involutions on (X, d) and (Y, p), respectively, that
A =Lip(X,d, 1), and that B = Lip(Y, p, ).
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Theorem 4.1. Let S1,S; : A — A and T\, T, : A — B be surjective jointly
peripherally multiplicative spectrum preserving or, equivalently, jointly peripher-
ally multiplicative range preserving maps. Then there are two functions k1, ke € B
with k1ky = ly and a Lipschitz homeomorphism ¢ from (Y, p) to (X,d) with
Top=won onY such that

T;(f) = k- (S;(f) o ),
forall f € Aandj=1,2.

Proof. We divide the proof into several steps. By Lemma 2.10 and the hypotheses,
we have

Rang y (T1(f)T2(g)) = Rang x (S1(f)S2(9)), (4.1)
for all f,g € A. This implies that
1T (f)T2(9)lly = [151(£)S2(9)llx, (4.2)

for all f,g € A. Then by Theorem 3.2, there exists a bijection mapping ¥ : X, —
Y, such that

T2 (/)W) T2(9)(y)| = [S1(f)(2)S2(g) ()],
forall f,ge A,z € X and y € ¥(z,).

Step 1. If f,g € A with Si(f)S2(g) = 1x, then T1(f)12(g) = 1y
Let f,g € A with S1(f)S2(g) = 1x. Then we have

Ranr x (51(/f)S2(9)) = {1} (4.3)
and
M(51(f)S2(9)) = X. (4.4)
By (4.1) for f,g and (4.3), we have
Rany (T1(f)T2(9)) = {1}- (4.5)

On the other hand, by (4.2), we have

1T (N T2(9)lly = [19:1(F)S2(9)llx = [Mxlx = 1.
Let y € Y. By the surjectivity of ¥, there exists x € X such that

(z,) = 4y (46)
Applying (4.6) and (4.4), we deduce that y € M(T1(f)T2(g)). It follows that
1= [T(f)Ta(9)lly = T2 (f) () Ta(9) (w)]- (4.7)

By (4.7), we have Ty (f)(y)T2(9)(y) € Rang y (T1(f)T2(g)) and so T1(f)(y)T2(9) (v)
=1, by (4.5). Since y € Y was chosen arbitrarily, we deduce that T1(f)7>(g) =

ly.
Step 2.

(1) ]f fl;gl € A with Sl(fl) == 51(91) = 1X7 then Tl(f1> = Tl(gl)
(11) [f fg,gg - ./4 U)Zth Sg(fg) = Sg(gg) = 1)(, then Tg(fg) = TQ(QQ)
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Let fi1,q1 € A with Si(f1) = Si(¢1) = 1x. By the surjectivity of Sy, there
exists h € A such that Sy(h) = 1x. By Step 1, we have

Ti(f1)Ta(h) = 1y = Ti(g1)Ta(h).

This implies that T7(f1) = T1(g1) and so (i) holds.
Similarly, we can show that (ii) holds. Step 2 allows us to define two functions
K1, K2 € B by

K1 = Tl(h> (h S A, Sl(h) = 1)(), Rg = Tg(h) (h € ./4, Sg(h) = 1)() (48)
By Step 1, we have ki1ko = 1y.
Step 3. Define the maps Ty, Ty : A — B by

T(f)=Ti(f)re (feA), D(f)=Tm (fcA.
Then the following properties hold:

(i) Tl and Ty are surjective mappings.
(ii) Th(f)T2(g) = Ta(f)Ta(g) for all f,g € A.
(i) Rangy (73(£)Ta(g)) = Ratg x(S1(f)Ss(9)) for all f.g € A
(iv) Ran,y(7T;(f)) = Ran, x(S;(f)) for all f € A and j € {1,2}.
(v) For f € A, S;(f) € P(A) if and only if T;(f) € P(B), where j € {1,2}.
(vi) For f € A, ]( ) € iP(A) if and only z'ffj(f) € iP(B), where j € {1,2}.
(vii) |T5(f)(y)| = |S;(f)(x)| for all f € A and j € {1,2}, where x € X and

y € ¥(zr).
(viii) S;(f) € Po(A) if and only if T;(f) € P,(B), where j € {1,2}, f € A,
reX andy € ¥(z,).

To prove (i), let h € B. Then hx; € B. The surjectivity of T} implies that

there exists f € A such that T1(f) = hk,. Hence,

Tl(f) = Tl(f)fo = hlilﬁlg = hly = h.

This shows that 7} is surjective.

Similarly, we can show that 7} is surjective. Hence, (i) holds.
(ii) Let f,g € A. Then

T\(NTalg) = Ti(f)raTa(9)mn = rre Ty (f)To(9) = Iy Ty (f)Ta(g) =Ty (/) Ta(9)-
(iii) Tt follows from (ii).

(iv) Assume that j € {1,2}. Let f € A. The surjectivity of S; implies that
(hj) = 1x for some h; € A. Then Tj(h;) = ;. Hence,

S; i
Ranmy(Tl(f)) = Ran, y (T1(f)k2) = Ran, y (T1(f)T2(h2))

J

= Ranx x(51(f)S2(h2)) = Rang x(51(f)1x)
= Ran, x(51(f)).
Similarly, we can show that Ran,y(T5(f)) = Ran, x (Sa( 1))

(v) Let feAand j€{1,2}. By (iv), we have Ran, y(T;(f)) =Ran, x(S;(f)).

Therefore,

S;i(f) € P(A) & Rang x(S;(f)) ={1} & Ran.y(T;(f)) = {1} & T;(f) e P(B).
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(vi) Let fe A and j€{1,2}. By (iv), we have Ranmy(fj(f)):RanmX(Sj(f)).
Therefore,

S;(f) € iP(A) & Rang x(5;(f)) = {~i,i} & Rangy (T5(f))
= {~i,i} & T;(f) € iP(B).

(vii) Let x € X and let y € ¥(z,). The surjectivity of S; implies that S;(h;) =
1y for some h; € A. Then T}(h;) = ;. Hence, by Theorem 3.2, for f and ha,

T2() (W) = T () W)ra(y)] = [Ty (F) () Ta(ha) (y)]
= |S1(f)(2)S2(h2)(x)] = [S1(f)()].

(z
Similarly, we can show that |T5(f)(y)| = [S2(f)(z)].
(viii) Let j € {1,2},let f € A,z € X, and let y € U(x,). We first assume that
S

S;(f) € P.(A). Then S;(f) € P(A) and S;(f)(x) = 1. Hence, T;(f) € P(B)
by (v) and [T5(f)(y)| = |S;(£)(@)] by (vii). Therefore, Ranyy(T5(f)) = {1} and
T5(f)(y)] = 1. Hence, T;(f)(y) = 1. Thus, T;(f) € Py(B).

Similarly, we can show that 7;(f) € P,(B) implies that S;(f) € P.(A).

Step 4. 7(z) = z if and only if n(y) =y, whenever x € X and y € V(z,).

Let z € X with 7(z) = 2 and let y € ¥(z,). To prove n(y) =y, it is sufficient
to show that g(n(y)) = g(y) for all g € B, since B separates the points of Y. Let

g € B. If g(y) = 0, then g(n(y)) = g(y) = g(y). Suppose that g(y) # 0. By
Theorem 2.5, there exists a function k € P,(B) such that

Ran, y(gk) = {9(y),9(n(y))}. (4.9)

The surjectivity of T} and Ty implies that there exist f1, f2 € A such that Tl( fi) =
g and T5(fy) = k. By part (iii) of Step 3 and (4.9), we have

Ran,, x (S1(f1)S2(f2)) = Rangy (T1(f1)T2(f2)) = Ranry (gk) (4.10)
={9().9(n(y))}

On the other hand, by (4.9) and k € P,(B) we have [|gk|y = [g(y)| = [9(y)k(y)|,
which 1mphes that Yy € M(gk) (Tl(fl)TQ(fg)) = (Tl(fl) (fg)) Hence,
x € M(S1(f1)S2(f2)) by Theorem 3.2. Thus,

S1(f1)(@)S2(f2)(x) € Rang x (S1(/1)52(/f2))
and so by (4.10), we have

S1(f)()S2(f2)(x) € {9(v), 9(n(y))}- (4.11)

Since 7(z) = x, we have Si(f1)(z)S2(f2)(x) € R. Hence, by (4.11) we have
9(y) € Roor g(n(y)) € R. It follows that g(y) = g(n(y))-
Similarly, we can show that 7(x) = x wherever, n(y) = vy.

Step 5. Let z € X with 7(z) # = and lety € W(x,). Then Ty (h)(y)Ta(k)(y) =
—1 for all h € ST (iP.(A)) and k € Sy ' (iP.(A)).

By Step 4, we have n(y) # y. Therefore, iP,(A) # 0 and iP,(B) # 0 by
Corollary 2.4. Assume that h € S;'(iP,(A)) and k € S;'(iP,(A)). Then
S1(h), Sa(k) € iPL(A) and so Sy(h), Sa(k) € iP(A). Thus, Ti(h), Tx(k) € iP(B)
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by part (vi) of Step 3. Since z € X and y € ¥(z,), we have 1Ty (R)(y)| =
|S1(h)(z)] and |T5(k)(y)| = |S2(k)(x)| by part (vii) of Step 3. On the other hand,
|S1(R)(x)| =1 and |Sa(k)(x)] = 1 since S1(h), So(k) € iP.(A). Therefore,

Ty(h) ()] =1 = Ta(k)(y)].

This implies that Ty(R)(y), To(k)(y) € {—i,i} since Ti(h), Ta(k) € 7P(B). Hence,
Ti(h)(y)To(k)(y) € {—1,1}. Since (T1(h)T3(k))(y) € R\ {0}, by Theorem 2.5(i),
there exists g € Py (B) Such that

Rangy (T1(h)Ta(k)g) = {T1(h)(y) Ta(k)(y)}. (4.12)
We claim that Ran,y (T} (h)To(k)g?) = {T1(h)(y)Ta(k)(y)}. Since g(y) = 1, by
(4.12) we have

Ty(h)(y)Ta(k)(y) € Rangy (Ti () To(k)g?). (4.13)
Let z € Y\ {y,n(y)}. Then

I T3(h)(2)T2(k)(2)g°(2)| < || T2 (h)Ta(k )Ilylg( W= lg(2)?
< 1=|Ty(h)(y)Ta(k)(y)]. (4.14)

By (4.13) and (4.14), we deduce that

Rangy (T1(h)Ta(k)g”) = {T1(h)(y) Ta(k) (y)}, (4.15)

since Ty () (y)T2(k)(y) € R. Hence, our claim is justified.
The surJect1V1ty of T1 and T2 implies that there exist fi, fo € A such that
Ti(f1) = Ti(h)g and Ty(f2) = To(k)g. From (4.12) and (4.15), we have

Ran, x (S1(f1)S2(f2)) = Raney (T1(f1)T2(f2)) = Ranqy (T1(h)T2(k)g?)
= {T1(h) () Ta(k)(y)}. (4.16)
By (4.12), we get
Ran, x(S1(h)S2(f2)) = Ran, Y(T
= {Tu(h)(y)
Part (iii) of Step 3 implies that
Ran, x(S1(f1)5(k)) = Ran, y

(h )T2(f ) = Ranﬂ,Y(Tl(h)T2(k)g)
Ty(k)(y)}- (4.17)

[ (f1)T2(k)) = Rang y (11 (h)gT3(k))
:Ranﬂy (

1(WTa(f2) = Rang x (S1(R)Sa(f)).  (4.18)

(
(

By (4.17) and (4.18), y € M(Ty(h)Ta(f2)) N M(Ty(f1)Ts(k)). Tt follows that
(k)

x € M(S1(h)Sa2(f2)) N ( 1(f1)S2(k)) by Theorem 3.2. Hence,

iS1(f1)(x) = S1(f1)(x)S2(k)(x) € Ranz x (51(/f1)S2(k)) (4.19)
and

i19:(f2)(x) = S1(h)(2)52(f2)(7) € Rang x(51(h)S:(f2))- (4.20)

From (4.17)—(4.20), we get
iS1(f1)(x) = Ta(R) (y) Ta(k)(y) = iSa(f2)(x). (4.21)
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By (4.21) and Ty (h)(y)Ta(k)(y) € {—1,1}, we obtain

S1(f)(@)Sa(f2)(x) = —1. (4.22)

From (4.16), we have y € M(Ty(f)Tx(f2)). Hence, = € M(Si(f1)Sa2(f2)) by
Theorem 3.2. Therefore, by (4.22), we have —1 € Ran, x(S1(f1)S2(f2)). Hence,
Ty (h)(y)Ta(k)(y) = —1 by (4.16).
Step 6. Let x € X with 7(x) # x and let y € V(x,). Then there is a unique

)) where j € {1,2}.
(). The surjectivity of S}
# 0.
yn € ¥(z,) such that

y' € U(x,) such that T;(h)(y') =i for all h € Sy YiP.(A
Since 7(x) # x, by Corollary 2.4, we have 173 (A) #
and Sy implies that S;'(iP,(A)) # 0 and Sy ' (iP.(A))
We claim that for each h € S;*(iP,(A)), there exist

Ty(h)(yn) = i.
Let h € S{*(iP,(A)). Then S;(h) € iP,(A). This implies that Ran, x(S;(h))

{i, —i} and S1(h)(z) = i. By part (iv) of Step 3, Ran,y (71 (h)) = Ran, x(Si(h)).
Thus, Ran, y(T1(h)) = {—i,i}. Since y € ¥(z,), we have

T2(h)(y)] = S1(h)(x)| = |i| = 1.

(y
Hence, Ty(h)(y) € Rangy (T, 1(h)) and so Ty(h)(y) € {—i,i}. Choose y;, = y if
Ti(h)(y) =i and y, = n(y) if T1(h)(y) = —i. Then y, € V(z,) and Ty (h)(yn) = 1.
Hence, our claim is justified. ) 3
Let h,k € S;'(iP.(A)). Then Ty(h)(y), T1(k)(y) € {—i,i}. By the argument
above, there exist yp, yx € ¥(z,) such that

Ty(h)(yn) =i, Ta(k) () = i.
Assume that f, € S;'(iP.(A)). By Step 5, we have

Ty(h) (W) T2(f2)(y) = =1 = Tu(k)(y) Ta(f2) (y).
This implies that

Ti(h)(y) = Ta(k)(y)-

If y, = vy, then T1(h)(y) = i and so Ti(k)(y

) = i. We claim that y, = y.
Otherwise, yx = n(y) since yx,y € V(z,) and ¥(z,) =

{y,n(y)}. Hence,

i =Ta(k)(y) = Ta(k)(n(y)) = T1 (k) (ye) = 1 = —i,

which is a contradiction. Hence, our claim is justified. Therefore, v, = y and
so yp = Y- If yn = n(y), then Ty(h)(y) = T1(h)(n(yn)) = T1(h)(yn) = —i and
so T1(k)(y) = —i. Hence, yx = n(y) and so y, = yx. Therefore, there exists
a unique element 3’ € W(z,) such that Ty(h)(y') = i for all h € ST (iP,(A)).
Similarly, we can show that there exists a unique element y” € W(z,) such that
To(h)(y") =i for all h € Sy (iP,(A)). We claim that ¢ = y”. Otherwise, 3" =
n(y') since v',y" € U(z,). Let h € S7'(iP.(A)) and let k € S5 (iP.(A)). Then
Ti(h)(y') = i and To(k)(y") = i. Hence, T1(h)(y")To(k)(y") = (—i)(i) = 1. On
the other hand, T} (h)(y")T2(k)(y") = —1 by Step 5 since z € X and y” € U(x,).
This contradiction implies that our claim is justified.
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We now define the map ¢ : X — Y as follows:

{¢()} = ¥(z-) if 7(r) = =,
Y(x) € U(x,)such that T;(h)(¢(x)) =i (4.23)
for all h € S;'(iP,(A)) (j € {1,2}) if 7(z) # .

Note that the map 1 is well-defined by Steps 4 and 6.

Step 7. Let j € {1,2} and let f € A. Then T;(f) o S;(f).
Take [ € {1,2} with [ # j. Let x € X. Since ¢(x) € \I/(xT) we have
)

)

T3 () ()] = 15;(f) ()], (4.24)

by part (vii) of Step 3. If S;(f)(z) = 0, then T;(f)(¢)(x)) = 0 by (4.24) and so
S;(f)

(T;(f) o ¥)(z) = S;(f)(x). We now assume that S;(f)(x) # 0. By Theorem 2.5,
there exists a function h € P,(A) such that

Ranz x (5;(f)h) = {S;(f)(x), S;(f)(7(x))}. (4.25)
The surjectivity of 5 implies that there exists g1 € A such that S;(g;) = h. Since
Si(g1) € Pi(A), we have Ti(g1) € Py@)(B) by part (viii) of Step 3. By (4.25),
r € M(S;(f)h) = M(S;(f)Si(g1)) and so ¥ (x) € M(T;(f)Ti(g1)) by Theorem
3.2. This implies that
T () (W (x)) = Ty(f)(@())Ti(g1) (¥ (2)) € Rangy (T;(£)Ti(g1)), (4.26)
since Ty(g1) € Py (B). On the other hand,

Rangy (T3(f)Ti(91)) = Rane x (S;(f)Si(g1)). (4.27)
by part (iii) of Step 3. Hence,
T5()(W(x) € {S;(f)(= ) (@)}, (4.28)
by (4.26),(4.27), and (4.25) since Si(g1) = h. If either 7(z) = x or S;(f)(z)

S;(f)(7(x)), then (T;(f) o) (x) = 5;(f) (). SUPposethatS(f)( )%S(f)( ().
By Theorem 2.6, there exists a function k € iP,(A) such that

Rang x (5;(f)k) = {i5;(f)(x), =iS;(f)(7())}. (4.29)
The surjectivity of S; implies that there exists go € A such that S;(g2) =
Hence, go € S;'(iP,(A)). By the definition of 1, we have Tl(gg)(iﬂ(a:
Thus, Ti(g2) € 1Py (B). From (4.29), we have x € M(S;(f)k)=M(S;(f)Si(g2)).
By Theorem 3.2, ¢(x) € M(T;(f)Ti(g2)) since 9 (z) € ¥(z,). Hence,

()W) = (T3()Ti(g2)) (W (x)) € Rangy (T;(f)Ti(g2))-
By part (iii) of Step 3, we have
Rangy (T5(f)Ti(g2)) = Rang x(5;(f)Si(g2))-
Hence, by Theorem 2.6
T;())(@(x)) € {S;(f) (@), =S;(f)(r(x))}. (4.30)

)
We claim that T;(f)(¢(x)) # S;(f)(7(x)). Otherwise, by (4.30), we have
Si(N(r(x)) € {S;(f)(x), =5;(f)(7(x))}, which implies that S;(f)(r(z)) =

<.

(
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—S;(f)(7(x)) since it was assumed that S;(f)(xz) # S;(f)(7(x)). Therefore,
S;(f)(r(x)) =0 and so S;(f)(z) = 0, which contradicts to S;(f)(z) # 0. Hence,
our claim is justified. Therefore, (T;(f) o ¢)(z) = S;(f)(x) by (4.28).

Step 8. The map ¢ : X — Y defined by (4.23) satisfies o1 =noy and it
is a bijection.

Let € X. Assume that g € B. The surjectivity of T} : A — B implies that
there exists a function f € A such that g = 71(f). Thus, by Step 7, we have

g((nov)(x)) = (gon)((x)) = g(v(z)) = Ta(f)(¥(x)) (4.31)
= S1(N)(x) = Si(f)(r(2)) = Ti())(¥(r(x))
= g((¢ o 7)(2)).
Since B separates the points of Y and (4.31) holds for all g € B, we deduce that
(0 )(x) = (¢ 0 7)(). (4.32)

Since (4.32) holds for all x € X, we conclude that no¢ =1 o 7.

To prove the injectivity of ¢, let x,z € X with ¢)(x) = ¢(z). Assume that
h € A. The surjectivity of Sy : A — A implies that h = S;(f) for some f € A.
Thus, by Step 7, we have

h(z) = S1(f)(x) = Th(f)(W(2)) = Ti())((2)) = Si(f)(z) = h(z).  (4.33)

Since A separates the points of X and (4.33) holds for all h € A, we deduce that
xr = z. Hence, 1 is injective.

To prove the surjectivity of ¢, let y € Y. The surjectivity of the map ¥ : X, —
Y, defined by (3.12) implies that there exists € X such that ¥(z,) = y,. If
7(z) = x, then by Step 4, we have n(y) = y and so ¢(x) = y by the definition of
Y. Suppose that 7(x) # x. Since y € ¥(z,), by Step 6, there exists v € ¥(z,)
such that T;(h)(y') = i for all h € S (iPy(A)), where j € {1,2}. If ¢/ =y,
then by the definition of ¢, we have ¢(x) = ¢ = y. Suppose that v’ = n(y).
Then T;(h)(n(y)) = i for all h € S5 (iP,(A)) where j € {1,2}. Hence, by the
definition of ¢ we have n(y) = ¢ (z) and so

y=n((z)) = (noy)(z) = (¢Yor)(z)=v(r(z)).

Therefore, 1) is surjective.

Step 9. Define the map o : Y — X by ¢ = ™1, Then pon = 70 ¢ and
Ti(f) = S;(f) o for all f € A, where j € {1,2}.

By Step 8, we have n o1 = 1) o 7. This implies that "1 on = 704~ and so
pon=T1op.

By Step 7, we have T;(f) ot = S;(f) for all f € A, where j € {1,2}. This
implies that T;(f) = (f) Yt =8;(f) o forall f e Awhere j € {1,2}.

Step 10. ¢ is a Lipschitz homeomorphism from (Y, p) to (X,d).

Let h € A. The surjectivity of S implies that S;(f) = h for some f € A. By
Step 9, we have Tl(f) = S1(f)op = hop. Hence, hop € B. Therefore, ¢ is a
Lipschitz mapping from (Y, p) to (X, d) by Lemma 2.11.
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We now show that plisa Lipschitz mapping from (X,d) to (Y,p). Let g € B.
The surjectivity of T3 implies that T} (f) = ¢ for some f € A. By Step 7, we have

90¢:T1(f)0¢251<f)-
Hence, got) € A. By Lemma 2.11, 1) is a Lipschitz mapping from (X, d) to (Y, p).
That is, ¢! is a Lipschitz mapping from (X, d) to (Y, p).
Step 11. There exist two functions k1, ks € B with k1ky = 1y such that

Ti(f) = ;- (S5(f) 0 @),
forall f € A and j € {1,2}.

Let k1,ky € B be the functions that are defined in (4.8). By Step 3, we
have Tj(f) = ;T;(f) for all f € A, where j € {1,2}. By Step 9, we have
T;(f) = S;(f) o for all f € A, where j € {1,2}. Hence, Tj(f) = ;- (S;(f) o ¢)
for all f € A, where j € {1,2}.

The proof of the theorem is now complete. O

5. JOINTLY WEAKLY PERIPHERALLY MULTIPLICATIVE MAPS

In this section, we study surjective jointly weakly peripherally multiplicative
spectrum preserving maps between real Lipschitz algebras with involution and
prove that such mappings are essentially weighted composition operators.

Throughout this section, we assume that (X, d) and (Y, p) are compact metric
spaces, that 7 : X — X and n : Y — Y are Lipschitz involutions on (X, d)
and (Y, p), respectively, that A = Lip(X,d, 1), that B = Lip(Y, p,n), and that
four mappings 51,5 : A — A and T1,T, : A — B are surjective jointly weakly
peripherally multiplicative spectrum preserving or, equivalently, jointly weakly
peripherally multiplicative range preserving.

Proposition 5.1. (i) Four mappings S1,S2 : A — A and T\, T, : A — B
are jointly uniform norm multiplicative.
(ii) There is a bijection mapping V¥ : X, — Y, such that

Ty (f) (W) T2(9)(y)] = [S1(f)()S2(g) ()],
forall f,ge A, v € X, and y € V(z,).

Proof. (i) Let f,g € A. Assume that A€ Ran, y (71(f)T2(g))"Ran, x (S1(f)S2(g))-
Then || T1(f)T2(9)|ly = Al = [1S1(f)S2(g)||x. Hence, (i) holds.
(ii) By (i) and Theorem 3.2, (ii) holds. O

Lemma 5.2. Let ¥ : X, — Y, be a bijection mapping such that

T () (Y)T2(9)(y)] = [51(f)(2)Sa(g)(2)],

forall f,ge A, x € X and y € V(x,). Suppose that f,g € A and x € X. Then
M(S1(f)S2(9)) = x+ if and only if M(T7(f)T(9)) = ¥(z,).

Proof. We first assume that M (S1(f)S2(g9)) = z,. Let y € ¥(z,). By Lemma
3.1, we have y € M(T1(f)T»(g)). Hence,

V(z-) € M(T1(f)T2(9))- (5.1)



26 D. ALIMOHAMMADI, S. DANESHMAND

Let y € M(T1(f)T2(g)). Then y, is a subset of M (T1(f)T5(g)). The surjectivity
of U : X, — Y, implies that there exists z € X such that y, = ¥(z;). By the
hypotheses, we have
T ()W) T2(9) ()] = [51(f)(2)S2(9)(2)]

By Lemma 3.1, z € M(S1(f)S2(g)). Hence, z € x, and so z; = x,. Therefore,
U(z;) = ¥(z,) and so y € ¥(z,). Hence,

M(Ti(f)T>(g)) € ¥(z;). (5.2)
By (5.1) and (5.2), we deduce that

M(Ti(f)12(g)) = ¥(z;).
We now assume that M(T1(f)Tx(g)) = ¥(z,). Let z € M(S1(f)S2(g)). Then z,
is a subset of M (S1(f)S2(g)). By hypothesis, we have
()W) T2(9) ()] = [51()(2)52(9) ()],

for all y € U(z;). By Lemma 3.1, U(z;) is a subset of M (71(f)7%(g)). Hence,
U(z,) C ¥(x,) and so z; C z,. Therefore, z € z,. Thus,

M(S1(£)S2(9)) € - (5-3)
Let z € ;. Then 2z, =z, and so ¥V (z;) =Y (z,). Hence, U (z,)=M(T\(f)T(g)).
By Lemma 3.1, we have z € M (S1(f)S2(g)). Hence,

z, C M(S1(f)S2(9))- (5.4)
By (5.3) and (5.4), we have M (S1(f)S2(g9)) = . O

Lemma 5.3. Let ¥V : X, — Y, be a bijection mapping such that

T ()W) T2(9) ()] = [51(f)()S2(g) ()],
forall fge A, x € X, andy € U(z,). Let f,g € A and let x € X.

(i) If either M(S1(f)S2(g)) = xr or M(T1(f)Tx(g9)) = V(x,), then
Ran: x (51(f)52(9)) = Ranxy (T1(f)T2(9))-

(i) S1(f)S2(g) € P(A) with M(S1(f)S2(g)) = - if and only if T1(f)T2(g) €
P(B) with M(T;(f)Ta(g)) = ¥(x-).

(iii) S1(f)S2(g) € iP(A) with M(S1(f)S2(9)) = - if and only if T1(f)Ta(g) €
iP(B) with M(T1(f)Tx(g)) = ¥(z-).

(iv) Ify € ¥(z,) and T1(f), T2(g) € iP,(B) with M(T1(f)12(g)) = Y(z,), then
Rang x (51(f)52(9)) = Rangy (T1(f)T2(g)) = {—1} and M(S1(f)S2(9)) =

(v) IJZS’l(f)? S2(g) € iPx(A) with M(51(f)52(9)) = -, then M(T1(f)T2(g)) =
U(zr) and Rang y (Ty(f)T2(g)) = Ranx x (51(f)S2(9)) = {1}

Proof. (i) By Lemma 5.2, it is sufficient to prove the assertion for the case

M(S1(f)S2(9)) = x-. Let M(S1(f)S2(g9)) = x,. Then
Ranz x (51(f)52(9)) = {51(f)(2)S2(9)(x), S1(f)(7(2))S2(9)(r (=)} (5.5)
By the hypotheses, either Si(f)(x)S2(9)(z) € Ran, y(T1(f)T2(g)) or

S1(N)(7(2))S2(9)(7(x)) = S1(f)(2)S2(9)(x) € Rangy (Ty(f)T2(9)),
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since Ran, y (T1(f)1>(g)) is closed under the conjugate. Hence,

{51(1)(@)Sa2(9) (), S1(f)(7(2))S2(9)(7(x))} € Rangy (T1()T2(g)).  (5.6)
By (5.5) and (5.6), we have

Ranz x (51(f)52(9)) € Rangy (T3 (f)T2(9))- (5.7)

Let A € Ran,y(71(f)T2(g)). Then there exists y € M(T1(f)T%(g)) such that
A=Ti1(f)(y)T2(g)(y). On the other hand, by Lemma 5.2, we have

M(Ti(f)12(g)) = ¥(z;).
Let w € U(x,;). Then M(T1(f)T2(g9)) = {w,n(w)} = w,. Hence, y € {w,n(w)}
and so y, = w,. Thus, M(Ty(f)T2(g9))={y,n(y)}. Therefore, Ran, y (T1(f)12(9))
= {A\ A}. By the hypotheses either A € Rangx(Si(f)S2(g)) or A €
Ran, x(S1(f)S2(g)). Since Ran, x(S1(f)52(g)) is closed under the conjugate,
we deduce that )
{A A} C Rang x(S1(£)S2(9))-

Hence,

Ranz v (T1(f)T2(9)) € Rang x(51(f)52(9))- (5-8)
By (5.7) and (5.8), we have

Ran, y (T1(f)T2(g)) = Rang x (S1(f)S2(g)).
(ii) We first assume that S1(f)S2(g9) € P(A) and M(S1(f)S2(9)) = z-. By (i),

we have
Rang y (T1(f)T2(9)) = Rang x (51(f)52(9)) = {1}.
This implies that T1(f)T2(g9) € P(B). On the other hand, M(Ti(f)T2(g)) =
U(x,) by Lemma 5.2.
We now assume that 71(f)T2(g) € P(B) and that M (T1(f)T2(g)) = ¥(z,). By

(i), we have

Rang x (51(f)92(9)) = Rang y (T1(f)T3(9)) = {1}.
This implies that S1(f)S2(g) € P(A). On the other hand, M (S1(f)S2(g9)) = =,
by Lemma 5.2. Hence, (ii) holds.
(iii) It follows from (i) and Lemma 5.2, by a similar argument as in part (ii).
(iv) Let T1(f), Tz(g) € iPy(B), where y € ¥(z,) and M(T1(f)T2(g9)) = Y(z,).
Then Ran, y(7T1(f)T2(g9)) = {—1}. On the other hand, by Lemma 5.2, we have

Ranz x (51(f)52(g)) = Ranz v (T1(f)T2(g)) and so M(S1(f)S2(9) = -
(v) It follows from Lemma 5.2, by a similar argument as in part (iv). 0J

Lemma 5.4. Let V : X, — Y, be a bijection mapping such that

T2 (/)W) T2(9)(y)| = [S1(f) () S2(g) ()],
forall f,ge A, x € X andy € Y(x,). Let hy,ha, ki, ko € A, let x € X, and let
y €Y with V(xz,) =y,.
(1) If n(y) # v, Ti(h), To(ha) € Py(B), and Ti(k1), Ta(ks) € iPy(B) with
M(Tl(hl)) = M(Tg(hg)) = M(Tl(kil)) = M(Tg(kz)) = Yn, then there is
xo € x, such that Sy(k1)Sa2(hs), S1(h1)S2(k2) € Py, (A).
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(ii) If 7(z) # =, Si(h1),Sa(he) € Pu(A), and Si(k1), S2(ks) € P, (A) with
M(S1(h1)) = M(S2(hs)) = (Sl(k’l)) M(S5(k2)) = x,, then there is

Yo € V(x,) such that Ty(ky)Ta(hy), Ti(h1)Ta(k2) € PPy, (B).
Y 1

Proof. (i) Let n(y) # y, let T1(hy), To(ho) )
’LP (B) with M(Tl(hl)) - ( 2( 2)) i
easy to see that T7(hq)Ta(ks), Ti(k1)Ta(h )
M(Ti(k1)T3(h2)) = yy = (). ])3}’ h

n M

S Py( ), and let 1(k'1) (kg
M(Ti(k1)) = M(Ty(ks)) = yy 1t
) € P( ) with M( l(hl)TQ(kQ) =
part (ii ) of Lemma 5.3, S1(k1)S2(hs),
S1(h1)Sa(ks) € iP(A). Since Ty(hy),T2(hs) € P,(B), we have Tl(hl)Tg(hQ) €
P,(B). According to M(Ty(h1)T2(ha)) = V(z,), we have Sy(hy)S2(ha) € P(A)
and M (S1(f)S2(g)) = x.. Hence, Si(h1)Se(hs) € P.(A). Since Ty (ky), To(ks) €
iPy(B) and y,, = V(x,), we deduce that Ran,(S;(k1)S2(k2)) = {—1} by part (iv)

of Lemma .3. Thus,

[S1(k1) () S2(ho) (2)][S1(h1) () S (k2) ()]
= [51(h1)() 52 (h2) (2)][S1 (k1) () Sa (k) ()]
= (1)(=1)
= —1.
It follows that Sy (k1) (z)S2(ha)(x) = S1(h1)(2)S2(ke)(z) = i or Sy (k1)(x)S2(he)(2)
= Si(h1)(x)Sy(ke)(x) = —i. Therefore, there exists o € =z, such that
S1(k1)S2(ha), Si(h1)S2(ke) € 1Py, (A).
(ii) The proof is analogous to the proof of (i). O

Using Lemmas 5.2-5.4, we show that any jointly weakly peripherally multi-
plicative spectrum preserving mappings are jointly peripherally multiplicative
spectrum preserving.

Theorem 5.5. (i) Four mappings S1,5 : A — A and T\, T» : A — B
are jointly peripherally multiplicative spectrum preserving or, equivalently,
jointly peripherally multiplicative range preserving.

(ii) There are two functions Ky, ke € B with kiky = 1y and a Lipschitz home-
omorphism o from (Y, p) to (X,d) with Top =pon onY such that
T5(f) = k5 - (S5(f) 0 @),
forall f € Aand j=1,2.
Proof. (i) By part (ii) of Proposition 5.1, there is a bijection mapping ¥ : X, — Y},

such that
()W) T2(9) ()] = [S1()(2)S2(g) ()],
forall f,ge A, x € X and y € ¥(x,). Let f,g € A. If S1(f)S2(g9) = Ox, then
Rany x(51(f)52(g)) = {0} and
Rangy (T1(f)T2(g)) = {0} = Rany x(51(f)52(g))-

Assume that 77 (f)T%(g) # Oy and that Sy (f)S2(g) # Ox. Then Ran, y (T3 (f)T2(9))
C C\ {0} and Ran, x(S1(f)S2(g)) € C\ {0}. Let A € Ran, y(71(f)72(g)). Then
A € C\ {0} and there exists w € M(T1(f)T»(g)) such that A\ = T1(f)(w)T2(g)(w).
Let z € X with ¥(2;) = w,. By Lemma 3.1, z € M(S1(f)S2(g)). This implies
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that S1(f)(2)52(9)(2) € Rang x(S1(f)S2(g)). We claim that Si(f)(2)S2(g)(2) €
{\ A} Take a = T1(f)(w) and B = T5(g)(w). Then af = A and so o # 0 and
B # 0. By part (i) of Theorem 2.5 and the surjectivity of T} and T5, there exist
hl, hg S A with T1 (hl), Tg(hg) S PU,(B) such that

M(Ty(h1)T3(g)) = M(T1(h1)) = {w,n(w)}, (5.9)

(

M(Ty(f)T3(hs)) = M(Ty(h2)) = {w,n(w)}. (5.10)
By (5.9) and (5.10), we deduce that M(Ty(h1)T2(hs)) = {w,n(w)}. Since
Ti(h1),Ta(hs) € Pu(B), we have Ti(h1)Ta(he) € P,(B). Hence, by part (ii)
of Lemma 5.3, we have S;(h1)S2(h2) € P.(A) with M(S1(h1)S2(hs)) = 2, since
w, = ¥(z;). By (5.9), (5.10), and part (i) of Lemma 5.3, we get

M(S1(f)S2(h2)) = M(S1(h1)S2(9)) = 2,

Ranﬂx Sl( )Sg(hg ) RaIlﬂ—y(Tl( )T2<h2 {Oé,d/},

);
(
) ) =
Rang, x (S1(h1)S:(g)) = Ran,y (Ty(h1)T3(9)) = {5, B}
) )

Thus Si(f)(z )Sg(hz () € {a,a} and Si(h)(2)S2(9)(z) € {B,B}. Since
Sl(h1)52< ) ( ) we have
S1(/)(2)52(9)(2) = [51(f)(2)S2(ha)(2)][S1(h1)(2) 52(g) (2)].

Hence, S1(f)(2)S2(9)(2) € {aB,aB,aB,aB}. If n(w) = w, then & = «a and

B = B. Thus, Si(f)(2)S2(g)(2) = aB = X\. Now, suppose that n(w) # w. By
Theorem 2.6 and the surjectivity of 77 and T5, there exist kq, ko € A such that

Ti(ky), To(ks) € iP,(B),
M(Ty(f)Ta(k2)) = M(Ta(k2)) = {w, n(w)}, (5.11)
M(T1(k1)T5(g)) = M(T1(k1)) = {w, n(w)}. (5.12)
By (5.11), (5.12), and part (i) of Lemma 5.3, we deduce that
M(S1(f)S2(k2)) = M(S1(k1)S2(g)) = 2,
Ran, x(S1(f)Sa2(k2)) = Ran, y (T1(f)T2(k2)) = {ia, —ia},
Ranﬂ X(Sl(kfl)SQ( )) Ranwy(Tl(kl)TQ( )) = {Zﬂ —’LB}
(i

According to part (i) of Lemma 5.4, there exists z € z, such that S;(hy)S2(ks),

S1(k1)Sa(he) € iP.(A). Since z € z;, we have Si(f)(x)S2(h2)(z) € {a,a}. We
chaim théﬂz S1(f)(x)Se(ha)(x) = a. Otherwise, S1(f)(x)S2(h2)(z) = @ and & # «.

iS1(f)(@) = S1(f)(@)S1(k1)(2)S2(ha)(2) = @S (k1) ().
By (5.11) and (5.12), we have

M (T (k1) To(k2)) = {w, n(w)}. (5.13)

This implies that Ran, y (71 (k1)T%(k2)) = {—1} and so by the hypotheses, we have
Ran, x(S1(k1)S2(k2)) = {—1}. By (5.13) and part (iv) of Lemma 5.3, we have
M (S1(k1)S2(k2)) = 2. Hence, Sy (k1)(x)S2(k2)(z) = —1 since x € z,. Therefore,

iS1(f)(2)S2(k2) () = @S (k1) (@) S2(k2)(2) = —a.
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This implies that
ia = S1(f)(x)S2(ks)(x) € Rang x(S1(f)S2(k2)),

and hence i € {ia, —ia}. It follows that @ = « since @ # 0. This is a
contradiction and so our claim is justified. A similar argument shows that

S1(h1)(2)S2(g)(x) = B. If x = z, then
A= af = 51(f)(2)52(h2)(2)51(h1)(2)S2(9) ()
= 51(/)(2)52(92)(2) = S1(f)(2)5:(9) ().
If 2 = 7(2), then 7(z) = z and
A= aff = 51(f)(2)52(h2)(2)51(h1)(2)52(9)(2)
= 51()(2)52(g2)(2) = S1(f)( (

Therefore, A € {S1(f)(x)S2(g)(x), S1(f)(7(x)
tified. Thus, A € Ran, x(51(f)S2(9)

Ran, y (T1(f)Tx(g
Similarly, we can show that
Ranz x (51(f)52(9)) € Ranxy (T1(f)T2(9))-
(ii) It follows from (i) and Theorem 4.1. O

—~—~ —
3
—~
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~
~—
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o
=
o
o
o=
=
o
—
e.
=
5
.
o
T

) € Rang x (S1(f)S2(9)).
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