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ABSTRACT. Let A be a standard operator algebra on a Banach space X with
dim X > 2. In this paper, we characterize the forms of additive maps on A
that strongly preserve the square zero of A-Lie product of operators. That is,
if : A — A is an additive map satisfying
[4,B]; = 0= [¢(A), B =0,

for every A, B € A and for a scalar number \ with A # —1, then it is shown
that there exists a function o : A — C such that ¢(A) = o(A)A for every
Ae A

1. INTRODUCTION

In the last decade, many mathematicians have stdied preserving problems.
In particular, maps preserving a certain property of products of elements are
considered; see [2—11]. We recall some of them which are related to our purpose.

Let A be a Banach algebra, let A, B € A, and let A be a scalar. Then AB+ABA
is said to be the A-Lie product of A and B and is denoted by [A, B],. The A-Lie
product is said to be the Jordan product or the Lie product, whenever A = 1 or
A = —1, respectively. The Lie product of A and B is denoted by [A, B]. The
triple Jordan product of A and B is defined by ABA. These products play a
rather important role in mathematical physics.

Taghavi et al. [10] considered the maps strongly preserving the n-Lie product
on an algebra A, that is a map ¢ : A — A satisfying ¢(A)p(P) + no(P)p(A) =
AP +nPA, for every A € A, some idempotent P € A, and some scalar 7.
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Let B(X) be the Banach algebra of all bounded linear operators on a Banach
space X. In [6], the authors characterized unital surjective maps on B(X') preserv-
ing the nonzero idempotency of product of operators, in both directions. Wang
et al. [11] characterized linear surjective maps on B(X') preserving the nonzero
idempotency of either products of operators or triple Jordan product of opera-
tors. Also Fang [5] characterized linear surjective maps on B(X) preserving the
nonzero idempotency of Jordan product of operators.

We recall that a standard operator algebra A on a Banach space X is a norm
closed subalgebra of B(X') that contains the identity and all finite rank operators.

We say that a map ¢ : A — A strongly preserves the square zero of A-Lie
product of operators, whenever

[A’ B]i =0= [¢(A)7 B]i =0

for every A, B € A.

In this paper, we characterize the forms of additive maps that strongly preserve
the square zero of A-Lie products of operators. Our main result is the following
theorem.

Theorem 1.1. Assume that A is a standard operator algebra on a Banach space
X with dim X > 2. Let ¢ : A — A be an additive map that satisfies

[A7B]?\ =0= [(b(A)?B]?\ =0,

for every A, B € A and for a scalar \ with A # —1. Then there exists a function
o: A — C such that $(A) = o(A)A for every A € A.

2. PROOF OF MAIN RESULT

First we recall some notations. We assume that X is a Banach space and A is
a standard operator algebra on X. We denote by X, the dual space of . For
every nonzero x € X and f € X*, the symbol x ® f stands for the rank one linear
operator on X defined by (z ® f)y = f(y)x for any y € X'. Note that every rank
one operator in B(X) can be written in this way. We denote by F;(X) the set
of all rank one operators in B(X'). The rank one operator z ® f is idempotent if
and only if f(z) =1 and is nilpotent if and only if f(z) = 0.

Proposition 2.1. Let A€ A, let x € X, let f € X* such that f(x) # 0, and let
A #0,—1. Then [A,z ® f]3 = 0 if and only if one of the following statements
occurs:

(i) Axf(Az) = =Xz f(A%x) and Axf(x) = — Mo f(Ax).

(ii) fA=0.

Proof. First assume that Az f(Az) = —\zf(A%r) and Az f(x) = — Az f(Ax) hold.
Hence
[A,x® f]3 = (A2 ® f+ ) x @ fA)?
= f(Az)Az @ [ + M (2) Az @ fA+ N f(Az)r @ fA+ Nf(A%2)z @ f
= Mf(A%2) ® f — Naf(Az) @ FA+ N2 f(Azx)z @ fA+ M \f(A%z)z @ f
=0.



MAPS STRONGLY PRESERVING THE SQUARE ZERO OF A-LIE 111

Now if fA =0, then
Az ® [ = (Az® [+ Az ® fA)®
=(Arz® f)? = f(Az)Az @ f = 0.

Conversely, assume that [A,x ® f]3 = 0. For an operator B, it is clear that

B*=0<« (B(Bx) =0, forallz € X) < ImB C ker B.
This together with the assumptions implies

[A,2® 3 =0 < Im[A, x ® f]) C ker[4,7® f]\.

Let fA# 0. If fAand f are linearly independent, then Im[A, x ® ]\ = span{ Az, 2},
and so

span{Azx,x} Cker(Az ® f+ Az ® fA),
which implies
(Az® f + \x ® fA)(Ar) = Axf(Ax) + Mz f(A%z) = 0,
(Az @ f+ Az ® fA)(z) = Axf(z) + Aef(Azx) =0,

which are the asserted relations. If fA and f are linearly dependent, then there
exists a nonzero scalar a such that fA = af, and so

Az@ fla=AzQ f+ e ® fA=(Az +ax) ® f.
Thus Im[A, z ® f] = span{Az + Xax}, and so
span{ Az + Aax} C ker(Az ® f + Ax ® fA) = ker((Az + az) ® f),

which implies
((Azx 4+ Aax) ® f)(Az + Aax) =0

= (Az + dax)[f(Az) + Xaf(z)] =0
= (Az + Xaz)af(z)(1+ X)) = 0.
Since f(x) # 0 and A # —1, we obtain Az+Aaz = 0. This together with fA = af
implies
Azf(Az) = —daxf(Axr) = =z (fA)(Ar) = —dzf(A%z)
and

Az f(z) = —daxf(x) = =z f(Ax),

and these complete the proof.

In the following lemmas, assume that ¢ : A — A is a map that satisfies
[A, B, = 0= [¢(4), B} =0,
for every A, B € A and for a scalar number A with A £ 0, —1.
Lemma 2.2. For every A € A, ker A C ker ¢(A).
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Proof. If x € ker A, then
[A,z® f]; = (Ar @ f+ Ar ® fA)?
=(Ar® fA)? = N f(Az)z® fA =0,
for every f € X*, and so [¢p(A),z ® f]3 = 0. Applying Proposition 2.1, we have
d(A)z f(d(A)z) = Az f(g(A)*) (2.1)

and
(A)zf(x) = —Aef(d(A)x) (2.2)
or fo(A) = 0, for every f € &A™ such that f(x) # 0. We show ¢(A)z = 0.
First let relations (2.1) and (2.2) hold and let f(x) = 1. From (2.2), we obtain
d(A)x = =z f(p(A)z) and thus
f(@(A)z) = =Af(x) f(o(A)z) = —Af(d(A)x).

Then f(¢(A)z) = 0 since A # 0, —1. That is, ¢p(A)x = 0.

Now let f¢p(A) = 0 for every f such that f(x) # 0. Since ¢(A)x # 0, there

exists a linear functional f such that f(z) # 0 and f(¢(A)z) = 1, a contradiction,
because f(¢p(A)z) = (fp(A))x = 0. Therefore, ¢p(A)x = 0. O]

Next assume that ¢ is additive.

Lemma 2.3. For every rank one operator A, ¢p(A) =0 or ¢(A) = k(A)A, where
k: A— Cis a function.

Proof. Let A=x ® f, for some z € X and f € X*. From Lemma 2.2, we have

kerx ® f C ker ¢(x ® f),
which implies that ker f C ker¢(x ® f) and since ker f is a hyperspace of X,
ker p(x @ f) = X or ker ¢(z ® f) = ker f. Therefore ¢(z ® f) is a zero operator
or there exists a vector y such that ¢(x ® f) =y ® f. We divide the rest of the
proof into two cases:

Case 1. Let f(x) # 0 and let g be a functional such that g(z) = 0. We have
® fr@gl=[f(r)r @9+ Mg(x)z ® f]°
= [f(x)z@g* =0
and then
bz feegdi=lye fieegl =0
which implies
[f(@)y @ g+ Ag(y)e @ [ =f(2)g(y)y @ g+ Ng(y) f(x)r @ f
+Ag(y) f(2)f(y)z © g =0.

Since f(x) # 0, we obtain

y@9(y)g =2 (=Ngy)f —Ag(y)f(y)g).

This implies that = and y are linearly dependent or g(y) = 0. If g(y) = 0
and x and y are linearly independent, we get a contradiction, since in this case
by dim X > 2, there exists a functional g such that g(z) = 0 but g(y) = 1.
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Therefore x and y are linearly dependent and then there is a scalar k(A) such
that ¢(A) = k(A)A.

Case 2. Let f(z) = 0. There exists a linear functional h such that h(z) =1
and then by Case 1, we have

dx@(f+h)=kr® (f+h),

where k = k(2 ® (f + h)). On the other hand, the additivity of ¢ together with
Case 1 implies

Y@ (f+h)=0¢@af)+dx®h) =0z f)+izeh,
where t = k(x ® h). Thus
de@f)=kx@(f+h)—te@h=2& (kf +kh —th).

This together with ¢(x ® f) = y ® f implies that x and y are linearly dependent
and this completes the proof. 0

Proof of Theorem 1.1. We divide the proof into two cases.

Case 1. Let A = 0. First we show ker A C ker ¢(A) for every A € A. Assume
Az = 0. This together with the assumption yields (¢(A4)z ® f)? = 0 for every
f e X*. Thus ¢p(A)x =0or f(¢(A)x) =0, for every f € X*. Since f is arbitrary,
in the second case, we obtain ¢(A)z = 0, too. Thus by the first paragraph of the
proof of Lemma 2.3, for every z € X and f € X*, we have ¢(z ® f) = 0 or there
exists a vector y such that p(z®@ f) = y® f. If f(x) # 0, then [(z® f)(z®g)]* = 0,
for every functional g such that g(z) = 0. This implies that

[(6(z @ f))(z @ g)] =0
= [ye laeg) =0

= (f@)y®9)* =0=g(y) =0.
Hence x and y are linearly dependent. If f(z) = 0, then by Case 2 in the proof
of Lemma 2.3, we obtain that z and y are linearly dependent, too. Therefore,
dlr® f)=0o0r ¢(x® f) = kxr® f for some scalar k.

Let A € A\ F(X) and let x € X. We know (Azx @ f)? = 0, for every
f € X* with f(Az) = 0. Thus (¢(A)r ® f)> = 0 and then ¢(A)z = 0 or
f(¢(A)z) = 0, which implies that Az and ¢(A)z are linearly dependent for every
x € X. Hence by [I, Theorem 2.3|, there exists a scalar number k such that
¢(A) = EA. This together with the previous discussion implies that there exists
a function o : A — C such that ¢(A) = o(A)A for every A € A.

Case 2. Let A #0. Let A € A\ F(X) and let € X. There exists a linear
functional f such that f(x) = 1. Set P = Az ® f. It is clear that (A — P)x =0,
and so Lemma 2.2 implies

(¢(A) = ¢(P))x = 0= ¢(A)z = ¢(P)z.
By Lemma 2.3, we have ¢(P) = 0 or ¢(P) = x(P)P. If p(P) = 0, then ¢(A)z = 0.
In the second case, if ¢(P) = k(P)P, then ¢(A)x = k(P)Px = k(P)Axz. However,
in both cases, ¢(A)xr and Az are linearly dependent, for every x € X, and so
by [1, Theorem 2.3], there exists a scalar number k such that ¢(A) = kA. This
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together with Lemma 2.3 follows that there exists a function ¢ : A — C such
that ¢p(A) = o(A)A for every A € A. O
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