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ABSTRACT. We introduce an iterative algorithm based on the well-known
Krasnoselskii-Mann’s method for finding a common element of the set of fixed
points of multivalued demicontractive mapping and the set of solutions of an
equilibrium problem in a real Hilbert space. Then, the strong convergence of
the scheme to a common element of the two sets is proved without imposing
any compactness condition on the mapping or the space. We further apply our
results to solve some optimization problems. Our results improve many recent
results using Krasnoselskii-Mann’s algorithm for solving nonlinear problems.

1. INTRODUCTION

Let C' be a nonempty set and let f be a bifunction of C' x C into R, where R
is the real numbers. The equilibrium problem for f is to find x € C such that

f(xz,y) >0, forallyeC.

The set of solutions is denoted by EP(f).Equilibrium problems introduced by
Fan [8] and Blum and Oettli [1], have had a great impact and influence on the de-
velopment of several branches of pure and applied sciences. However, there were
few iterative algorithms developed for the approximation of solutions of equilib-
rium problems; see [1,5,16,24-26] and the references therein.

Let K be a nonempty subset of a real Hilbert space H and let T : K — 25 be a
multivalued mapping. An element x € K is called a fixed point of T if x € Tx.
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The fixed point set of T'is denoted by Fix(T) :={x € K : x € Tx}. Tt is easy to
see that the single-valued mapping is a particular case of multivalued mappings.
For several years, the study of fixed point theory for single-valued and multival-
ued nonlinear mappings has attracted, and continues to attract, the interest of
several well-known mathematicians (see, for example, Brouwer [2], Kakutani [14],
Nash [21,22], Geanakoplos [10], Nadla [20], Downing and Kirk [7], Sow, Djitté,
and Chidume [28], Markin [18], Lim [15], and Gorniewicz [6, 11, 12]).

Interest in the study of fixed point theory for multivalued nonlinear mappings
stems, perhaps, is mainly from its usefulness in real-world applications such as
game theory and market economy and in other areas of mathematics, such as in
nonsmooth differential equations and differential inclusions, optimization theory.

Let CB(K) and P(K) denote the family of nonempty closed bounded subsets
and nonempty proximinal bounded subsets of K, respectively. The Pompeiu
Hausdorff metric on CB(K) is defined by

D(A, B) = max { supd(a, B),sup d(b, A)}

acA beB

for all A,B € CB(K). A multivalued mapping 7' : K — CB(K) is called
L-Lipschitzian if there exists L > 0 such that

D(Tz,Ty) < L||lx —y| for all z,y € K,

and if L =1 T is called a nonexpansive mapping.

A multivalued map T is called quasi-nonexpansive if
D(Tz,Tp) < ||z —pll

holds for all z € K and p € Fiz(T). It is easy to see that the class of multivalued
quasi-nonexpansive mappings properly includes that of multivalued nonexpansive
maps with fixed points.

A multivalued mapping 7' : K — CB(K) is said to be k-strictly pseudo-
contractive, if there exists k € (0, 1) such for all x,y € K, we have

2
(D(Tx,Ty)) < |lz—yl?+E||(x —u) = (y—v)||* forall ue Tz, veTy. (1.1)

If k=11n (1.1), the map T is said to be pseudo-contractive.
A map T : K — 2% is said to be demicontractive if Fiz(T) # 0 and for all
p € Fiz(T),z € K there exists k € [0,1) such that

2
(D(Tw,Tp))" < o = plI* + kd(x, Tw)*. (12)
If k=11n (1.2), the map T is said to be hemicontractive.

Remark 1.1. Tt is easily seen that any multivalued nonexpansive, quasi-nonexpansive,
and k-strictly pseudo-contractive mappings are k-demicontractive for any k €
[0, 1). Moreover the inverse is not true (see, for example, Isiogugu and Osilike [13]).
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Over the last years, one may see an increasing interest in the study of equilibrium
and fixed point problems; see, for instance, [1,4,12, 24 29].

For nonlinear mappings with fixed points, the Mann iterative method [17] is a
valuable tool to study them. However, only the weak convergence is guaranteed
in infinite-dimensional spaces. A lot of works have been done for the modifica-
tion of the normal Manns iteration so that the strong convergence is guaran-
teed (see, e.g., [20,28,31]). In 2017, Fan and Yao [9], motivated by the fact that
the Krasnoselskii-Mann algorithm method is remarkably useful for finding fixed
points of nonexpansive mapping, extended and improved many existing results
in current literature.

However, we observe that in [4], the recursion formula studied is not simpler.

In this paper, motivated by the works of [4,9] and ongoing results, we prove the
strong convergence theorems for finding a common element of the set of common
fixed points of multivalued demicontractive mapping and the set of solutions of
an equilibrium problem in a real Hilbert space. Our contribution lies in the fact
that our iterative method solves the fixed point problem for set-valued mappings
and equilibrium problem at same time. Finally, some applications are given to
validate our new findings.

2. MAIN RESULTS

The demiclosedness of a nonlinear operator 7" usually plays an important role
in dealing with the convergence of fixed point iterative algorithms.

Definition 2.1. Let H be a real Hilbert space and let T : D(T) C H — 2 be a
multivalued mapping. Then I —T is said to be demiclosed at 0 if for any sequence
{z,} € D(T) such that {z,} converges weakly to p and d(z,,T'z,) converges to
zero, then p € T'p.

Now we state our main result.

Theorem 2.2. Let H be a real Hilbert space and let K be a nonempty, closed
convez cone of H. Let f be a bifunction from K x K — R satisfying (A1)—(A4)
and let S : K — CB(K) be a multivalued [3-demicontractive mapping such that
F := EP(f)N Fix(S) # 0 and Sp = {p}, for allp € F. Assume that I — S is
demiclosed at the origin. Let {x,} and {u,} be sequences defined iteratively from
arbitrary o € K by

1
fun,y) + —(y — tup,up —xy) >0, forallyeK,
r

Yn = Opty, —i—n(l — ) wy, w, € Suy,, (2.1)

Tpt1 = O‘n()\nxn) + (1 - an)yna n Z 07
where {a, } C (0,1), {6,}, {M\} C (0,1), and {r,} C|0, 00| satisfy
(i) nh_{](r)lo a, =0, Z(l — A\p)ay, =00 and lim A\, = 1;

n—00
n=0
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(ii) 0, €]5,1] and lim inf(1 —6,)(6, — B) > 0,

n—oo

(iii) lim infr, > 0.

n—o0
Then, {z,} and {u,} defined by (2.1) converge strongly to x* € F, where x* =
Pr(0).

Proof. By using properties of K, we have t(Az)+(1—t)y € K, forall A\;t € (0,1),
and z,y € K. Therefore, the sequence {z,} generated by (2.1) is well defined.
Now, we prove that the sequence {z,} is bounded. Let p € F. Then from u, =
T, x,, we have

lun — 2l = | T3, @0 — Tr,pl| < ||zn —p||l, for all n > 0.
From (2.1) and the fact that Sp = {p}, we have

o=l = || —p)+ (1= 0w~ )|
= Oulln = plI* + (1 = ) wn =PI = 0 (1 = 00) 1 — wa®
Using the fact that S is S-demi-contractive and Sp = {p}, we obtain
lyn = pI? < Oullwn = pI” + (1 = 62)D(Swn, Sp)* = (1 = 6)0 [ — w, |
< Oallun = pl* + (1= 6)(Jlun = pl* + By, Su,)?)
(1= 02)0n n — w2

Hence,
[y =PIl < Mlun = plI* = (1 = 0,)(0n — B)[|un — wall*. (22)
Since 0, €]3, 1], we obtain

Iy = o < llwn = ||

Therefore
19 =PIl < llun = pl| < llzn — pl|- (2.3)
Using (2.1) and inequality (2.3), we have
[znir =2l = llom(Anzn) + (1 = an)yn — pl|
< andnllzn = pll + (1= A)an|lpll + (1 = an)llyn = pl
< andnllen = pll+ (1= An)anllpll + (1 = an)lzn — p

(1= (1= A)anllzn = pll + (1 = An)awl|pl]-
Therefore
[Znt1 — pll < max {[|z, — p|, [|p[l}-

Hence, {z,} is bounded and so {y, }. From (2.1), (2.2), and convexity of ||.||?, we
have

lnss =pI? = llan(hnza) + (1 = an)yn = p|*
< apllAnw, — pH2 + (1 —an)llyn — pH2
< anlAeza = PP+ (1 = @) llun = I
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—(1 = 0,)(0n — B)||lun, — wnHQ]

< apl[Anm, _pH2 + [|un _pH2 — (1= 0,)(0n — B)||un — wnH2

< |z, _pH2 + an || Ann — sz — (1= 0,)(0n — B)||un — wnHQ-
Therefore,

(1—0,)(0, — ﬁ)”un - wnHQ < lzn — p“2 — | Zns1 _p“2 + || Ay — p”Q'
Since {z,} is bounded, then there exists a constant B > 0 such that
| A\nn — p||> < B, forall n>0.
Hence,
(1= 0,)(0n — B)llun — wnHQ <y _pH2 — | Zn41 —p”2 +anB. (2.4)

Now we prove that {x,} converges strongly to z*. We divide the proof into two
cases.

Case 1. Assume that the sequence {||z,, —p||} is monotonically decreasing. Then
{||z» — p||} is convergent. Clearly, we have

Tl — pl s = plf* = 0. (25)
It then implies from (2.4) that
lim (1 —60,)(0, — B)||un — wy|* = 0.

n—oo
Using the fact that lim inf(1 — 6,,)(0,, — [3), we have
n—oo
lim [|u,, — wy,| = 0.
n—oo
Hence,
lim d(up, Su,) = 0. (2.6)
n—oo

Let p € F. Then
|tn — pH2 = [T, 7, — TranZ
<Trnxn - Trnp7 Ty — p>

(Up — p, Ty — P)
1
§(Ilun —pl* + lzn — Pl = [|#n — ual?),

IA A

and hence
lun = plI* < llon = plI* = lln — unll*.
Therefore, from (2.1), we obtain

21 = pI* = [lan(azn) + (1 = an)yn — pl?
< lan((Anzn) —p) + (1 — an)(yn — p)HQ
< (1= ) lyn = plI” + 200 ((Ann) = P, Tny1 — p)
< (1- O‘n)QHUn - pH2 + 20, A\ (T — D, Trg1 — D)
+2(1 = An)an(p, Tns1 — )
< (=) (2 = pl* = [z — uall?)

+20‘n)‘n||xn _pH”xn-&-l _pH + 20, (1 — )‘n)HpHHxn-&-l _pH



136 T.M.M. SOW

< (=20 +ap)llon = pl* = (1 = an)?[lzn — un|®
200 nl|Tn — pl|Zns1 — pll + 200.(1 = X)) [Pl [ 2011 — D]
< o = pl? + anllzn = pl* = (1= an)?[l2n — ual®
+2apAnl|zn = plllznsr — pll + 200(1 = M) [Ipll[|2n41 — pll,
and hence
(1= an)*llzn — ual* < 2w = pI* = llZnss = pII* + anllzn — pl?
+2anAnlzn = pllllzns = pl
+2a0 (1 = M) [Iplllzn41 = Pl
Thanks inequality (2.5) and «,, — 0 as n — oo, we have

|zn — un|| — 0 as, n — oc.

Next, we prove that limsup(z*, z* — z,,) < 0. We choose a subsequence {z,, } of
n—+00

{z,,} such that

* *

limsup(z*,z* — x,) = lim (2", 2" —x,,).

n—+00 k—+o0
Since H is reflexive and {u,, } is bounded, there exists a subsequence {unkj} of
{uy, } that converges weakly to a € K. From (2.6) and the fact that [ — S is
demiclosed, we obtain a € Fiz(S). Without loss of generality, we can assume

that w,, — a.Let us show a € EP(f). By the same argument as in the proof
of [1] and (A2) that

1
and hence
Up,, — Tn,
ng
Since —— " 5 () and Up, — a, it follows from (A4) that f(y,a) < 0 for all
Ty,

ye€ K. FortwithO0O<t<1landye€ K, let y, =ty + (1 —t)a. Since y € K and
a € K, we have y, € K and hence f(y;,a) < 0. Therefore, from (A1) and (A4),

we have

0= fyeye) < tf(yoy) + (1= 8)f(y, a) <Ef ()
and hence 0 < f(y,y). From (A3), we have f(a,y) > 0 for all y € K and hence
a € EP(f). Therefore, a € Fiz(S) N EP(f) = F.
On other hand, using the fact that * = Pr(0) (properties of metric projection),
we then have

limsup(z*,2* —x,) = lm (2", 2" —x,,)
n—-+oo k=400

= (z%,2" —a)) <0.
Finally, we show that x, — z*. From (2.1), we have

||xn+1 - ZIZ*||2 = <xn+1 - I*vxn—‘rl - ZL'*> = an/\n<xn - CL’*, Tny1 — IL‘*>
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+(1 - /\n)an<x*ax* - In+1> + (1 - QN)<yn - I*,:En_H - :)3*>

< ap A (xy, — 2% T — 27) + (1= Ay (2", 2% — Tp4q)
+(1 = an) |y — 2| |21 — 27|

< Az — 2[||Tngn — 27+ (1= Ap)an (™, 2" — 2040)
+(1 = an)llwn — 2 |[|[2pa — 27|

< 1= =M)ag]llzn — 2 [[[xnsr — 27|
+(1 = A\p)ap{x™, 2" — xpyq)
1—(1-=M\)ay, . .

< A a2 e — 2|

+(1 = A\p)ap(z™, 2" — zpy),
which implies that
[ iE*HQ <[ =1 =M)ag]llzn — 2| +2(1 = M) (z®, 2" — 2pp1).

Moreover, thanks to [30], we then have x,, — z*.

Case 2. Assume that the sequence {||z, — z*||} is not monotonically decreasing.
Set B,, = ||z, — z*||, and let 7 : N — N be a mapping for all n > ng (for some ny
large enough) by 7(n) = max{k € N: k <n, By < Bpi1}.

We have 7 is a nondecreasing sequence such that 7(n) — oo as n — oo and
By < Br(ny+1 for n > ng. From (2.4), we have

(1 — aT(n))(QT(n) — ﬂ)(l — «97(”))||u7(n) — wT(n)HQ < OzT(n)B — 0 as n — oco.
Furthermore, we have
| tr(ny — Wrmy|| = 0 as n — oo.

Hence,

lim d(uT(n), SUT(n)) =0.

n—oo
By the same argument as in case 1, we can show that z.(,) converges weakly in
H and limsup(z”*, 2" — 2,¢,)) < 0. We have for all n > ny,

n—-+o00

0 < [ @rmyr1 — 2" [1* = 2rmy — 27[* < (1 - AT<rz)>f%T(n)[—Ilfﬁf(m —a"?
+2<Il§'*, ZC* - xT(n)Jrl)]a
which implies that

Then, we have
: k|2 —
Tim |27y — 2|7 = 0.
Therefore,

lim BT(n) = lim Br(n)+1 =0.
n—oo n—o0

Moreover, thanks to [16], we then have

0 < B, <max{B,(n), Briny+1} = Briny+1-
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Hence, lim B, =0, that is, {z,,} converges strongly to x*. O

n—o0

Remark 2.3. Many already studied problems in the literature can be considered as
special cases of this paper; see, for example, [1,4,9,12,24,28 29] and the references
therein. Our results are applicable for finding a common solution of variational
and fixed point problems involving set-valued operators in real Hilbert spaces
(see, for example, [27] for more details).
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