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ABSTRACT. This paper deals with an existence result of renormalized solutions
for nonlinear parabolic equations of the type

Ob(x,u)

ot
where b(x,-) is a strictly increasing C'-function for every = € Q with b(z,0) =
0, the lower order term ® satisfies a natural growth condition described by the
appropriate Orlicz function M, and f is an element of L'(Q7). We do not
assume any growth restrictions neither on M nor on its conjugate M.

—diva(x,t,u, Vu) — div ®(z,t,u) = f in Qr =2 x (0,T),

1. INTRODUCTION

Let Q be a bounded open subset of RV satisfying the segment property, N >
2, let Qr = Q x (0,7), where T is a positive real number, and let M be an
Orlicz function. Let A(u) := —div a(z,t,u, Vu) be a so-called Leray—Lions type
operator whose prototype is the p-Laplacian operator and let b: 2 x R — R be
a Carathéodory function such that b(z,-) is a strictly increasing C*-function for
any fixed x € 2 with b(z,0) = 0.
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In this paper, we prove the existence of renormalized solutions in the setting
of Orlicz spaces to the following Cauchy-Dirichlet boundary value problem

b, u) + A(u) — div®(z,t,u) = f in Qr,

ot . (1.1)
b(z,u)(t =0) = bz, up) in €,
u=20 on 092 x (0,7,

where ug € L'(Q), f € L'(Qr), and @ satisfies the following natural growth
condition

(D (2,1, 8)| < y(,t) + M (M(|s]) with v € Ezx(Qr), (1.2)

where E5; denotes the closure, in the Orlicz space defined by the complementary
M, of the set of bounded measurable functions with compact support in .

Problem (1.1) has been studied in different particular cases, we give some works
in this direction. In the classical Sobolev spaces and in a special case where & = 0,
b is a maximal monotone graph on R and a(z,t, s, {) is independent of s, existence
and uniqueness of a renormalized solution have been proved by Blanchard and
Murat [9] and by Blanchard and Porretta [11] in the case where a(z,t,s,§) is
independent of . Aberqi, Bennouna, and Redwane [1] investigated problem (1.1)
in the case M(t) = t? for a measure p = f — div(F), with f € LY (Qr), F €
(LPI(Q))N , and ® satisfies the condition

B(a.t,8)| < cla, s,
rp and v = M(p— 1).
—1 N+p

Concerning contributions in Orlicz spaces framework, Azroul, Redwane, and
Rhoudaf [6] proved the existence of renormalized solution, where ® depends only
on u (without dependence on z) and b(z,u) = b(u), the same result has been
given by Redwane [24], where b(z,u) depends on x and u.

Recently, in the setting of Orlicz spaces, Hadj Nassar, Moussa and Rhoudaf [21]
have studied the existence of renormalized solution for problem (1.1) in the case
f € LY(Qr) under a nonnatural growth condition on ® prescribed by an
N-function P that increases essentially less rapidly than the Orlicz function M
defining the framework spaces, namely,

B (x,t,5)] < P (P(|s])) with P << M. (1.3)

Indeed, there is no growth with respect to the spatial variable (z,t), thus, condi-
tion (1.3) does not define a general growth condition. Our approach in this paper
is how to deal with the issue: Passing from assuming condition (1.3) to assuming
the weaker one (1.2). Motivated by the above mentioned works, we establish the
existence of renormalized solutions for problem (1.1) in Orlicz spaces, where ®
satisfies condition (1.2), without assuming any restriction on the N-function M
neither on its complementary M. We avoid to use the concept of Orlicz function
grows essentially more slowly than another, we use a direct and a concise method
unlike as in [21]. Note that, if y(z,t) = 0, then condition (1.2) is natural and
less restrictive than (1.3). Thus, we find the same result as in [21] under a best
condition. Moreover, if y(x,t) # 0, then we get a complete growth condition on

N
with ¢(x,t) € L™(Qr) for some 7 =
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®. Thus, our work has two directions, weakening the growth restriction on ® and
restoring the general natural growth condition.

In dealing with this problem, we have encountered some difficulties, essentially,
under the natural growth assumption (1.2), it is difficult to prove the existence
of solution for the approximate problem and proving its convergence, which are
the basic results in the proof of such solutions. The improvement from condition
(1.3) to condition (1.2) follows thanks to an algebraic trick combined with the
convexity of M and Young’s inequality on a specific positive quantities.

This article is organized as follows: In section 2, we recall some well-known
preliminaries, results, and properties of Orlicz-Sobolev spaces and inhomoge-
neous Orlicz-Sobolev spaces. Section 3 is devoted to basic assumptions, problem
setting, and the proof of the main result that is Theorem 3.4.

2. PRELIMINARIES

2.1. Orlicz—Sobolev spaces. Let M : RT — R* be a continuous and convex
function with

t) =0 and Lm M—(t)

t—+o0o T

M
M(t) > 0 for t > 0,lim = 400
t—0

The function M is said an N-function or an Orlicz function, and the N-function
complementary to M is defined as

M(t) = sup{st — M(s),s > 0}.
We recall that (see [2])
M(t) <M (M(t) < 2M(t) forallt>0 (2.1)
and the Young’s inequality: for all s,t > 0,
st < M(s) + M(t).
We say that M satisfies the Ay-condition (or M € A,) if for some k > 0,
M(2t) < kEM(t) for all t> 0, (2.2)

and if (2.2) holds only for ¢ > t,, then M is said to satisfy the Ap-condition near
infinity.

Let M, and M, be two N-functions. The notation M; << M, means that M;
grows essentially less rapidly than Ms, that is,

M (t
for all e >0, lim 10 =0,
t—oo Moy (et)
that is the case if and only if
(Mz)~'(t)

=0.

lim

e (M) 1(7)

Let © be an open subset of RY. The Orlicz class Ky (Q) (resp., the Orlicz
space Ly(2)) is defined as the set of (equivalence class of) real-valued measurable
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functions w on 2 such that

/QM(|u(x)|)dx < 00 (resp./QM(W()\x”)dx < oo for some A > 0).

Endowed with the norm

|lullar = inf{)\ >0: LM(@)C& < 1},

Ly (£2) is a Banach space and Kj;(£2) is a convex subset of Ly (€2). The closure
in L;() of the set of bounded measurable functions with compact support in Q
is denoted by Ej/(£2).
The Orlicz—Sobolev space WLy () (resp. W!Ey(Q)) is the space of functions
u such that u and its distributional derivatives up to order 1 are in Ly, () (resp.
This is a Banach space under the norm

lulliar =D 1Dy

o<1

Thus, WL (Q) and WEy(Q) can be identified with subspaces of the product
of (N +1) copies of Ly/(2). Denoting this product by I1L,;, we will use the weak
topologies o(I1L s, [1E7;) and o(ILLyy, ITLy;).

The space W} Ep(€) is defined as the norm closure of the Schwartz space D(€)
in W1E(Q) and the space W Ly (Q) as the o(IILy,, [TE57) closure of D(Q) in
WLy (Q).

We say that a sequence {u,} converges to u for the modular convergence in
WLy () if, for some A > 0,

D*u,, — D*
/M<| un)\ u|>dx—>() for all |a| < 1;
Q

this implies convergence for o(I1L s, I1L7).

If M satisfies the As-condition on R™ (near infinity only if € has finite measure),
then the modular convergence coincides with norm convergence. Recall that the
norm || Dul|s; defined on Wy Ly (2) is equivalent to ||ullyas (see [17]).

Let W 1L17(Q) (resp. W 'E(Q)) denote the space of distributions on €,
which can be written as sums of derivatives of order < 1 of functions in Ly7(12)
(resp. E37(22)). It is a Banach space under the usual quotient norm.

If the open set € has the segment property, then the space D({2) is dense in
WLy () for the topology o(IILy, ITLg7) (see [17]). Consequently, the action
of a distribution in W' L37(Q) on an element of W L;(€2) is well defined. For
more details one can see, for example, [2] or [22].

2.2. Inhomogeneous Orlicz—Sobolev spaces. Let 2 be a bounded open sub-
set of RY and let T > 0, and set Q7 = Q x (0,7T). For each a € (IN*)", denote
by D¢ the distributional derivative on ()7 of order o with respect to the variable
x € Q. The inhomogeneous Orlicz—Sobolev spaces are defined as follows:

WY Lo (Qr) = {u € La(Qr) : Du € Ly(Qr) forall |a| < 1},
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and
WL By (Qr) = {u € Exi(Qr) : Dou € Ex(Qr) forall |a| < 1}.

The last space is a subspace of the first one, and both are Banach spaces under

the norm
lull = ) IDSull 0, -

|| <1

We can easily show that they form a complementary system when 2 satisfies the
segment property. These spaces are considered as subspaces of the product space
I1Ly (Qr), which have as many copies as there are a-order derivatives, |o| < 1.
We shall also consider the weak topologies o(IILys, I1Ey;) and o(I1Ly, ILyz)).
If u € WH Ly (Qr), then the function ¢ — u(t) = u(t,-) is defined on (0,T) with
values in WLy (Q). If, further, w € W% Ey(Qr), then the concerned function
is a W1E);(Q)-valued and is strongly measurable. Furthermore the following em-
bedding holds: W' Ey (Q7) C LY(0, T; W'Ep (). The space WLy (Q7) is
not in general separable, if u € W Ly/(Qr), we cannot conclude that the func-
tion u(t) is measurable on (0,7"). However, the scalar function ¢t — || u(t) || is in
LY(0,T). The space Wy " Ey(Qr) is defined as the (norm) closure in W Ey (Qr)
of D(Qr). It is proved that when €2 has the segment property, then each element
u of the closure of D(Qr) with respect of the weak™ topology o (1L, [1E5;) is
a limit, in WLy (Qr), of some subsequence (u,) C D(Qr) for the modular
convergence; that is, if, for some A > 0, such that for all |a] < 1;

D%*u,, — D*
/ M(‘ Iu)\ xu‘>d:ﬂdt—>0 as n — 00.
T

This implies that (u,) converges to w in Wh*Ly(Qr) for the weak topology
o(IILy, ITE;). Consequently,

o (L TTE gy
D@r) D(@r)
This space will be denoted by W, Ly (Qr). Furthermore,
Wy Ext(Qr) = Wy Lar(Qr) N 1Ey,.

We have then the following complementary system

(WOMLM(QT% F, W()LxEM(QT)a F0> ,

o (L, HLM)

where F' is the dual space of WO1 T Eyn(Qr). Tt is also, except for an isomorphism,
the quotient of IILy; by the polar set Wy Ex(Qr)*t, and will be denoted by
F =W=1 L(Qr) and it is shown that,

W L (Qe) = {f = 3 Difa fu € Lr(Qn)}.
|a|<1
This space will be equipped with the usual quotient norm

IFI=inf Dl fallz.op

o<1
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where the infimum is taken on all possible decompositions

f=" Dfas fa € Lyg(Qr).

<1
The space Fj is then given by
W Lap(@Qr) = {f = 3 D2fa fu € Bx(Qn)
la|<1
and is denoted by Fyy = W12 E(Qr).
Lemma 2.1. Let  be an open subset of RN with finite measure. Also let M,

P, and Q) be N-functions such that Q << P, and let f : Q@ xR — R be a
Carathéodory function such that, for a.e. x € Q and for all s € R,

|[f(z,8)| < (@) + ki P M (ks |s]),
where ki, ky are real constants and c¢(x) € Eg(S). Then the Nemytskii operator
Ny, defined by N¢(u)(z) = f(z,u(x)), is strongly continuous from P(Ey, %) =
{u € Ly () : d(u, Ep(Q)) < kiz} into Eg(Q).

Lemma 2.2. Let ug,u € Ly (). If up — u for the modular convergence, then
u — u for o(Lys, Lyz)-

Lemma 2.3 ([3, Lemma 1]). If u, — u for the modular convergence (with every
A>0)in Ly (Qr), then u, — u strongly in Ly (Qr).

Lemma 2.4 ([17]). Let F' : R — R be uniformly lipschitzian, with F(0) = 0.
Let M be a Orlicz function and let w € W Ly (Q) (resp. W'EN(Q)). Then,
F(u) € WLy (Q) (resp. WIEW(Q)). Moreover, if the set of discontinuity points
D of F' is finite, then

ou

- a.e. in {x€Q:u(x) ¢ D},
ox; 0 a.e. in {xr € Q:u(x) € D}

Lemma 2.5 ([17]). Let F: R — R be uniformly lipschitzian, with F(0) =0 and
let M be an Orlicz function. we assume that the set of discontinuity points D
of F' is finite. Then the mapping F : WLy () — WLy (Q) is sequentially
continuous with respect to the weak™ topology o(11Lyy, 11 E77).

Lemma 2.6 ([16]). Let 2 be a bounded open subset of RN, N > 2. satisfying the
segment property. Then
{u e W L(Qr) : 22 e Wl L(Qr) + Ll(QT)} c O([O,T},LI(Q))

Lemma 2.7 (Integral Poincaré’s type inequality in inhomogeneous Orlicz spaces
[16]). Let Q be a bounded open subset of RN and let M be an Orlicz function.
Then there exist two positive constants 6, X > 0 such that

M(6|u(z,t)]) de dt < / AM (|Vu(z, t)|) dz dt — for all w € Wy Ly (Qr).
Qr T
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Lemma 2.8. If f, C LY(Q) with f, — f € LY(Q) a.e. inQ, fn,f>0a. e in

Q and / fo(z) do — / f(x)dz, then f, — f in L'(Q).
Q Q
Lemma 2.9 ([17]). Suppose that Q2 satisfies the segment property and let u €
Wi Ly (Q). Then, there exists a sequence (u,) C D(Q) such that u, — u for
the modular convergence in Wy Ly (). Furthermore, if u € Wy Ly (2) N L2(€2),
then
[unlloc < (N + 1)[[tr]|cc-

3. BASIC ASSUMPTIONS AND MAIN RESULT

Through this paper, € is a bounded open subset of RV satisfying the segment
property, N > 2, Qr = Q x (0,T) where T is a positive real number, and M
is an Orlicz function. Consider b : 2 x R — R a Carathéodory function such
that for every z € Q, b(x, s) is a strictly increasing C'-function with b(x,0) = 0
and for any k£ > 0, there exist A\ > 0, a function A, € L*>(Q2), and a function
Ay € Lp(Q) such that,

< 20D gy ana [ (P2 <A@ )

Let A: D(A) € Wy Ly (Qr) — W Li7(Qr) be an operator of Leray—Lions
type of the form

x,s)

Au = —div a(x,t,u, Vu).
Our main goal in this study is to prove the existence of renormalized solutions in
the setting of Orlicz spaces for the nonlinear problem

w —diva(z,t,u, Vu) — div®(z,t,u) = f in Qr,
b(z,u)(t =0) = b(z,up) in Q, (3.2)
u=>0 on 09 x (0,7,

where a : Q7 x R x RY — RY is a Caratheodory function satisfying, for almost
every (z,t) € Qr and for all s € R, &, n € RN (€ # ) the following conditions:

H,): There exist a function c(x,t) € E57(Q7), some positive constants ky
M
and ko, and an Orlicz function P << M such that

lala 5,6 < el 1) + M (Pkalsl) + M (M (kale]).
(Hs): The vector a is strictly monotone
(a(x,t, $,€) — a(x,t, s,n)) . (f — n) > 0.
(Hs): a is coercive, there exists a constant o > 0 such that
a(z,t,s,€) - § = aM(|¢]).

For the lower order term, we assume that ® : Q7 x R — R is a Caratheodory
function satisfying the following condition:

(H4): For all s € R and for almost every x € €,
(., 5) < y(a.2) + D (M(|s])). with 7 € By(Qr).
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For that concern the right hand, f € L'(Q7). ug € L'(Q),

Lemma 3.1 ([21]). Under assumptions (Hy)—(Hs), let (Z,) be a sequence in
Wy L (Qr) such that

Zn = Z in Wy Lag(Qr) for o(ILLa(Qr), Ex(Qr)),

(a(m,t, Zn,VZn)> is bounded in <LM(QT)>N,

n

lim (a(m, t, 20N 2Z0) — a(x,t, Zy, VZXS)> : (vzn - VZXS> drdt = 0,
n,5—00 Or
where s denotes the characteristic function of the set )y = {a: €eQ:|VZ| < 3}.

Then,
VZ,—=NVZ a.e inQr,

lim a(x,t, 2,,NZ, )V Z,, dx :/ a(x,t, Z,NZ)N Z dzdt,
"0 JQr Qr

M(IVZy|) — M(IVZ]) in LY(Qr).

In what follows, we will use the following real function of a real variable, called
the truncation at height £ > 0,
s if |s| <k,

Ti(s) = max < — k, min(k, 5)) = { kﬁ if |s| > k.
S

Now, we give the definition of a renormalized solution for problem (3.2).

Definition 3.2. A measurable function u defined on Q)7 is said a renormalized
solution for problem (3.2), if

Ti(u) € Wy Ly (Qp)  forall k>0, and b(z,u) € L=(0,T, LY(Q)),

lim a(z,t,u, Vu)Vu dxdt = 0,
"0 J{m<u(w,t) | <m+1}
and if, for every function r (renormalization) in W1 (R) with compact support,
we have
% —div (r(u)a(x, t,u, Vu)) + r'(u)a(x, t,u, Vu) Vu
—div (r(u)®(x,t,u)) + r'(u)®(z, t,u)Vu = fr(u) in D'(Qr),
T ob
where B,(z,7) = / WW(S) ds and B,(z,u)(t = 0) = B.(x,up) in .
s

0

(3.3)

Remark 3.3. [21,24] For every r € W?°(R) nondecreasing function with supp(r') C
[—k, k] and (3.1), we have

Aklr(si) = 7(s2)| < |Br(w,81) = Br(x, 59)| < [[Agllzee(@lr(s1) = r(s2)l;

for almost every x € Q and for every sy, ss € R.
The following theorem is our main result.

Theorem 3.4. Suppose that assumptions (Hy)-(Hy) hold true and that f €
LY(Qr). Then there exists at least a renormalized solution for problem (3.2).
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The proof of the above theorem is divided into four steps.

Step 1: Approximate problems.
Let f,, be a sequence of regular function in C3°(Qr), which converges strongly to
fin LY(Qr) and such that || f,||zr < ||f]|z: and for each n € IN*. Put

bu(x,s) = T,(b(z,s)) + %s,

an(z,t,5,€) = a(z,t, Ty(s),€) a.e (x,t) € Qp, for all s € R, for all £ € RY,
and
D, (x,t,8) = P(x,t,T,(s)) a.e (z,t) € Qr, forall s € R.
Let ug, € C§°(€2) such that
| b (2, uon) |22 <|| b(z,uo) |1 and by, (2, ue,) — b(z,ug) in L'().

Consider the following approximate problem:

abn(a:t’ un) — div a(l‘7taun7vun) — div q)TL(x?t’un) = fn in QT’
bn(ﬁ,un)(t — O) — bn(l‘7U0) in Q, (34)
w, =0 on 09 x (0,7).

Let z,(x,t, up, Vu,) = an(z,t, u,, Vu,) + (2, ¢, u,), which satisfies (Ay), (Az),
(A3), and (Ay) of [20]. Indeed, it remains to prove (Ay), to do this we use Young’s
inequality as follows:

—1
[P (2, 8, up) V| < \7<:§,t)\|Vun!+M (M (|75 (un) ) V]
o’ a+2
= @ )]V

I M (T, (1)) = T
< () )

a+1—
M (T (M T () + M (V)
While il < 1, using the convexity of M and since M and Mo M are
e’
increasing functions, one has
2 2
1D, (2,8, 1) V| = (OML >+ (i M(|Vun|)
e
a4+ 1——1
—M( ).
( M) + =M |V,

Then we get

)V 2 (L )M (V) < W )
aizM<ao;2|7(x’t)|>'
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Using this last inequality and (Hs), we obtain

2

a a
Zn(T,t, Uy, VU, )Vu, > (a— - M (|Vu,|
(_ 31—12—_?+1> < 042)_044—2
M (TSN (M) ) - S M (S )
o —/a+1—
> M - M M (M
ot Dat2) (Iveal) =31 (M)
o —ro+2
— M (T R ).
Since v € E3(Qr), M(aa——zz\’y(:c,t)o € L'(Qr). Thus, from [16], the approxi-

mate problem (3.4) has at least one weak solution u, € Wy Ly (Qr).
Step 2: A priori estimates.

Proposition 3.5. Suppose that assumptions (Hy)-(Hyg) hold true and let (uy,), be
a solution of the approximate problem (3.4). Then, for all k > 0, there exist two

constants Cy, and Cy, (not depending on n), such that

| Toutn) gty oy < Cie (35)

[ﬁmwmwms@+dmm@wmmmm@) (3.6)
! bn(z,
for almost any o € (0,T), where B}}(z,T) = / Tk(s)% ds, and
0

lim meas{(x,t) € Qr : |uy| > k} =0. (3.7)

k—oo

Proof. Testing the approximate problem (3.4) by Tj(un)x(0,+), one has for every
o€ (0,7)

/ (B,:‘(JU7 un) (o) — Bp(x, u(m)) dx + / a(z,t,un, Vu,)VTi(u,) de dt
0 .
+/ D, (z,t,u,)VTi(uy) de dt = / [Tk (uy,) dzx dt.
o Qo
(3.8)

First, let us remark that ®,(z,t, u,)VTi(u,) is different from zero only on the
set {|u,| < k}, where Ty (u,) = u,. From (Hy) and then Young’s inequality for
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an arbitrary a > 0 (the constant of coercivity), we have

/ D, (z,t, u,)VTk(uy) da dt

o

< g |v(z, )|V Ty (uy,)| dx dt
+ [ M (M| T (u))) VT ()| dat dt

a+1—— o
M (M (| Te(wn) ) IV D) | da di

Q
ao‘ 2(/62 M(O‘;%(gg,m) d:zc+/QaM<\VTk(un)]> dz dt)
M (M(|Tiun)D))) de dt

Lo
+/za (ail|VTk(un)|> dx dt.

a? o+ 2
_ +2/Q by, [V T ()| v
_|._

IN

Sin € Fy(Q,), then i / M( 2| ( t)|> dr dt = < 400 and
ince o), the x, x
Y M 0 2 0, o2 v o

while

n < 1, using the convexity of M and the fact that M and M oM
a

are increasing functions, we get

/ O, (z,t,u,) VT (uy,) de dt

(12

<
<+ /Q M(|VTk(un)|> dz dt

+ /QgM( + 1M‘1(M(k))) dz dt

(67

/Qd M(]VTk(un)D dz dt.

+

a—+1

Using (2.1), there exists some constant C such that

/Q M(O‘HM‘l(M(k))) dx dtg/

@ Qo

a+1
o

M(z M(k)) dv dt = C2,

which gives the estimate
/ D, (z,t,u,)VTi(uy,) de dt
o?
: / M (VT () ) e di (3.9)
Qo
e
o+ 1 Qo

<7 +

«

+O9 4 M<|VTk(un)|> dz dt.
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On the other hand, we have || f,||z1 < ||f]|z1, which implies that

foTk(uy) dodt < K| f]|L:. (3.10)
Qr

Concerning the first integral in (3.8), by the construction of B} (x,u,), we have
/ By (z,u,) (o) dx >0 (3.11)

Q

and
0< / B t0n) dz < k/ by ton)| d < Kbz, u) |y (3.12)
Q Q

Combining (3.8), (3.9), (3.10), (3.11) and (3.12) we get
/ a(x,t, T (up), VT (1)) VT (uy,) do dt

2

— o
< o
<+ RO+ G+ /QU M<|VTk(un)|) dz dt (3.13)

a
M (VT ) da dt,
Oz—i—l/Qa VT (uy)|) dx dt
where C' = || f|| 1) + ||0(x, uo)|| 11 (0). Thanks to (Hj), we deduce

+

a+2 o+l
a? «Q o?

a+2‘a+1):(a+1>(a+2)

/Q(Oé_ o .« >M<|VTk(un)|)dmdtﬁyo—I—kU—FC,?.

> 0, finally we have

Since (a —

(a+1)(a+2)

=Cp.  (3.14)

(0%

/ M(|VTk(un)|> dz dt < (7o + kC + C2)

To prove (3.6), we combine (3.8), (3.9), (3.10), (3.12), (3.13), and (3.14) with
Cy = Cf + Cy. Finally, we prove (3.7), to this end, since Ty (u,) is bounded in
VVO1 "Ly (Qr), there exist A > 0 and a constant Cj such that

/ M(M) dx dt < Cy.

T

By using Young’s inequality, we obtain

/ kdxdt < ]1/ | Tk (uy,)| dx dt

oty o e B
(/ ( ) do dt + ) e at) (315)
(

|QT|> for all n,  for all & > 0,
as k — oo,

which implies (3.7). O

wlywlyprh—‘

meas{|un| > k}

l
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Remark 3.6. Notice that, we can get differently another estimate like (3.15), by
using the integral Poincaré’s type inequality in inhomogeneous Orlicz spaces with
the constants 6 and X. Hence,

M(ék)meas{|un| > k} = /{un|>k} M<§|Tk(un)|) dx dt

gA/ Mﬂvnwm)mﬂt
Qr

Then, from (3.14) we get

ACy
Al(ék)

Lemma 3.7. Let u, be a solution of the approximate problem (3.4). Then

—0 ask — oo.

meas{]un] > k} <

(i)  up, —u a.e inQr,
(ii)  bu(z,un) — b(z,u) a.e. in Qr,
(iii)  b(x,u) € L=(0,T; L}()).

Proof. For (i) and (ii), we argue as in [24, Proposition 5.3], we take a C*(R)
k

fi < —

s for|s| < 5

k  for |s| >k,
the approximate problem (3.4) by I'} (u,), we obtain

nondecreasing function I'y, such that T'y(s) = { and multiplying

Bn
W = div (a(:r,t,un, Vun)l“ﬁc(un)) — a(z,t, U, V) Th(un) Vg,
v (T ()@ (@, ) ) = T () @ (2, £, 1) Vit + fuT (),
(3.16)
where Bt (x,7) = / MF%(S) ds.
0 0s

Remarking that M ‘o Misan increasing function, v € Eqy(Qr), supp(I}),
supp(I'}) C [—k, k], and using Young’s inequality, we get

‘/ U (un) @y (2, t, uy) da dt‘
T
1

< Tl / e Ol dedtr | BT (M(|Ty(un)))) da dt

(M(h(m, ) + M(l)) dx dt + /Q M

1
< Tl

< Cl,k7

(A4(k))dxcﬁ)
Qr
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and (here, we use also estimate (3.14))
‘/ ) ()@ (2, t, uy) Vu, do dt‘
T

<l ( [ ptwoldees |
<0~ [ (Mt + M (1)) dode + UG

N (M (T3 () )| VT )| da i)

+/ M|V Ty (u)|) de dt]
Qr
< CZ,ka

where C} ;, and Cy, are two positive constants independent of n. Then each term
in the right-hand side of (3.16) is bounded either in L'(Qr) or in W= Li7(Q7),
which implies that
OB} (x,uy,)
ot

Moreover, due to the properties of I}, and (3.1), we have

is bounded in L'(Qr) + W™ Li7(Qr).

IVBE (2, un) | < (| Akl oo @ VTk (un) 11Tl 22 (@) + BT oo 2 Ar(2),
which implies by (3.5), that
B (x,uy) is bounded in Wy Ly (Qr).

Arguing as in [9, 10, 24], we get (i) and (ii) of Lemma 3.7.
To prove (iii), using (ii), we pass to the limit inferior in (3.6) as n — +o0,
and we get

1 C
- / By(z,u)(0) do < —* + <||f||L1(QT) + ||b(93,uo||L1(Q)>>
kg K

for almost any o € (0,7). Tanks to the definition of By(x,s) and the con-

vergence of %/ﬂBk(a:,u) to b(z,u) as k goes to +oo, this gives that b(x,u) €

L>(0,T; LY (). O
The next lemma will be used later, we prove it now.

Lemma 3.8. Let u, be a solution of the approximate problem (3.4); then
(i) {a(z,t, Ti(un), VT (upn))}n is bounded in (L77(Qr))",

(ii) lim  lim a(z,t, up, Vu,)Vu, de = 0.
Proof. (i) We will use the Banach-Steinhaus theorem. Let ¢ € (Euy(Qr))Y be
an arbitrary function. From (Hs), we can write

(al,t, Tuun), VT(ua) = ale,t, Tu(wa),6) ) - (VTk(ua) = 6) 2 0,
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which gives
/a(x,t,Tk(un),VTk(un))qux
Qr

< &(.’L‘,t, Tk(un)> VTk(un))VTk(un) dx
Qr

4 [l ). 0)(6 - VTiw,)) do
Qr

Let us denote by J; and J; the first and the second integral, respectively, in the

right-hand side of (3.16), so that

Ji :/ a(x,t, Ty (up), VTi(un)) VT (uy,) de.
T
Going back to (3.13), we obtain
2

— a
< «
Ji <y +kC+CP+ a+2/QGM(|VTk(u")|> dx dt

/QU M (|9 Ti(u)|) dv

«

+04+1

and thanks to (3.5), there exists a positive constant C, independent of n such
that

Jl < CJl.

Now we estimate the integral J;. To this end, remark that
5 = / a(2,t, Te(wn), 8)(6 — V() d dt

gf; |a(x,t,Tk(un),¢)||gb|dxdt—i—/ (., To(un), )|V T ()| da dt.

T T

On the other hand, let  be large enough. From (H;) and the convexity of M,
we get

=l

( la(z,t, Ty (un), @)
n
- (c@,t) T (P |Te(wn)]) + M‘1<M<k2|¢r>>>

) dz dt

O
!

dx dt

IN
—
:9\’%@

VAN
+ Ik 4+ I

I

— 1 —(—1
M(c(z, 1)) dz dt+;/TM(M (P(k1|Tk(un)]))) dz dt

(M (M(kal))) ) dv

I~

Qr

A
<

1
(c(z,t)) de dt + o /T P(kk) dx dt

O
S

M(ko|6]) da dt.
Qr
7))V and c(z,t) € E57(Qr), we deduce that {a(x,t, Ty (u,), d)}

Since ¢ € (F )
(Qr))Y and we have {VT},(u,)} is bounded in (Lx/(Qr))".

is bounded in

=
=0
S
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Consequently, Jo < C,, where C, is a positive constant not depending on n.
Then we obtain

/ a(z, Ty(un), VTi(u,))¢ de dt < Cy, + Cy,. for all ¢ € (Ep(Qr))Y.

T

Finally, {a(x,t, Ty (u,), VTk(u,)) }n is bounded in (L37(Q1))Y.
(ii) Testing (3.4) by O (un) = Tt (un) — Thn(uy,), we have

/ B (x,u,)(T) dx + / a(z,t, up, V)V, (uy,) do dt
0

T

+/ D, (z,t,u,) VO, (uy,) do dt = / Bp(x, ugy,) dx + Jnbm(uy,) dx dt,
T Q Qr

(3.17)
T 0b(x, s) _
where B,,(x,7) = P Om(s)ds. Since By, (x,u,)(T) > 0, hence from (Hs)

0
and (Hy), it follows

a M(|VO,,(uy,)|) dx dt
Qr

< M‘l(M(yuny))yvem(un)\dxdt+/ Iy, £)] VO ()| de dt
Qr T

+/ Bp(x, ugy,) dx + Jnbm(uy,) dx dt.
Q Qr

That means, knowing that V,,(u,) = Vu,xg, a.e. in Qr, where
E, = {(x,t) €Qr:m<|u,| <m+ 1},

and following the same argument as in the proof of (3.5) of Proposition 3.5, we
get

a/ M(|V6,(u)) de dt

S/ Mﬁl(M(|un\))|Vun|XEm dxdt+/ |y (2, )| VO (uy,)| dx dt

T Enm

+/ B (z,uop) dx + frnbm(uy) dx dt
Q QT

—ra+1—1 o
<
_/QTM< 1 (M(|un\)>XEmd:z:dt+/QTM<a+1|V9m(un)|> dz dt
2

o —/a+2
+a+2(/EmM< ) dxdt+/QTM<|V9m(un)|> d di)
+/Bm(x,u0n) dx + fnbm(uy) dx dt.

Q Qr
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(a+1)(a+2)

let C,, = max ((a +1), ) It follows

max a2
/ M(|V6y(u)) der dt
Qr
— 2
<] [ M(“ L0l dedt+ [ Buoun) ds (3.15)
Em « 0

+/ M(O‘“M‘l(M(|un|)) dedt+ [ Fabo(un) de di].
Em & Qr

Now, let us concentrate on the convergence as n — oo of each integral in (3.18),
which can be treated by the same way (Lebesgue’s dominated convergence theo-
rem). Take, for example, the first one

—/a+2 —/a+2
/ (w0l do = [ T2 501) Xt do .
{m<un|<m+1} & Q

o

— 2
Put g, = M(OH; |7(~r;t>|)X{m<|un\<m+1}7 since x is continuous, then
o <lunl|<
—/a+2 .
90— 9= M (=@, 0)]) Ximepsmiyy - e in Qo

We have |g,| < M(a—z

From Lebesgue’s dominated convergence theorem, we obtain

2
|y (z, t)|>, which is integrable on Q7, since v € Ex7(Qr).

— 2
lim gpdx dt = / lim g, dxdt = / M (a + |y (z,t) ]) X {m<|u|<m+1} dT dt.
Qr Q T

n—oo T n—oo a2

Passing to the limit as n — oo in (3.18), we get

lim, oo | M(|V0(u)]) dz dt
Qr

— 2
< C’ﬁ‘wx[/ M<OH; |’Y(x)‘> dx dt—i—/Bm(x,uo) dx
{m<|u|<m+1} aQ Q

4 8 (I () da at

{m<[ul<m+1}

—i—/QT [0 (u) dz dt].

(3.19)

(%

Now, we will pass to the limit as m — oo, by Lebesgue’s theorem each integral
in (3.19) goes to zero as m goes to oo, which gives

lim lim M(|V0,,(uy,)|) dx dt = 0. (3.20)

QT
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Our aim here is to prove that lim lim / O, (z,t,u,) VO, (u,)dedt = 0, to this
Qr

m—00 N—r00

end, Young’s inequality allows us to get

/ D, (z,t,un) VO, (uy,) de dt < M|V, (uy,)|) dx dt
T @r. (3.21)
+ M(®,(z,t,uy,)) dx dt.
Er,

We have already proved that the first integral in the right-hand side of (3.21) goes
to zero as m and n go to co. It remains to show that the second one goes to zero
again. Indeed, note that, for n > m+1 > |u,|, we have T, (u,) = Tpni1(tn) = Up.
Then, from (Hy) and the convexity of M we obtain

/ M(®,(x,t,uy,)) dr dt
{m<lun|<m+1}

M(|®(z,t, Tri1(un))]) do dt

IN

m<un|<m+1}
/ MM (M(| T (un)))) de dt

m<|un|<m+1}

/ M(|Ti1(un)|) do dt

m<|un|<m+1}
/ M(m+ 1) dx dt.

T

IN

IN

We deduce that
/ TE(D(, b, Ty () dae it
{m<|un|<m+1}

= / M(’(I)(x, t, Ty (un)]) X{m<un|<m+1}dT dt < Com-
Qr

(3.22)

Let us denote G = M (|® (2, t, Tys1(tn)|) X{m<fun|<mt+1y —> G™ a.e. in €2, where
G™ = M(|2(x,t, Tynra (W)]) Xgm<lul<m1}s

since M is continuous and ® is a Carathéodory function. From (3.22), G™ is
bounded independently of n. Using Lebesgue’s theorem, it follows, as n — oo

/ (1B, (2,1, u,)|) dar it —> (|, 1, u)) da dt.
{m<lunl<m+1} {m<lul<m+1}
Then

lim lim M(|®,(z,t,uy)|) do dt = 0. (3.23)

Combining (3.20), (3.21), and (3.23), we get

lim lim D, (z,t, up) VO (uy) do dt = 0.

Qr
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At the end, let m,n — oo in (3.17). Then we find

lim lim a(z,t, un, Vu,)Vu, de dt = 0. (3.24)

O

Step 3: Almost everywhere convergence of the gradients.
In this step, most parts of the proof of the following proposition are the same
argument as in [21].

Proposition 3.9. Let u, be a solution of the approximate problem (3.4). Then,

for all k > 0, we have (for a subsequence still denoted by u,) as n — +0o0,
(i) Vu, = Vu a.e. in Qr,

(i) a(z,t, Tp(un), VTi(u,)) — a(x, t, Tp(u), VI (u))  weakly in (Li7(Qr))",

(iii) M(|VTy(uy,)|) = M(|VT(u)])  strongly in L*(Qr).

Proof. Let 0; € D(Qr) be a sequence such that 6; — u in W, " Ly (Qr) for the
modular convergence and let 1»; € D(Q) be a sequence that converges strongly to
up in LY(Q).

Put Z}'; = Ty.(0;), + e " Ti.(1);), where T}, (6;),, is the mollification with respect
to the time of T;(6;). Notice that Z}, ; is a smooth function having the following
properties:

ozt
dt,] = N(Tk(ej) - Zz‘lfj)a Z;fj(()) = Tr(¢;) and |Zzug| <k,
Zl's — Tp(u), + e MT(¢;), in Wy* Ly (Qr) modularly as j —s oo,
Ti(u), + e Ty (vhi) — Ti(u), in Wy Ly (Qr) modularly as yu — oo.

Let now the function h,, be defined on R for any m > k by

1 if |r| < m,
hp(r) =% —|r|+m+1 ifm<|r|<m+1,
0 if |r] >m+ 1.

Put E,, = {(;v,t) €EQr:m < |u,| <m+ 1}. Testing the approximate problem
(3.4) by the test function gpgzm = (Th(un) — Zf';) hm(un), we get

g Pmim
/ a(x, t, un, Vun ) (Ti(un) — Z5)Vun iy, (uy) da dt

bn y Un )
<M o > +/ a(x,t, up, Vuy) (VTi(uy,) — vZ{fj)hm(un) dx dt

/ (2,1, un) Vunhy,, (un) (Ti(un) — Z1;) dov dt
E

/ (2, t, wn ) P (1) (VT () — VZ}) dae dt
Qr

= fngon] m dx dt.
Qr
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We simply denote by €(n, j, u, 1) and €(n, j, u) any quantities such that

lim lim lim lim €(n,j,pu,i) =0,
i—+400 p—~+00 j—+400 n—+00

li li li ) = 0.
LA R

We have the following lemma, which can be found in [21,24].

Lemma 3.10 (see [21,24]). Let gpﬁém = (Ti(un) — Z))hin(un). Then for any
k > 0 we have

ob,(x,u, i .
<%7 ¢Z:j,m> > e(najaluaz)a

where <,> denotes the duality pairing between L'(Qr) + W Li7(Qr) and
L(Qr) N Wy L (Qr).

To complete the proof of Proposition 3.9, we establish the results below. For

any fixed k > 0, we have
(1) s m dx dt = €(n, j, ).

’

(ra) /Q D (21, ) o (100) (VT (1) — VZE5) di dt = e, ], ).
(rs) /E B (2,1, )Vt (1) (Ti (1) — Z1%) d dt = e, o).

(ra) a(@, t, tn, V) (Te(un) — Zf5)Vunhy, (u,) do dt < e(n, j, jp, m).
Qr

[a(m, t, Tk (un)7 VTk(UN)) - CL(JZ, t Tk (un)v VTk(U)Xs)]

()
X[VTi(u,) — VTi(u)xs) de dt < e(n,j, p,m,s).
The proofs of (r1), (r3), (r4), and (r5) are the same as in [21, 24].
To prove (r3), to this end, for n > m + 1, we have

D, (z,t,up) b (uy) = (2, t, Trn1 (Un)) o (Trni1 (w)) ace in Q.

lmuﬁzmoﬁﬂﬁ%ﬂwm—@manmwm
) n

respect to its third argument and u, — v a.e in Qr, then O(x,t, i1 (uy)) —
O (z,t, Trni1(uw)) a.e in Q as n goes to infinity. Besides M (0) = 0, it follows

). Since ® is continuous with

P, — 0, aeinQasn — .
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Using now the convexity of M and (Hy), we have for every n > 0 and n > m + 1,
p, (Rt Tasa(un) = 8ot T ()
n

(12t T ) 0601 T 0]

< M(2| (2, 1)] + EM*?MW +1)))
B 7172 | 7714__1

=1H zgw,m + %5M4 (M(m +1)))
< M @)+ §H<5M1<M<m +1))).

We put C7 (z,t) = %M(%h(w,tﬂ)—l—%ﬁ(%ﬂ1(M(m—|—1))) Since v € Egp(Qr),

we have C" € L'(Q7), Then by Lebesgue’s dominated convergence theorem, we
get
lim P, dx dt = / lim P, dx dt = 0.

This implies that {®(x,t, Tp,11(uy,))} converges modularly to ®(z,t, T,,41(u)) as
n — oo in (Li(Q7))Y. Moreover, ®(x,t, Tr,y1(uy,)) and ®(x,t, Tp, 11 (u)) lie in
(E3(Qr))Y, indeed, from (Hy), we have for every n > 0

/T M( |D(x, ¢, T;+1<un))‘> dr dt

—/1 11—
< [ M(Ch@l+ 3 M Taw)]) da dt

T

< /T M(%%h(m, D]+ %%M%M(m 1)) do dr

1— 2 1—/2—_
< [ 33w dodt +/ (2N (M + 1)) dr
QT 2 77 T 2 T]
< 0o since v € Ey(Qr) and € is bounded,
the same for ®(x,¢,T},41(u)). Thanks to Lemma 2.3, we deduce that
O(z,t, Trnp1(up)) — ®(x,t, Tpi1(u)) strongly in (E57(Qr))".

On the other hand, VTj(u,) — VTi(u) weakly in (L (Q7))" asn goes to infinity.
It follows that

lim / D1, ) s (10) [V Tit0) — V2] iz dit

n—oo

= f (2, t, u)hy (u) VT (u) — VZ[] d dt.
Qr

Using the modular convergence of fo ; as j —> oo and then p — oo, we get
(r9). As a consequence of Lemma 3.1, the results of Proposition 3.9 follow.
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Step 4: Passing to the limit.
The limit » of the approximate solution w,, of (3.4) satisfies

lim a(z,t,u, Vu)Vu dx dt = 0.

M0 J{m<|u|<m+1}

Proof. Fix m > 0, and we can write

a(x,t, uy, Vu,)Vu, dr dt

—

{m<|un|<m+1}

( / At V1) (VT (1) — V() de i
(

a(x,t, T1(Un), Vi1 (un)) Vi1 (uy) do dt
Qr

. / a(,t, Ty (1), VT (1)) V T (110)) dit dt).

T

Using Proposition 3.9(ii)-(iii) and passing to the limit as n goes to infinity for
fixed m, we get

lim,, 0 / a(x,t, uy, Vu,)Vu, dx
{m<|un|<m+1}

= a(x,t,u, Vu)Vu dx.
{m<[ul<m+1}
Finally, we pass to the limit as m goes to infinity and then we use (3.24). It
follows

lim,, o0 lim,, s oo / a(x,t, uy, Vu,)Vu, dr dt

{m<|un|<m+1}
= lim,, 00 a(x,t,u, Vu)Vu dx dt =0,
{m<Ju|<m+1}
which gives the desired result.
Now, we will pass to the limit. Testing the approximate problem (3.4) by r(u,)
with 7 € WH*(R) having a compact support such that for & > 0, supp(r) C
[—k, k], we get

BTL
OB ) i (v )a(a, bt Ta)) + (1 )a(z, bt V) Vi, (3.25)

—div (r(u,)®(x, t,u,)) + r'(u,)®(x, t, u, ) Vu, = fr(u,) in D'(Qr),
Ob,(x, s)

here B = ———2r'(s) ds.
where B'(x, 1) /0 PR r'(s) ds

Our aim here is to pass to the limit in each term in the previous equality. Let

us start by the terms of the left-hand side.
Limit of the first term M
B,.(z,u) a.e in Qr and in L>®(Qr) weak™, then
OB (z,uy,) OB, (z,u)

a ot

, since r is bounded and B!(z,u,) —

D'(Qr) as n — oo.
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Remark that, since r and " have a compact support in R, there exists k£ > 0 such
that supp(r), supp(r’) C [—k, k]. For n large enough, we have

r(up)a(x, t, u,, Vuy,) = r(uy)a(z, t, Tr(u,), VIg(uy))  a.e. in Qr,
' (up)a(z, t, un, Vg, )V, =1 (uy)a(z, t, Tr(u,), V() VTi(u,)  ae. in Qr,
()P (2, t, upn) = (T (un)) Pz, t, Ti(uy)),
' ()@, t, un) Vi, = 1" (Th(un)) P (2, 8, Ti(wn) ) VT (wn).

For the second term of (3.25), since (u,) — 7(u) a.e in Qr as n — oo, r is
bounded and by Proposition 3.9(ii)-(iii), we have

r(un)a(z, t, Tp(u,), VIi(uy,)) = r(w)a(z, t, Ti(u), VIi(u))

weakly in (L37(Q7))Y for o(IlLyz, IIEy). Then
r(up)a(z, t, up, V) — r(u)a(x, t,u, Vu) weakly in (L (Qr))".
Concerning the third term of (3.25), since r’(u,) — r'(u) a.e in Q7 as n — oo, 1’
is bounded, and using Proposition 3.9(ii)-(iii) we obtain, as n — oo
' (up)a(z,t, Uy, Vi, )V, — 7' (u)a(z,t, Tp(u), V(1)) VT (u) weakly in L'(Qr).
Then
r'(w)a(z, t, Ti(u), VIp(uw))VTi(u) = ' (u)a(z, t,u, Vu)Vu  a.e. in Qr.

Arguing similarly, we get the limit of the fourth term of (3.25),

7 (n) @ (2, t, 1) — 7(w)®(z,t, 1) strongly in (Ey(Qr))™.

For the remaining term of the left-hand side, we have r'(u,) converges to r'(u)
and VT (u,) — VTi(u) weakly in (Ly/(Qr))N as n — +oo, while @, (x, Ty (u,))
is uniformly bounded with respect to n and converges a.e. in Qr to ®(x, Ty (u))
as n tends to +00. Therefore

()@ (2, t, un) Vu, — 7' (u)®(x, t,u)Vu weakly in Ly (Qr).

Concerning the right-hand side of (3.25), due to Lemma 3.7(i) and the fact that
fn converges strongly to f in L'(Qr), we have

for(un) — fr(u) strongly in L'(Qr) as n — oo.

Now, we are ready to pass to the limit as n — oo in each term of (3.25) to conclude
that u satisfies (3.3). It remains to show that B,(x,u) satisfies the initial condi-
tion of (3.4). To do this, recall that, 7’ has a compact support, we have B (z, u,)
is bounded in L>®°(Qr). Moreover, (3.25) and the above considerations on the be-

oB; n
havior of the terms of this equation show that OB, (@, un) is bounded in L' (Qr)+

Lo [=(Qr). As a consequence, an Aubin’s type lemma (see [25, Corollary 4])
and Lemma 2.6 imply that B"(z,u,) is in a compact set of C°([0,T]; L'(Q)).
It follows that BP(z,u,)(t = 0) converges to B,.(z,u)(t = 0) strongly in L'(£2).
Due to Remark 3.3 and the fact that b,(z,uo,) — b(z,ug) in L(R2), we con-
clude that B'(z,u,)(t = 0) = B'(x, ug,) converges to B, (z,u)(t = 0) strongly in
L*(Q2). Then we conclude that B,(z,u)(t = 0) = B,(z,ug) in .

That is the full proof of the main result. O
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