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ABSTRACT. In this paper, we obtain lower and upper bounds on the number
of parity check digits of a linear code that corrects e or less errors within a sub-
block. An example of such a code is provided. We introduce blockwise-tensor
product of matrices and using this, we propose classes of error locating codes
(or EL-codes) that can detect e or less errors within a sub-block and locate
several such corrupted sub-blocks.

1. INTRODUCTION

Error detecting codes are used by the receiver merely to detect the presence of
errors in a block of received digits, whereas error correcting codes at the receiver
are used to correct errors that may have occurred in transmission. To have a
good error correcting capability of the codes, long code length is required to be
considered, but this results in decreasing the information rate of the system. This
problem had been somewhat sorted out by Wolf and Elspas [15]. They introduced
the concept of error location by which a compromise between short and long code
length can be obtained. The technique in error location concept is that the block
of received digits is subdivided into mutually exclusive sub-blocks. The length
of the sub-blocks can be chosen relatively smaller requiring less number of parity
checks which can improve the information rate of the system. In this concept,
errors occurring within sub-block(s) are detected at the receiver, and in addition
the receiver is able to specify which particular sub-block(s) contains errors. Of
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course, the precise location of erroneous digit positions can not be located, but
the sub-block(s) containing errors can be identified. The codes following this
technique is referred to as error locating codes (in short EL-codes).

Wolf and Elspas [15] devised codes that could locate a single corrupted sub-
block containing a given number of random errors. Later on, Wolf in [13] obtained
a class of EL-codes capable of identifying corrupted sub-blocks by considering
tensor product of parity check matrices of two codes. In EL-codes, the errors
are considered to occur within sub-block(s). Such type of errors are found to be
in mostly storage and memory systems [6, 9]. Thus, there is a need to study
blockwise error detecting/correcting codes. For more study on error locating
codes and blockwise error correcting codes, one may refer to [2, 3, 4, 5, 6, 7, 8,
10, 16, 17].

1.1. Outline: The paper is organized as follows: In Section 2, we recall basic
definition and notations to make the paper self-contained. We present lower and
upper bounds on the number of parity check digits for a linear code correcting
e or less errors within a sub-block in Section 3. An example is given to support
our result. Wolf in [13, 14] studied construction of a class of EL-codes that can
locate several corrupted sub-blocks by considering tensor product of parity check
matrices of two codes. We introduce the concept of blockwise tensor product and
by using this we construct another classes of EL-codes (but of relatively smaller
length given in [13, 14]) that can locate several corrupted sub-blocks in Section
4. In Section 5, we present a comparative study between the bounds obtained
in Section 3-4, and some existing bounds. We verify that the development of
the codes obtained in Section 3-4 improves the efficiency of the communication
channel.

2. Basic TooLs

In this section, we recall basic definition, notations and results to make the
paper self-contained. The largest integer less than or equal to x is denoted by
|z|. An (n, k) linear code will be considered as a subspace of the space of all
n-tuples over GF(q). The distance between two vectors shall be considered in
the Hamming sense. The minimum distance of a linear code is the minimum
of distances between any two code vectors. The information rate of the code is

—. By a burst of length b, we mean a vector with nonzero entries in some b
n

consecutive positions and zeros elsewhere.
Next we consider following conditions for an (n, k) linear codes over GF(q) of
which the code length is divided into m mutually exclusive sub-blocks.

(1) The syndrome resulting from the occurrence of e or fewer errors within a
sub-block must be distinct from the all zero syndrome.

(2) The syndrome resulting from the occurrence of e or fewer errors within a
sub-block must be distinct from the syndrome resulting likewise from e or
fewer errors within any other sub-block.
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(3) The syndrome resulting from the occurrence of e or fewer errors within
a single sub-block must be distinct from the syndrome resulting likewise
from e or fewer errors within the same sub-block.

(4) The syndrome resulting from the occurrence of such errors within any
[(< m) or less sub-blocks must be non-zero and distinct from the syndrome
resulting likewise from within any same [(< m) or less sub-blocks.

(5) The syndrome resulting from the occurrence of such errors within any
[(< m) or less sub-blocks must be distinct from the syndrome resulting
likewise from within any other [(< m) or less sub-blocks.

The code capable of detecting e or fewer errors within a sub-block must satisfy
condition (1). The code capable of detecting and locating such error within a
sub-block must satisfy conditions (1) and (2). The code capable of correcting e
or fewer errors within a sub-block, the code should satisfy conditions (1) — (3).
Further, to locate any (< m) sub-blocks containing e or fewer errors within a
sub-block, conditions (4) and (5) must be satisfied.

To conclude the section, we give the definition of tensor product of matrices
which can be found in literature (for example see, [1]).

Definition 2.1. Let A = [a;;] be a m-by-n matrix and let B = (b;;) be a p-by-q
matrix. The tensor product of A and B is defined as

CLllB Cl,lgB e CLlnB

a21B 0/22B e e aan
A® B =

am1B amaeB . . . . @B

3. BOUNDS ON THE NUMBER OF PARITY CHECK DIGITS

Peterson and Weldon [11] gave lower and upper bounds for the linear codes
that correct e or less errors (see Theorem 4.5 and Theorem 4.7 in [11], also see
[12]). By using the technique given in [11], we present lower and upper bounds
for the linear codes that correct e or less errors within a sub-block.

Theorem 3.1. [Lower Bound] The number of parity check digits in an (n,k)
linear code over GF(q) subdivided into m sub-blocks of length t each, that corrects
e or less errors within a sub-block is bounded from below by

n—kzlogq{umi(:)(q—ni}. (3.1)

i=1

Proof. We prove the theorem by counting the number of syndromes that are
required to be nonzero and distinct by conditions (1), (2) and (3) (in Section 2),
and then setting this number less than or equal to ¢"~*, the number of maximum
possible syndromes. By conditions (1), (2) and (3), the syndromes produced
by e or less errors within a sub-block are nonzero and distinct, whether in the
same sub-block or in different sub-blocks. The total number of such syndromes,
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including the vector of all zeros, is given by (see Wolf [13])

1—|—mg (2)((1—1)?

Therefore, we must have

=1
or,
e ¢ '
—k>1 1 — 1) 5.
n _ogq{ —i—lel(Z)(q )}
The result is proved. 0J

Remark 3.2. For m = 1, the inequality (3.1) reduces to

n—kzlogq{l—{—g (2)@—1)@},

which coincides with the result of Theorem 4.5 of [11].

Theorem 3.3. [Upper Bound] There exists an (n, k) linear code over GF(q) sub-
divided into m sub-blocks of length t each, that corrects e or less errors within a
sub-block (t > 2e) provided that

rrey () <q—1>i+<m—1>{1+j§ (e} (amr
- - (3.2)

Proof. The existence of the code can be ensured by constructing a suitable
(n — k) x n parity check matrix H for the desired code. Without loss of general-
ity, we can assume that the columns of the first m — 1 sub-blocks of H and the
first j — 1 columns hy, he, ..., hj—y of the m'™ sub-block have been appropriately
added. The j column h; of the m™ sub-block of the matrix H is needed to add
according to conditions (1) — (3). This is done in the following two cases:

Case I: First we consider condition (3), according to which the j column h;
should not be a linear combination of previous any 2e — 1 or less columns of the
m! column sub-block. In other words

hj 7é uj—lhj—l -+ Uj_ghj_g + -+ Ulhl, (33)

where u; € GF(q) are any 2e — 1 or less nonzero coefficients.
The number of linear combinations on the R.H.S. of inequality (3.3), including
the vector of all zeros, is
2e—1 .

1+ ; (‘7 . 1) (q— 1) (3.4)

(Note that the condition (1) is also taken care of in (3.4).)
Case II: In this case we consider condition (2), accordingly the j* column h;
should not be a linear combination of previous any e — 1 or less columns of the
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m!" sub-block, together with any e or less columns within any other sub-block of
the previous m — 1 sub-blocks. In other words

h; # (wj—1hj_1 + wj_ohj_o + -+ +urhy) + (vihi + vigrhigr + -+ + Vigp—1hivp—1),
(3.5)

where u;,v; € GF(q), u; are any e — 1 or less nonzero and h; are any e or less
columns of a sub-block from the previous m — 1 sub-blocks.

The number of linear combinations on the R.H.S. of the inequality (3.5) is
given by

<m—1>{1+§ (7 a0 (a-v (3.5)

At worst, all the linear combinations computed in (3.4) and (3.6) might yield
distinct sums. Therefore, h; can be added to the m* sub-block of H provided
that

q"F > expr.(3.4) + expr.(3.6)

ie.
2e—1 ] 1 e—1 j 1 e ¢
n—k o i - i i
> 1 ~1 ~1){1 1 1),
ey (U s {s S (e (e
Replacing j by t gives the theorem. O

Remark 3.4. For m = 1, the inequality (3.2) reduces to
2e—1

t—1 -
n—k i
> 1 -1
q + ?1 ( . ) (a—1)",
which coincides with the result of Theorem 4.7 of [11].

Example 3.5. Consider a (12,5) binary code with the following parity check
matrix 7 x 12 matrix P which has been constructed by the synthesis procedure
given in the proof of Theorem 3.3 by taking m =3,t =4,e =2,q = 2.

1001 00O0O0O 100 07
o101 000O0O O1O00O0
ocoo11 00O0O0O O0O010O0
P={0001 0001 00O0T1
o000 1001 0010
0000 0101 0100
L0000 0011 100 0]

The null space of this matrix can be used to correct 2 or less errors within a
sub-block of length 4. It may be verified from Error Pattern-Syndrome Table 3.1
that syndromes produced by 2 or less errors within a sub-block, whether in the
same sub-block or in different sub-blocks are distinct.
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Table 3.1
Error Pattern - Syndrome Table
Error-patterns Syndromes
Errors within the first sub-block
1000 0000 0000 1000000
0100 0000 0000 0100000
0010 0000 0000 0010000
0001 0000 0000 1111000
1100 0000 0000 1100000
1010 0000 0000 1010000
1001 0000 0000 0111000
0110 0000 0000 0110000
0101 0000 0000 1011000
0011 0000 0000 1101000
Errors within the second sub-block
0000 1000 0000 0000100
0000 0100 0000 0000010
0000 0010 0000 0000001
0000 0001 0000 0001111
0000 1100 0000 0000110
0000 1010 0000 0000101
0000 1001 0000 0001011
0000 0110 0000 0000011
0000 0101 0000 0001101
0000 0011 0000 0001110
Errors within the third sub-block

0000 0000 1000 1000001
0000 0000 0100 0100010
0000 0000 0010 0010100
0000 0000 0001 0001000
0000 0000 1100 1100011
0000 0000 1010 1010101
0000 0000 1001 1001001
0000 0000 0110 0110110
0000 0000 0101 0101010
0000 0000 0011 0011100

11
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4. BLOCKWISE-TENSOR ProDUCT AND EL-CODES

We start this section with the definition of Blockwise-Tensor Product of ma-
trices.

Definition 4.1. If A = (A; Ay .... A,,)), where A; is a k; X ky matrix and B =
(B1 By .... By,) where B; is a s1 X sy matrix, the Blockwise-Tensor(Kronecker)
Product A ®, B is the (k1s1) X (mkyse) matrix

ARyB=[A1®B1 A®DBy ... An®By |.

By using the blockwise-tensor product and codes discussed in Section 3, we
propose new classes of EL-codes that can locate several sub-blocks.

Consider a code of length n consists of m sub-blocks, each sub-block containing
t digits, then n = tm. Further if m = myms, then the code of length n can be
considered as consisting of my sub-blocks, each sub-block containing tm; digits.
This new sub-blocks of length tm; constitute of m; consecutive original sub-blocks
of length t. We call the new sub-blocks as cluster-sub-blocks of length tm,. First
we present a new class of EL-codes which can locate several sub-blocks within a
cluster-sub-block.

Theorem 4.2. Let Ci(ny = mt,ny — k) be a linear code over GF(q) with parity
check matriz H that detects ey or fewer errors within a sub-block of length t and
Cy(ny = ms,ng — p) be a linear code over GF(q) with parity check matriz P that
corrects ey or fewer errors within a sub-block of length s. Then the (mts, mts—kp)
code C' obtained from the parity check matriz P®y, H can detect ey or fewer errors
within a sub-block of length t and locate any es or fewer such corrupted sub-blocks
within a cluster-sub-block of length ts.

Proof. The parity check matrix of the code C' is given by
P®bH:[P1®H1 PQ@HQ Pm®Hm]
puHi poHy . oprHy o piHe pliHmo - pYHp

pll)lHl p}ﬁHl . p})SHl o P Hm pHy .o ppiHm
where P; and H; are sub-blocks of length ¢ of P and H, respectively and péj is
the (i)™ element of sub matrix P, (1 < < m).
Consider the situation where e; or fewer errors occur only in the A\** sub-block
of length t. Let us write A = (1 —1)s+j, 1 < j <s, 1 <7 < m. Then, the
resulting syndrome is S* = (Sy, S, ...S,), where

t t
Si = wplhey, =05 Y ), = pLA,,
r=1 r=1

u, € GF(q) are any ey or less nonzero coefficients, h(;), are columns of the sub-
block H, and A, = 25:1 uyh(7),. Furthermore, the sum Ay can not be all zero
k-tuple, because the code C] detects e; or fewer errors within a sub-block of
length ¢. Also since, all pj; are nonzero, the syndrome .S cannot be zero (which
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satisfies condition (1)). This shows that the code obtained from the parity check
matrix P ®, H can detect e; or fewer errors within a sub-block of length t.

In order to locate any e, or fewer sub-blocks of length ¢ containing e; or fewer er-
rors within a cluster-sub-block of length s, the syndrome resulting from detectable
errors occurring within any e, or fewer sub-blocks within a cluster-sub-block is
distinct from syndromes resulting from detectable errors occurring within any
other ey or fewer sub-blocks within the same cluster-sub-block. Let S be the
syndrome corresponding to the A sub-block of length ¢ within a cluster-sub-
block of length s, where \; = (17 — 1)s + j;, i = 1,2,...,2e5. Each sub-block
contains e; or fewer errors.

Assume that

2eo

;8% =0, z; € GF(q), (4.1)
i.e.

2eo 2eg 2eo
-
< E xipl}iAA¢7 § 'xpoj .. E :Clpp] ) = 0
i=1 i=1

Since Cy corrects e; or fewer errors within a sub-block of length s, all sets of
2e4 or fewer syndromes resulting from detectable errors within a sub-block are
linearly independent. So, the equation (4.1) has only trivial solution z; = 0 for
i=1,2,...,2ey. This shows that condition (4) is true.

To show that the code C satisfies condition (5), suppose S% is the syndrome
corresponding to the B! sub-block of length ¢ within a cluster-sub-block of length
s, where B; = mos+ f;, 1 =1,2,..., e

Let
e es
ZwiS’\i + ZyiSﬁi =0, z,y € GF(q) (4.2)
=1 =1
i.e.
es es es es
( D wplh A+ it As, > wpg As, + Z YiD, Agys -
=1 =1 =1 )
e2
LS A+ z oy An ) =0
=1
Then

€2
lepr] A)\ +ZylprfAﬂz 07 r:1,2,...,p.
i=1

The code Cy corrects e, or fewer errors within a sub-block of length s, so the
syndromes of such errors within a sub-block are distinct from syndromes resulting
from such errors within any other sub-block. Therefore, the equation (4.2) gives
only trivial solution z; = 0 and y; = 0 for i = 1,2, ..., es. Thus, condition (5) is
satisfied. Hence the theorem is proved. O
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Example 4.3. Consider a (9 = 3 x 3,6) binary code that detects 3 or less errors
within a sub-block of length 3 whose parity check matrix H is given by

H =

o O
O = O
— o O
OO
O = O
—_ o O
OO =
o= O
—_— o O

and the (12 = 4 x 3,5) binary code that corrects 2 or less errors within a sub-
block of length 4 whose parity check matrix P is given in Example 3.5. Then the
blockwise-tensor product matrix P ®, H is given as follows.

[ 100 000 000 100 000 000 000 000 100 000 000 000 7
010 000 000 010 000 000 000 000 010 000 000 000
001 000 000 001 000 000 000 000 001 000 000 000
000 100 000 100 000 000 000 000 000 100 000 000
000 010 000 010 000 000 000 000 000 010 000 000
000 001 000 001 000 000 000 000 000 001 000 000
000 000 100 100 000 000 000 000 000 000 100 000
000 000 010 010 000 000 000 000 000 000 010 000
000 000 001 001 000 000 000 000 000 000 001 000
000 000 000 100 000 000 000 100 000 000 000 100

P®y,H = 000 000 000 010 000 000 000 010 000 000 000 010

000 000 000 001 000 000 000 001 000 000 000 001

000 000 000 000 100 000 000 100 000 000 100 000

000 000 000 000 010 000 000 010 000 000 010 000

000 000 000 000 001 000 000 001 000 000 001 000

000 000 000 000 000 100 000 100 000 100 000 000

000 000 000 000 000 010 000 010 000 010 000 000

000 000 000 000 000 001 000 001 000 001 000 000

000 000 000 000 000 000 100 100 100 000 000 000

000 000 000 000 000 000 010 010 010 000 000 000

000 000 000 000 000 000 001 001 001 000 000 000

By Theorem 4.2, the null space of this matrix, i.e., the (36, 15) code not only
detects 3 or less errors within a sub-block of length 3, but also locates any 2 or
less sub-blocks within a cluster-sub-block of length 12. It can be verified from
error pattern-syndrome table (as done in Example 3.5) that:

(1) the syndromes of 3 or less errors within a cluster-sub-block of length 3 are
NONZETO,

(77) the syndromes of 2 or less such corrupted sub-blocks within a cluster-sub-
block of length 12 are all distinct.

The following two classes of EL-codes can be obtained by modifying the nature
of the code Cy in Theorem 4.2.

Theorem 4.4. Let Ci(ny = mt,ny — k) be a linear code over GF(q) with parity
check matrix H that detects e; or fewer errors within a sub-block of length t and
Cy(ng = ms,ng — p) be a linear code over GF(q) with parity check matriz P that
corrects ey or fewer errors. Then the (mts, mts — kp) code obtained from the
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parity check matrix P ®, H can detect ey or fewer errors within a sub-block of
length t and locate any eq or fewer such corrupted sub-blocks.

Proof. Similar to proof of Theorem 4.2. O

Theorem 4.5. Let Ci(ny = mt,ny — k) be a linear code over GF(q) with parity
check matrix H that detects ey or fewer errors within a sub-block of length t and
Cy(ng = ms,ng — p) be a linear code over GF(q) with parity check matriz P that
corrects any burst of length b or less. Then the (mts, mts—kp) code obtained from
the parity check matrix P ®, H can detect ey or fewer errors within a sub-block
of length t and locate any adjacent b or fewer such corrupted sub-blocks.

Proof. Similar to proof of Theorem 4.2. 0

To conclude the section, we observe that distance of a code obtained by blockwise-
tensor product of the generator matrices of two blockwise linear codes coincides
with Theorem 5.3 given by Peterson and Weldon [11]. This is given in the fol-
lowing theorem.

Theorem 4.6. The distance of the linear code whose generator matrix is the
blockwise-tensor product of generator matrices of the two blockwise linear codes,
1s the product of the distances of the two codes.

Proof. Consider the linear code (' has distance D = d; + dy + ... + d,, with
generator matrix G; and the other linear code C5 has distance L = I1 +1ly+...+1,,
with generator matrix G5. Then, a codevector of the code whose generator matrix
is blockwise-tensor product G ®, G5, must have weight at least

di(ly+lo+- 1) +do(l + o4+ ln) + -+ dp(bh o+ +1,) = DL.

Since D and L are the distances of the codes C] and C5 respectively, there exists
a codevector of weight D in C} and a codevector of weight L in C. As a result,
there exist a codevector of weight DL in the code whose generator matrix is
GG1 ®p G2. This completes the proof. O

5. COMPARATIVE STUDY

In the section, we make comparison between bounds on the number of parity
check digits for codes obtained in Section 3 and Section 4 with the following
bounds which already exist in literature.

Theorem 5.1. [l 1] For any (n, k) linear code that corrects e or less errors sat-
1sfies the following inequality

;e Z (M-

Theorem 5.2. [11] There exists an (n, k) linear code that corrects e or less errors
provided that
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Theorem 5.3. [13] Let Cy(ny = mt,ny — k) be a binary linear code with parity
check matriz H that detects ey or fewer errors within a sub-block of length t and
Co(ny = ms,ny — p) be a nonbinary linear code over GF(2F) with parity check
matriz P that corrects ey or less random errors (or any burst of length b or less).
Then, the (n1ng, niny —kp) code obtained from the parity check matriz P® H can
detect ey or fewer errors within a sub-block of length ny and locate any es or fewer
such corrupted sub-blocks (or any adjacent b or fewer such corrupted sub-blocks).

Comparison (I): First we compare bounds on the number of parity check
digits for the existence of linear codes discussed in Theorem 3.1 (Theorem 3.3)
and Theorem 5.1 (Theorem 5.2). Since for m # 1, we have

i (Zb)(q— 1) > mi C)(q— 1)

%i(?)(q—l)i>§(t;1>(q—l)i
+<m—1>{1+§(t;1)<q—1>f}§j(j)<q—1>i.

i=1
So, the necessary (sufficient) number of parity check digits for the existence of
linear codes considered in Theorem 3.1 (Theorem 3.3) is less than the necessary
(sufficient) number of parity check digits for (n, k) codes considered in Theorem
5.1 (Theorem 5.2).
Outcome: If errors are occurred blockwise, the codes discussed in Theorem
3.1 and Theorem 3.3 will be more efficient than the codes discussed in Theorem
5.1 and Theorem 5.2, respectively.

Comparison (II): We now compare the codes obtained in Theorem 4.4 and
Theorem 4.5 with the codes mentioned in Theorem 5.3. In Theorem 4.4 and
Theorem 4.5, we obtain linear codes that detect e; or fewer errors within a sub-
block of length ¢ and locate any e; or fewer such corrupted sub-blocks (or any
adjacent b or fewer such corrupted sub-blocks) whereas in Theorem 5.3, there
exists linear codes that can detect e; or fewer errors within a sub-block of length
ny and locate any ey or fewer such corrupted sub-blocks (or any adjacent b or
fewer such corrupted sub-blocks). In Theorem 5.3, the identified sub-blocks are
of length ny whereas in our results (Theorem 4.4 and Theorem 4.5), the identified
sub-blocks are of length ¢t which may be made much smaller that n;.

Outcome: The sender needs to retransmit smaller sub-block(s) instead of
bigger sub-block(s) of length n;. In addition, the rate of transmission in our
results is also improved, this is because

kp
m2ts
i.e., rate of transmission of the codes obtained in Theorem 4.4 and Theorem 4.5
is better than rate of transmission of the codes given in Theorem 5.3.

1—

k
1——pform7é1,
mits
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