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ON THE SHARP BOUNDS FOR A COMPREHENSIVE CLASS
OF ANALYTIC AND UNIVALENT FUNCTIONS BY MEANS
OF CHEBYSHEV POLYNOMIALS

S. BULUT!'* AND N. MAGESH?

Communicated by T. Bhattacharyya

ABSTRACT. In this paper, we obtain initial coefficient bounds for functions
belong to a comprehensive subclass of univalent functions by using the Cheby-
shev polynomials and also we find Fekete-Szego inequalities for this class. All
results are sharp.

1. INTRODUCTION

Let R = (—o00, 00) be the set of real numbers, C be the set of complex numbers
and

N:={1,2,3,...} = No\ {0}

be the set of positive integers.
Let A denote the class of all functions of the form

f(z) :z—i-Zanz" (1.1)

which are analytic in the open unit disk
A={z:2€C and |z| <1}.

We also denote by S the class of all functions in the normalized analytic function
class A which are univalent in A.
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For two functions f and g, analytic in A, we say that the function f is subor-
dinate to g in A, and write

f(z)=g(z)  (z€4),

if there exists a Schwarz function w, which is analytic in U with
w(0)=0 and lw(z)| <1 (z€A)

such that
f(z)=gw(z) (z€Al).
Indeed, it is known that

f(z)=<g(z) (€)= f(0)=g(0) and f(A)Cg(A).

Furthermore, if the function ¢ is univalent in A, then we have the following
equivalence

f(z)=<g(z) (2€A)e f(0)=g(0) and [f(A)Cg(A).

The significance of Chebyshev polynomial in numerical analysis is increased in
both theoretical and practical points of view. Out of four kinds of Chebyshev
polynomials, many researchers deal with orthogonal polynomials of Chebyshev.
For a brief history of Chebyshev polynomials of first kind 7T},(¢), the second kind
U, (t) and their applications one can refer [5, 6, 9, 1]. The Chebyshev polynomials
of the first and second kinds are well known and they are defined by

T, (t) =cosnf and U,(t) = M (—-1<t<])
sin 6
where n denotes the polynomial degree and t = cos 6.

It should be mentioned in passing that the functional expression used in (1.2)
of Definition 1.1 is precisely the same as that used by Zhu [11] for investigating
various extensions, generalizations and improvements of the starlikeness criteria
which were proven by earlier authors.

Definition 1.1. For A > 1,0 < p <1 and t € (1/2,1], a function f(z) given by
(1.1) is said to be in the class B (A, p, t) if the following subordination holds for
all z € A

(1- ) (%Z))M A (2) (ff;))“_l CHG ) = —— (12)

1 — 2z + 22

For i = 1, we get the class B (A, 1,t) = B (), t) consists of functions f satisfying
the condition
f(2) 1

7+/\f’(z) < H(z,t) =

1— ) -
( ) 1— 2tz + 22

For A = 1, we have a new class B (1, u, t) = B (u, t) consists of Bazilevic functions:

7) (&) By e p—

z T 192+ 22
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For A =1 and p = 1, we have the class B (t) consists of functions f satisfying
the condition .
! H(z,t) = ———.
We note that if t = cos o, where a € (—n/3,7/3), then

o)

1 sin(n + 1)
H(z,t) = =1 —_—2" SWAYR
(%) 1 —2cosaz + 22 +Z sina (= )
Thus
H(z,t) =1+2cosaz + (3cos’a —sin®a)z? +... (2 € A).

From [10], we can write
H(z,t) =1+ U ()2 + Up(t)2* +... (2 €A, te(-1,1))

where
sin(n arccost)

V-2

are the Chebyshev polynomials of the second kind and we have

Un(t) = 2tUp_1(t) — Up_s(t),

U,_1 = (n < N)

and
Ur(t) =2t, U(t) =4t> —1, Us(t) =8> —4t,.... (1.3)
The generating function of the first kind of Chebyshev polynomial T,,(t), t €
[—1,1], is given by

- 11—tz
T,(t)z" = ———— A).
nz:% n(t)2 1—2tz+ 22 (z€4)

The first kind of Chebyshev polynomial 7}, (¢) and the second kind of Chebyshev
polynomial U,,(t) are connected by:
dT,(t)

RS = Uit Talt) = Unlt) = tUna(8); - 200(8) = Un(t) = Unoa0)

In this present paper, motivated by the earlier work of Dziok et al. [6], we use
the Chebyshev polynomials expansions to provide sharp bounds for the initial co-
efficients of univalent functions in B (\, i, t) . We also solve Fekete-Szegd problem
for functions in this class.

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS B (A, ,t)

Theorem 2.1. For A > 1, n >0 and t € (1/2,1], let the function f(z) given by
(1.1) be in the class B (A, pu,t). Then

2t
|CL2| S m, (21)
2 _ —
las| < 2t max{l : ’4t L=l (QA;_M)t’} (2.2)
2\ + 2t O+ )
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and
2>\2j‘li y N € [nla 772]
as — na% < , (2.3)
2_
o [ — (=1 20) G55t 0 [ me]
where
7721—“ A +p)? 42 —2t—1 (2.4
! 2 A +p) 2 ‘
and
1— N+u)? 4242t —1
P (A +p) . (2.5)

> 1 (2X + p) t2
All of the inequalities are sharp.

Proof. Let the function f(z) is given by (1.1) be in the class B (A, i, t). From

(1.2), we have
<1—»(£;§“+Mw@(i;§”*

= 1+ U (Hw(z) + Us()w?(2) + - -- (z € A) (2.6)
for some analytic function
w(z) = c12 + 2% + c32® + - (z € A), (2.7)

such that w(0) = 0 and |w(z)| < 1. It is well-known that (see [7]) if |w(z)| < 1,
z € A, then
lcj] <1 forall jeN (2.8)

and
|c2 — 6ci| < max{1,[6|} forall 6€R. (2.9)

From (2.6) and (2.7), we have
1 (K1) e (K2)

z
= 1+ Ul(t)clz + [Ul(t)CQ + Ug(t)Cﬂ 22 + - (Z € A) (210)
From (2.10), we have

—1
L+ (A4 p)agz + (2A + p) (a3+”2 a§)z2

+ (BN + ) <a4+a2a3(,u— 1) + (e = 12}“_2)(13) 24
= 1+ Ui()az+ [Ui(t)er + Us(t)cF] 22 4 - (z € A). (2.11)
Equating the coefficients in (2.11), we get
(A4 ) as = Ui (t)cy (2.12)
and
(2X + ) <a3 +EC 1a§) = U, (t)cy + Us(t)cr. (2.13)
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The inequality (2.1) is clear. By using (2.12) and (2.13) for some n € R, we get

g < Lo, T (1) &1—:@;(]@}@.

From (2.9), it follows that
— Dl (e ) LU ()| ¢

Up(t
’a;;—nag’ < 10 max{l,
Next, using (1.3) in the above equation, we have

22+ 1

2t 42 — 1 2\ +
as — naz| < max ¢ 1, —(u—142n) ———=t| ;.
|as nz}_zAﬂL x 5 — n)<A+u)2

Since t > 0, we get
4t2 — 1 22+ p
‘ —(p—=1+2n) ——t| <
20 Nt )

if and only if 7, < n < ny where n; and 7y are given in (2.4) and (2.5). So we
obtain (2.3). If we take nn = 0, then we obtain the inequality (2.2).

The equality (2.6) with w (2) = z generates the function f € B (A, u,t) such
that

s 2t 442 -1 2(p—1),5) 3
— _ ¢ A
f(2) z+)\+,uz +{2)\+N T 2%+ (z € A),

which shows the sharpness of (2.1) and (2.2) when the maximum value is bigger
than 1. Also, in this case

442 — 1 4¢2
1r2x Ty

which shows the sharpness of (2.3) for ) & [11, 7] . On the other hand, the equality
(2.6) with w (z) = 2? generates the function f € B (), u,t) such that

2
a5 = na| =‘

< 2t

fR) =zt g+ (2€4),
which shows the sharpness of (2.2) when the maximum value is equal to 1, and
(2.3) for n € [m1,me) . This completes the proof of Theorem 2.1. O

Taking ¢ = 1 in Theorem 2.1, we get the following consequence.

Corollary 2.2. For A\ > 1 and t € (1/2,1], let the function f(z) given by (1.1)
be in the class B (A, t). Then

| |< 2t
a J—
21 = )\+1a
2t 1 1+V5
22+1 2 <t< 4

las| <

4t2—1 1+v5
22+1 0 4 <t

IN
—_
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and o
N1 , M€ [M,me

2
|a3_77a2| S ) 3
i

421 22\ +1
22+1 2 t

ot 77(>\+1)2 N ¢ [771, 772]

where
(A+1)* (42 — 2t — 1)
42X+ 1)¢2

All of the inequalities are sharp.

(A+1)% (42 + 2t — 1)
1N+ 1)

= and Ny =

Taking A = 1 in Theorem 2.1, we get the following consequence.

Corollary 2.3. For p > 0 and t € (1/2,1], let the function f(z) given by (1.1)
be in the class B (p,t). Then

la] < 2t
a —_—
2 ~ 41’

2t 42 — 1 -1 2

|a3|§—max{1, _(,U )(U;' )t‘}

and

% ) 776[7717772]

a3—77a§ S 9

2t |42 — +2

M_-ifQ t2t1_(u_1+277) (:+1)2t ) 77%[7717772]
where

Cl-p (p1) 4201

Ty Ti(ur2) e
and

l—p  (p+1)° 42 +2t—1
2 4(p+1) t2 '
All of the inequalities are sharp.

e =

Taking A =1 and g = 1 in Theorem 2.1, we get the following consequence.

Corollary 2.4. Fort € (1/2,1], let the function f(z) given by (1.1) be in the
class B (t). Then

|(12| S t7
2t 1 1+v5
3 o3 < t< +4
|az| < v
4121 1+5
A, Hhci<
and o
B ;N E (M, me]
2
as _77%‘ S 9
44+3n)t2—1
‘%‘ ;& [, nel
where
42 — 2t — 1 482 + 2t — 1
m=——>— and NN =————".

3t? 3t2
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All of the inequalities are sharp.

10.

11.
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