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ABSTRACT. In this paper, we propose a new iteration process to approximate
minimizers of proper convex and lower semi-continuous functions and fixed
points of A-hybrid multivalued mappings in Hilbert spaces. We also provide
an example to illustrate the convergence behavior of the proposed iteration
process and numerically compare the convergence of the proposed iteration
scheme with the existing schemes.

1. INTRODUCTION AND BASIC DEFINITIONS

Let H be a real Hilbert space and C' be a nonempty subset of H. Let CB(C)
and K (C) denote the families of nonempty closed bounded subsets and nonempty

compact subsets of C, respectively. The Pompeiu-Hausdorff metric on CB(C) is
defined by

H(A, B) = max {sup dist(z, B), sup dist(y, A)} for A, B € CB(C),
€A yeB
where dist(z,C') = inf{||Jz —y|| : y € C}. An element x € C is called a fized point
of a multivalued mapping T': C — CB(C) if x € Tx. The set of fixed points of
T is denoted by F(T).
Recall that a multivalued mapping 7" : C' — C'B(C) is said to be

e nonexpansive if
H(Tz, Ty) < [lz —yl|, Vz,y € C;
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e nonspreading [17] if
2H(Tx, Ty)?* < dist(y, Tx)* + dist(x, Ty)?, Vz,y € C;
e \-hybrid [18] if there exists A\ € R such that
(1+NH(Tz, Ty)* < (1 =Nz —y|]> + Ndist(y, Tz)* + M dist(x, Ty)?, Vz,y € C.

We note that 0-hybrid is nonexpansive and 1-hybrid is nonspreading. It is known
by [18] that if T"is A-hybrid, then F(T') is closed. In addition, if 7" satisfies the
condition: Tp = {p} for all p € F(T), then F(T') is also convex.

We now give two examples for the class of A\-hybrid multivalued mappings.

Example 1.1 ([18]). Let C' = [1,7] with the usual metric and 7' : C — CB(C)
be the multivalued mapping defined by
{1}, z € [1,4];
Tz = 222 41
T2+ 1

], x € (4,7).

It is easy to show that 7" is A-hybrid for A € [%, 1] but it is not nonexpansive.

Example 1.2 ([7]). Let C' = [—3,0] with the usual metric and T': C' — CB(C)
be the multivalued mapping defined by

{0}, x € [=2,0];
Ty =
[—e™2,0], z € [-3,-2).
It is easy to show that 7" is 1-hybrid but it is not nonexpansive.

Let g : H — (—o00,00] be a proper and convex function. One of the major
problems for optimization is to find a point € H such that

g(z) = min g(y).

We denote the set of all minimizers of g on H by argmin,c;g(y).

The proximal point algorithm (shortly, the PPA) is an important tool in solv-
ing optimization problem which was initiated by Martinet [14] in 1970. Later,
Rockafellar [16] studied the convergence of PPA for finding a solution of the un-
constrained convex minimization problem in H as follows. Let g be a proper,
convex and lower semi-continuous function on H. The PPA is defined by z; € H
and

1
Tnp1 = argmin | g(y) + o= llu — @[], V> 1,
UEH 2)\71

where A\, > 0 for all n > 1. It was shown that if g has a minimizer and 22021 Ap =
00, then the sequence {z,} converges weakly to a minimizer of g. However, PPA
does not necessarily converges strongly in general (see [9]). Recently, several
authors proposed modifications of Rochafellar’s PPA to have strong convergence,
for example [11, 12].

In the recent years, the problem of finding a common element of the set of
solutions of various convex minimization problems and the set of fixed points for
a single-valued mapping in the framework of Hilbert spaces and Banach spaces
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have been intensively studied by many authors, for instance, see [3, 4, 9, 13] and
the references therein.

Recently, Chang et al. [6] combined PPA with Ishikawa iteration process (called
PPA-Ishikawa iteration process) {x,} which is given by

. 1
Y = argmin | g(u) + ——lu — za]?|
ueC 2)\11
Zn = (1 - 6n)xn + ﬁnwny W, € Tyna

Tpi1 = (1 — ap)x, + apvn, v, € Tz, Yn > 1,

(1.1)

where {a, }, {8, } are sequences in [0, 1], C'is a nonempty closed convex subset of a
Hilbert space H, g : C' — (—o00, 00| is a proper convex and lower semi-continuous
function, and 7' : C' — K(C) is a nonspreading multivalued mapping. By using
the iteration process (1.1), they proved weak convergence and strong convergence
theorems for minimizers of proper convex and lower semi-continuous functions
and fixed points of nonspreading multivalued mappings in Hilbert spaces.

In 2007, Agarwal et al. [1] introduced the S-iteration process for finding a fixed
point of single-valued nonlinear mappings in Banach spaces. They also showed,
theoretically as well as numerically, that the S-iteration process is faster than the
Ishikawa iteration process for some nonlinear mappings.

Motivated by the above recorded studies, in this work, we propose a new itera-
tion process called PPA-S-iteration which is a modification of PPA and S-iteration
process. We prove weak convergence theorems for the proposed iteration process
for minimizers of proper convex and lower semi-continuous functions and fixed
points of A-hybrid multivalued mappings in Hilbert spaces. Our results are re-
finements and generalizations of many recent results from the current literature.
We also provide numerical examples to illustrate the convergence behavior of the
proposed algorithm.

2. SOME USEFUL LEMMAS

Let H be a real Hilbert space with inner product (-,-) and norm || - |. We
denote the strong convergence and the weak convergence of the sequence {z,} to
a point © € H by z, — x and z,, — z, respectively. It is known in [15] that a
Hilbert space H satisfies Opial’s condition, that is, for any sequence {x,} with
T, — x, the inequality

limsup ||z, — z|| < limsup ||z, — vl
n—oo n—oo

holds for every y € H with y # x.

Let g : H — (—00, 0] be a proper convex and lower semi-continuous function.
For any A > 0, define the Moreau-Yosida resolvent of g in a real Hilbert space H
as follows:

Jye = axgmin [g(u) + 5l — x|
ueH 2\
for all x € H. It was shown in [9] that the set of fixed points of the resolvent
associated with g coincides with the set of minimizers of g. Also, the resolvent
Jy of g is nonexpansive for all A > 0 (see [10]).
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Lemma 2.1 (The resolvent identity, [10]). Let H be a real Hilbert space and
g: H — (—o0,00] be a proper conver and lower semi-continuous function. For
each x € H and A > p > 0, the following identity holds:

A—p It
I = J# (TJ)\JJ + X.T}> .
Lemma 2.2 (Sub-differential inequality, [2]). Let H be a real Hilbert space and

g: H — (—o0,00] be a proper convex and lower semi-continuous function. Then,
for all x,y € H and X\ > 0, the following sub-differential inequality holds:

1 1 1

—|| Iz —yl* — =z —ylI* + = |lz — z|]* < gly) — g(]rz). 2.1

e =yl = o5z =l + ol = el < g(v) — g(a). (21)
In order to prove our main results, we need the following lemmas.

Lemma 2.3 ([5]). Let C be a nonempty closed convex subset of a real Hilbert
space H and T : C — C be a nonexpansive single-valued mapping. If {z,} is a
sequence in C such that x, — x with x, — Tx, — 0, then x = Tx.

Lemma 2.4 ([18]). Let C' be a nonempty closed convex subset of a real Hilbert
space H and T : C — K(C) be a A-hybrid multivalued mapping. If {x,} is a
sequence in C such that x, — x and y, € Tz, with x, —y, — 0, then v € Tx.

3. WEAK CONVERGENCE THEOREMS

In this section, we prove some weak convergence theorem for minimizers of
proper convex and lower semi-continuous functions and fixed points of A-hybrid
multivalued mappings in Hilbert spaces.

Theorem 3.1. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let T : C — K(C) be a A\-hybrid multivalued mapping and g : C' — (—00, 00]
be a proper convex and lower semi-continuous function. Suppose that F = F(T)N
argmin,c~g(u) is nonempty and T'q = {q} for all ¢ € F(T). For x; € C, let the
PPA-S-iteration process {x,} be defined by

Yn = argmin | g(u) lu — 2|

ueC * m
Zp = (1 - Bn)xn + anna Wy € Tyna
Tpr1 = (1 — ap)w, + @y, v, € Tz, Yn > 1,

where {a, }, {Bn} are sequences in [0,1] such that 0 < a < ay,, 8, < b <1 for all
n > 1, and {\,} is a sequence such that A\, > X\ > 0 for alln > 1 and some \.
Then the sequence {z,} converges weakly to an element of F.

Proof. Let ¢ € F. Then we have q € T'q and g(q) < g(u) for all u € C. It follows
that

(3.1)

1 1
9(a) + 5 llg = al® < g(w) + 5= llu—ql’, YueC,

2\, 2\,
and hence ¢ = J,,q for all n > 1. Since y,, = J), 2, it implies by nonexpansive-
ness of Jy, that

Ny = qll = | I, 20 — In,all < llzn — ql|- (3.2)
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For g € F, by Tq = {q}, we obtain that

120 — qll < (1= Ba)l|n — qll + Bullwn — gl
= (1= Bu)||lzn — q|| + Budist(w,, Tq)

< (1 - ﬁn)”xn - QH + ﬁnH(Tym TQ)
< ||z, —q|| (3.3)

[2ni1 = qll < (1= an)llwn — gl + anllvn — 4]
= (1 — ap,)dist(wy,, Tq) + a,dist(v,, Tq)
< (1= an)H(Tyn, Tq) + a,H(Tz,,Tq)
< (1= an)llyn — all + anllzn — gl (3-4)
< len — gl

This implies that {||x, —¢||} is decreasing and bounded below, thus lim,, .. ||z, —
q|| exists for all ¢ € F. Without loss of generality, we can assume that

lim ||z, — ¢|| = d for some d. (3.5)
n—oo
It follows by (3.2) and (3.4) that
21 = gl < (1 = an)llzn = gll + anll2n — gl
By simplifying we have
1
lzn =gl = —(llan = all = 2w+ = gll) + |20 — gl

n

IN

2~ all = lnrs — all) + 20— gl
This implies that

dzliﬁicngxn—qH Sliﬂicngzn—qH. (3.6)
It follows from (3.3) and (3.5) that

limsup ||z, — ¢|| < limsup ||z, — ¢|| = d.

n—oo n—oo

This together with (3.8) shows that
Tim |2, — gf| = d. (3.7)
Also, by (3.3), we get
Izn = gll < (0= Bu)llzn = qll + Bullyn — all;

which can be rewritten as

1
lzn = all < Z=Clen = all = [z = all) + I =gl

n

IA

1
E(”I” —qll = lzn — all) + llyn — 4l|-
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This implies by (3.5) and (3.7) that
d = liminf ||z, — ¢|| < liminf ||y, — ¢l (3.8)
n—oo n—oo
From (3.2) and (3.5), we have

limsup ||y, — ¢|| < limsup ||z, — ¢|| = d.

n—oo n—oo

This together with (3.8) shows that
lim ||y, — ¢l = d. (3.9)
n—oo

By the sub-differential inequality (2.1), we have

1 2 1 2 1 2
2AnHy qll” = N o e —all” + 55— ||l’ —¥ull® < 9(0) — 9(yn)

Since g(q) < g(y,) for all n > 1, we have
2 = yall* < llzn = ql* = llyn — all*.
It implies by (3.5) and (3.9) that
Tim |z — ynl = 0. (3.10)
Since T is A-hybrid, ¢ € T'q, and T'q = {q}, it follows from (3.1) that

(1= Bu)llzn — gl + Ballwn — gl = Ba(1 = Bo)ll 20 — wall?

(1= Bu)llzn — gl + Budist(wn, Tq)* = Bu(1 = Bp) |2 — wy|?
(1= Bu)llzn — all* + BaH(Tyn, Tq)* — Bu(l = Bo)llzn — wa)?
(1= Bo)llzn — all” + Ballyn — all* = Bu(1 = B0 — wa)?
20 = ql” = Bu(1 = Bu)llzn — wall*.

This implies that

Iz — all* =

INIAIA

Ba(1 = Ba)llzn — wall* < 2w — all* = 20 — all*.
Thus, by (3.5), (3.7), and the condition 0 < a < a,, B, < b < 1, we have
lim ||z, —w,| = 0. (3.11)
n—c0
Since |[yn — wal| < |Yn — 2nl| + |20 — wy]|, it implies by (3.10) and (3.11) that

lim ||y, —w,| = 0. (3.12)
n—o0
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It follows from Lemma 2.1, nonexpansiveness of .Jy, and A\, > A > 0 that
[0 = Iaanll < llzn = ynll + lyn — Taznll
= |20 = ynll + [ Ir.@n — Ian|

Ap — A A
< Nl =yl + [[ (2222 gy + 2 —
S || Tn Yn )\n )\nxn )\nxn L,

A
~lew =l + (1= 5 ) s =

A
~llea =l + (1= - ) o =l

A
— (2 ) o -l

This together with (3.10) shows that
lim ||z, — Jyxz,|| = 0. (3.13)
n—oo

Since {z,} is bounded, there exists a subsequence {z,,} of {x,} such that z,, —
¢ € C. By (3.10), it implies that y,, — ¢;. This implies by (3.12) and Lemma
2.4 that ¢; € F(T). Since J is a nonexpansive single-valued mapping, by (3.13)
and Lemma 2.3, we get ¢; € F'(J)) = argmin,.~g(u). Hence, we have ¢; € F. We
will show that z,, — ¢;. To show this, suppose not. So, there exists a subsequence
{@y,} of {z,} such that z,,, = ¢ € C and ¢ # ¢1. Again, as above, we can
conclude that ¢ € F. Since lim,,_,, ||z, — p|| exists for all p € F, by the Opial’s
condition, we have

limsup ||z, — ¢1|| < limsup ||z,, — ¢|| = lim ||z, — ¢
1—00 1—00 n— 00
:hmsupH‘rn]‘ _(12” < hmsup”‘rnj _QIH
Jj—o0 Jj—o0
= lim ||z, — ¢|| = limsup ||z,,, — ¢
n—0o0 i—00

This is a contradiction. Therefore, ¢; = ¢2 and so {x,} converges weakly to an
element of F. O

Recall that a multivalued mapping 7' : C C H — CB(C) is said to satisfy
Condition (A) if ||x — p|| = dist(x, Tp) for all z € H and p € F(T) (see [17]). We
see that T satisfies Condition (A) if and only if Tp = {p} for all p € F(T"). Then
the following result can be obtained from Theorem 3.1 immediately.

Theorem 3.2. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let T : C — K(C) be a A\-hybrid multivalued mapping and g : C — (—00, 00|
be a proper convex and lower semi-continuous function. Suppose that F = F(T)N
argmin,~g(u) is nonempty and T satisfies Condition (A). For xy € C, let the
PPA-S-iteration process {x,} be defined by (3.1) where {a,}, {Bn} are sequences
in [0,1] such that 0 < a < a,, B, < b <1 for alln > 1, and {\,} is a sequence
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such that A, > X\ > 0 for alln > 1 and some \. Then the sequence {x,} converges
weakly to an element of F.

Remark 3.3. Tt is know that the class of A-hybrid multivalued mappings contains
the classes of nonexpansive multivalued mappings and nonspreading multival-
ued mappings. Thus, Theorems 3.1 and 3.2 can be applied to these classes of
mappings.

4. NUMERICAL EXAMPLE

In this section, using Example 4.1, we will compare the convergence of the
PPA-S-iteration process (3.1) with the PPA-Ishikawa iteration process (1.1).
Example 4.1. Let H = R and C' = [1,7]. For each = € C, we define g : C' —
(—00, 00] by g(z) = L[|z — 1||* and define a mapping 7" : C' — K (C) by

{1}, v € [1,4];
Tx = 222 + 1
— 4,7].
{,$2+1], x € (4,7]

It is easy to check that T is A-hybrid for A € [%, 1] and g is proper convex and
lower semi-continuous with F'(7') N argmin, ~g(u) = {1}. Using the proximity
operator [8], we know that

. 1 9 r+1
argmin |g(u) + 5 |lu — x[|*| = prox,z = :
ueC 2 2
2241 22241 _ _n _ _5n
We choose w,, = 2T € TYn, v, = 251 € Tz, o = TR and 3, = )

for all n > 1. By using SciLab, we computed the iterates of (1.1) and (3.1)
for the initial point 1 = 7. The numerical experiments of all iterations for
approximating the point 1 are given in Table 1.

TABLE 1. Iterates of PPA-S-iteration process and PPA-Ishikawa
iteration process for x; = 7.

Iterate The PPA-S-iteration The PPA-Ishikawa

process iteration process
Ty 7.0000000 7.0000000
To 1.3254177 5.3254177
T3 1.0000000 3.9792392
T4 1.0000000 2.7024224
5 1.0000000 1.9457902
26 1.0000000 1.0000010
o7 1.0000000 1.0000005
Tog 1.0000000 1.0000003
Tag 1.0000000 1.0000001

30 1.0000000 1.0000001
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