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ABSTRACT. In the current article, we consider different growth conditions for
studying the well known Szasz-Mirakyan operators, which were introduced in
the mid-twentieth century. Here, we obtain a new approach to find the mo-
ments using the concept of moment generating functions. Further, we discuss a
uniform estimate and compare convergence behavior with the recently studied
one.

1. INTRODUCTION

In the year 2003, King [20] modified the well-known Bernstein polynomials,
which preserve constant as well as 22 functions and he was able to achieve better
approximation results. In the theory of approximation, to check the convergence
of linear positive operators L,, the most common result is due to Korovkin,
which states that, if the three test functions L, (e, (t),x), e.(t) = t", r = 0,1,2
converge to e,(x), then L,(f,z) converges to f(x) uniformly. Many applications
of this well-known theorem are available in literature. In [9], the authors proved
a general Korovkin-type theorem for the function e=* k = 0,1,2. Holhos [17]
extended the work of [9] and established some quantitative estimates along with
a Korovkin-type result for exponential functions as follows:

Theorem A. [17]. Let f € C*[0,00) and A,, : C*[0,00) — C*[0,00) be a
sequence of positive linear operators. If

|An1 — 1|eo = an,
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||An(6_t7l‘> - 6_I”oo = bnu
[An(e™,2) — 7| = e,

where a,,b, and ¢, tend to zero for n sufficiently large, then we have

Anf = flloo < I flloo @n + (2 +a,) . w* (f, (an + 2b, + Cn>1/2) )
where w*(f,0) =  sup |f(x) — f(t)| for every § > 0 and every function

x,t>
le=*—e~t<6

f € C*[0,00), C*[0,00) denoting the Banach space of all real-valued continuous
functions on [0, 0c0) with the property that lim f(x) exists and is finite, endowed
T—>00

with the uniform norm.
The well known Szasz-Mirakyan operators are defined by

s - oSSt ()

k=0

Varied researchers have discussed different generalizations of similar type of op-
erators (cf. [2]-[8], [10]-[14], [16], [18], [19], [21], [22]).

Recently, in [1], a modification of the Szdsz-Mirakyan operators reproducing
exponential function e?**, a > 0 was discussed. For such modification, some
approximation results were established. We may point out here that such modifi-
cation does not provide better approximation and even if, the operators preserve
e a > 0, there is no difference and one may not achieve better estimates, as
far as Theorem A is concerned. This motivated us to study in this direction and
so, we provide another modification of Szasz-Mirakyan operators for x > 0 and
n € N as

Sl 2) = mront) 3 (0 (@) “O‘n (%) f € C0,00), (1.1)

k=0

such that these operators preserve constant as well as e2* functions, i.e., S, (e™%, )

= ¢~%*. Considering this condition and substituting in (1.1), we get the value of
an(x) as

() 2z e2/"
ap(r) = —57—-
n(e?/m —1)
Therefore, for z € [0,00), our operators (1.1) take the following form:
222/ (2z 62/” k
_ e2/n -
(f x) = el-¢/m E k" 62/” — f (n) ) (1.2)

After simple computation, the moment generating function of the operators (1.2)
may be given as
2e2/n(1—eA/n)z

At,:(]) —e 1_e2/n

Sh(e
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Since the moments are related with the moment generating function, the r-th
moment S,(e,, ), e,(t) = t" (r € NU {0}) may be obtained by the following
2e2/"(1—eA/" x

relation:
()

Also, by change of scale property of moment generating functions, if we expand
e~ S, (et ) in powers of A, the central moment of r-th order p,, . (z) = S,((t—
x)",z) can be obtained by collecting the coefficient of A" /r!.

o
0A"

1_¢2/n

—— S, (e x)} =
A=0

—Aat 262/71(17614/”)1‘

€_AI Sn(eAt7$) = e 1—e2/n
2e%/"y
- 1 L B
T S PR (RS TV e
2 (—1+62/”)n2 (—1+82/”>n
e2/np| —g 2y
e2/ny + > < +(1+e2/")n>
+% (—1+e2/">n3 (—1+62/")n2 ) A3
1 2e2/1g 2e2/ng 2e2/1 g
+§ (_m + (—1+e2/”)n) (—1+ez/”)n2 -+ (—.1' —+ m) >
( 0 e2/ny w
3<—1+62/”)n4 + (—1+62/")n3
2
n 62/nac 62/”;5
o2/ x((12+62/n)n2+(1'+(i+62/n)n> )
_|_1 + (_1+62/n)n2 A4
4 2e2/ny —z+2€2/nz>
+l —r 4+ 2¢2/ny e2/nyp + (—1+e2/”)n
3 (—1+62/")TL (—1+e2/”)n3 (—1+62/")n2
2
_I_l (_I' + 262/7117; ) 262/": + (—QL‘ + 262/ni ) )
[ o) | o o) ) )|
+0 (A%).

Lemma 1.1. The central moments may be obtained by

N . or A &
fnr(x) = Sp((t — x)",2) = Lm (e Az § (e,
or 2e2/"(1;jA/"
— e 1—e=/M
DA

@)}

A=0

)
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In addition, from the above expansion, first few central moments are given by:

,U/n,O(x) = 17
() 21 /™
ni(x) = ——— —x,
M1 (62/" — 1)
B 21 e2/ 21 2/
Mnﬂ(x) - 62/" _ - + = n2 e2/n _ 1)7
() 21 e2/ 21 e2/m +3 2w e \°
n3(x) = —x | ——
Hns3 62/" —1) n(e2/n — 1) 1) n \ n(e?m —1)
320 21 €2/
n \n(e*n — 1)
2/n 4 2/n 3 2/n 2
(z) 2xre n 6 2xe n 7 2xe
nalx) = | ———1 | —
Hnd n(e?/m — 1) n \ n(e?/m —1) n? \ n(e?/m —1)
12z 2 €2/ 2 n 1 2 e2/™ 4x 2 e2/™
n \n(em—1) n3 \ n(e/m —1) n? \ n(e?/n —1)
+6x2 21 2/™
n \n(e?/n —1)
Furthermore,

lim n p,1(z) =2 and lUm n p,o(z) = z.
n—00 n—00

In the present note, we provide quantitative estimates for the operators (1.2). It
may be observed that by considering this form, one may get better approximation.

2. MAIN RESULTS

In this section, we present the application of Theorem A for the operators (1.2).
We may point out here that the following theorem gives better approximation
than the Theorem 5 of [1].

Theorem 2.1. For f € C*[0,00), we have

w* (f, 2bn> ,

where b, — 0 as n — 0.

Proof. As the operators (1.2) reproduce constant and e~* functions, one may
observe that a,, = 0 and ¢,, = 0. Now, we find the estimate of b,,.
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Using the software Mathematica, for x > 0,
gn(z) = Sn(e_t, xr)—e "

oz e2/m 1_el/n
_ e e2/n71 e1/n _e—m

—2x
—1
= e\l+ten _e—l‘

_ - 1 - 1 2 —x\ 1 2 - 1 T
= e 2n(xe )+ S (z%e™™) Y (z(2® = 2)e™™) + O (n4> e
_ ey 2y - 2 _ 9\ kS

= 2n(xe )—|—8n2(xe ) e (z(a® = 2)e )+(’)(n4),

which is a positive function with g,(0) = 0 and ligl gn(z) = 0. Also, g,(z) — 0
T—+00

implying that by, := ||gn||p,0c) — O for n sufficiently large and hence the desired

result follows. OJ

Remark 2.2. Tt is to be noted that Theorem 2.1 can also be proved along the lines
of [1], but we preferred a direct proof.

Remark 2.3. As an application of Theorem A, under the conditions of Theorem
2.1, for the usual Szdsz-Mirakyan operators, Holhos [17] obtained:

190f = Fllooe) < 260" (. V200 +n)

Also, for the operators R} studied in [1], (preserving the function €?** a > 0),
Theorem A takes the following form:

I1Bf = fllose) < 20" (f3/2ba+ca)

And, keeping in view Theorem 2.1, we observe that the choice here gives better
approximation results.

Next, we prove the quantitative asymptotic formula.

Theorem 2.4. Let f, f" € C*[0,00), then, for x € [0,00), the following inequality
holds:
["(z)

0 Bulsa) = J] = | ) + E2 ]| < )] 171+ o) 17

+% (2qu(2) + 2 +ru(2)) W' (f", 0712,

where pn(.I) =n ,un,l(x) -, Qn(x) - % (1732/vbn,2(x) - $) and
ra(@) =72 [Su (€7 = €)', 2) pina(a)]

Proof. By the Taylor’s formula, there exists & lying between x and ¢ such that

FO)=F@)+ =) @)+ P D nie s (-2

where

)= L0170
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is a continuous function and £ is between x and ¢. Applying the operator S, to
above equality and using Lemma 1.1, we can write that

S (£,2) = £ (&) = pa(@) £'(2) = L pun (o)
< S (W€ a)| (¢ =) ).

Again using Lemma 1.1, we get

nﬁAﬁm—f@n—xP%w+

)

< paa () = 2l [F@)] + 5 I i) — ] |7')| + [ S (6 2) (¢ 2))|.

L (0 tina(z) — 7).

Let pn(x) =n #n,l(x) — 2 and Q’Vl<x) = 92

Then

(\V]

o)

nﬁdﬁ@—f@ﬂ—x{

< @) @)+ @] @)+ |n S0 (b€, 2) (8= 2)%,)].

Also, from Lemma 1.1, we have p,(x) — 0 and qn(x) — 0 for n sufficiently large.
Now, we just have to compute the last estimate: n S, (h (£, 2) (t — x)?, x). Using
2

the property of w*(.,9d) : |f(t) — f(z)] < (1 + (6_15—:4>> w*(f,d), d >0, we get
that

Hence, we get

n S, (b (60| (t—2)2) < gnMU%®MMu>
+ﬁ w*(f",8) Sy ((e’x — e’t)2 (t — x)2,:v> :

Applying Cauchy-Schwarz inequality, we obtain
- 1
n Sy ([h(& @) | (t=2)%,2) < 5w (f",0) pma(w)

7[5 ( =) ]

1/2

Considering
2 4 —x —t\4 1/2 2 1/2
ro(z) = [n Sy ((e —e") ,x)} [ pa(x)] =
_ —8xz _ =2z _—4r —6x 1/2
[Tl? ( AT 4 et Y% o1t 4 Ge 2mel+e*2/" — 46_336”673/”)]

1/2
. [n2 ,un’4(ac)} /
, we finally get the desired result. OJ

and choosing 6 = n~1/2
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Remark 2.5. The convergence of the modified Szasz-Mirakyan operators (1.2) in
the above theorem takes place for n sufficiently large.

Using the software Mathematica, we find that

: 2
Tim n® g a()

= lim n? {(—2‘%62/” —x>4 ;8 <—2$€2/n )3 L7 ( 2w e/ )2
n—c0 n(e?/m —1) n \ n(e2/m —1) n? \ n(e2/m — 1)
12z 2xe2m \? 1 21 €%/ 4 22 /™
= () +3 () e ()

+6x2 21 e2/"
n \n(e/m—1)

= 32

. A _ _ 4
lim n? S, ((e T _ e t) ,x)
n—oo
_ =8z =2z _ —dz _ -6z
= lim n® (e + er+et/m — Qe 3Terre m 4 e erre 2m — 46_zel+e*3/n>
n—oo

= 3zl

Remark 2.6. Lately, approximation for certain combinations have been exten-
sively studied in [15]. One may consider linear combinations for S, (f,z). As the
analysis is different, we may discuss elsewhere.
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