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ABSTRACT. In the present paper, we introduce a Stancu type generalization of
generalized Srivastava-Gupta operators based on certain parameter. We obtain
the moments of the operators and then prove the basic convergence theorem.
Next, the Voronovskaja type asymptotic formula and some direct results for
the above operators are discussed. Also, weighted approximation and rate of
convergence by these operators in terms of modulus of continuity are studied.
Then, we obtain point-wise estimates using the Lipschitz type maximal func-
tion. Lastly, we propose a King type modification of these operators to obtain
better estimates.

1. INTRODUCTION

In order to approximate Lebesgue integrable functions on [0, 00), Srivastava
and Gupta [18] introduced a general family of summation-integral type opera-
tors which includes some well-known operators as special cases. They obtained
the rate of convergence for functions of bounded variation. After that several
researchers studied different approximation properties of these operators (see [1],
[2], [14], [21], [22]).

For f € C7]0,00) := {f € C[0,00) : f(t) = O(t"),y > 0}, Verma [20] de-
fined the following generalization of Srivastava-Gupta operators based on certain
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parameter p > 0 in the following way:

npe(f5T) ank (x c/ O) (L, c) f(t)dt + pno(z, ) f(0), (1.1)

where
k
—
Pri(, ) ( k,) o) (), (1.2)
e, e,
(—)fL,k(t7 C) = F(ncp“l‘kfp) k‘ptkp 1 6 N
F(kP)F(%)(l_;_ct)%Jrkp’ ¢ :
and

e " c=0,
Onel) = { (14 cx)™°, ce€N.

For the properties of ¢, (), we refer the readers to [1&]. For p = 1 the operators
(1.1) reduced to the Srivastava-Gupta operators [18]. In [20], Verma studied some
results in simultaneous approximation by the operators L,, , .

In [19], Stancu introduced the positive linear operators P : C[0,1] — €0, 1]
by modifying the Bernstein polynomial as

I =3 bt (E55).

k=0

where b, x(z) = (})z*(1 — 2)"7*, « € [0,1] is the Bernstein basis function and
a, B are any two real numbers which satisfy the condition that 0 < a < f.
In the recent years, Stancu type generalization of the certain operators introduced
by several researchers and obtained different type of approximation properties of
many operators, we refer some of the important papers in this direction as [1],
2], [9] and [10].

For f € C7[0,00), 0 < a < [ we introduce the following Stancu type gener-
alization of the operators (1.1):

o nt + «
L ankxc/ @Z7k(t,c)f(n+ﬂ)dt

Q@
+pnolx,c)f <n+5> . (1.3)
For a = 8 =0, we denote anc(f, x) by Ly,.(f;x).

In the present paper, we study the basic convergence theorem, Voronovskaja
type asymptotic formula, local approximation, rate of convergence, weighted ap-
proximation and pointwise estimation of the operators (1.3). Further, to obtain
better approximation we also modify the operators (1.3) by using King type ap-
proach.
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2. MOMENT ESTIMATES
Lemma 2.1. [20] For L, ,.(t";x), m =0, 1,2, we have

<1> ”PC( 7‘T>

(2) L pelt; ) = JX”;'

2. ..\ n(n+c)p? 2 np(14p)
(3) Lupe(ths o) = {(npfc)(npﬂc) } o {(npfcxnpfzc) } z.

Lemma 2.2. For the operators anc(f, x) as defined in (1.3), the following
equalities hold:

(1) L,Spc(1 z) = 1;

(a n :v+a(n —c).
(2) Lo (t; ) = "otatne-o,

(B) 42, .\ _ n3p%(n+c) 2 n3p(1+p)+2n2ap(np—2c)
(8) Lnpe (15 7) = {(np—c)(np—2c)(n+ﬁ)2 } S { (np—c)(np—2¢)(n+p)>? }x + (n+ﬁ)

Proof. For z € [0,00), in view of Lemma 2.1, we have

LeA 1) = 1.

n,p,c

Next, for f(t) = t, again applying Lemma 2.1, we get

(@.6) (1. B > o nt + « o
Ln’mc(t,x) = ;pn’k(x,c)/o @Qk(t,c) (n—}—ﬂ)dt + pno(z,c) (n+ﬁ)

_n o mertaly—d
= ar gl e S O B)

Proceeding similarly, we have

2 2
Lff‘pc X ankxc/ o) (tc) (?jig) dt + pno(z, c) (niﬁ)
- ( n >2L 2 2)+ " (tx)+< o\’
ni ) Lot ot ) ¥ o
_ n’p®(n + c) 2
) {<np—c><np—2c><n+ﬁ>2}”3
N {ngp(l + p) + 2n2ap(np — 2c) } o?
o~ e)np 20+ 9 S G o

O

Lemma 2.3. For f € Cgl0,00) (space of all real valued bounded and uniformly

continuous functions on [0,00) endowed with norm || f ||cgp.000= sup |f(x)]),
z€[0,00)

IZE2 ) I I

Proof. In view of (1.3) and Lemma 2.2, the proof of this lemma easily follows. [
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Remark 2.4. For every = € [0,00) and np > 2¢ we have

. oy c(n+p) —npp . .
O e R
= ui)(x)

and
st (1 o _ [0 0) = (np = 2)(n+ B)np — npB+ et cB))
142 (0 asn) = { (np = ) np —20)(n -+ B }
Wp(1 +9) +20(np = 20)ne+ B=np)|
{ (np —c)(np —2¢)(n + B)2 } + (n+ p)? T ()

3. MAIN RESULTS

Theorem 3.1. (Voronovskaja type theorem) Let f be bounded and integrable on
[0,00), second derivative of f exists at a fixed point x € [0, 00), then

i (220 0) — ) = (a+ (£ = 5) o) p 5 (142 o)

n—oo

Proof. Let x € [0,00) be fixed. From the Taylor’s theorem, we may write

ft) = fa) + (t — ) f'(x) + %f"(ﬂf)(t —2)* +¢(t2)(t —2), (3.1)
where £(t, x) is the Peano form of the remainder and lgn{ (t,z) =0.

Applying anc (f,x) on both sides of (3.1), we have

n (L9 (fia) — f(z) = nf'(z)LE0) <<t—x> z) + nf”() @B ((t— ) @)

+nlL O‘pc) (5 ;m) )
In view of Remark 2.4, we have
o, ) — ¢
Tim nL0 (¢~ 2)ia) = o+ (;—5)1- (3.2
and
1
lim nL(O‘ /3) D((t—2)%2) =2(1+ cx) (1 + —) . (3.3)
n—oo p

Now, we shall show that

lim nL{® >(§(t,x)(t — :13)2;33) = 0.

n—oo

By using Cauchy-Schwarz inequality, we have
[e% (63 / (03
Ly <€(t,$)(t—x)2;x> < (Lip2(E(ta)ia)) 7 x (L2 ((t = 2)% )
We observe that £2(z,z) = 0 and £%(.,z) € Cg[0,00). Then, it follows that
lim L{0(E(t, x); x) = € (x,2) = 0. (3.5)

n—oo

1/2

(34)
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Now, from (3.4) and (3.5) we obtain

nh_>m nLﬁch) (&(t, z)(t — )% x) = 0. (3.6)
From (3.2), (3.3) and (3.6), we get the required result. O

3.1. Local approximation. For Cg[0,00), let us consider the following K-
functional:

Ky(f.0) = mf{llf—gl+ollg" I},

where § > 0 and W? = {g € Cp[0,00) : ¢, g" € C[0,00)}. By, p. 177, Theorem
2.4 in [3], there exists an absolute constant M > 0 such that

KQ(fvd) < ng(f, \/5)7 (37)
where

wo(f, V) = sup  sup | f(z+2h) —2f(z+h)+ f(z) |

0<|h|<V/8 €[0,00)

is the second order modulus of smoothness of f. By

w(f,0) = sup sup | f(z+h)— f(z)],

0<|h|<é z€[0,00)
we denote the usual modulus of continuity of f € Cg[0, 00).

Theorem 3.2. Let f € Cp[0,00). Then, for every x € [0, 00), we have
| L (fro) = fx) | < My (f,0552(2)) +w (f, i (2))

where M is an absolute constant and
2\ 1/2
(a,8) — (a,3) (a,B)
5n,p,c (.Z') - (f}/n,p,c ( ) + (:unpc( )) ) .
Proof. For z € [0,00), we consider the auxiliary operators L

IO0(fir) = LED(fra) - f(

) defined by

T
B)

npc

From Lemma 2.2, we observe that the operators L are linear and reproduce

the linear functlons.

Hence
Pt —2)2) = o (3.9)

n,p,c

Let g € W2. By Taylor’s theorem, we have

g(t) Ig(x)+(t—x)g’(x)+/t(t—v) '(v)dv, t € 0,00).

7o,

npc

t
I (g2) = gla)+ T ( / <t—v>g"<v>dv;x).

Applying L on both sides of the above equation and using (3.9), we have
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Thus, by (3.8) we get
( /3)

n2pz+a(npfc)

t ST 2
= +a(np—c)
< 1(@p) B ” ) (np—c)(n+p) n°px B I
= Ln psC (‘ /w (t U)g (U)d’U ,l’) + (np — C) (TL T ﬂ) v|g (U)dU
n2p1‘ a(np—c
(a,8) ! " <”pj—c)<("+ﬁ)) n2px + a(np - C) I
< Lnb,c |t—U||g (’U)|d1),$ + (np—c)(n—f-@) -V |g (U)|dU

2
< [m%) ; (u;?,;,@ <x>) ] Ta

N 2
(G @) N g" I (3.10)
On the other hand, by (3.8) and Lemma 2.3, we have

IA

(g < 111 (3.11)

n,p,c

Using (3.10) and (3.11) in (3.8), we obtain
LD (fr2) = F@)] < [T (f = gi2)| + 1(f = 9)(x )|+\anc(g, ) — g(z)|

npx—i—oznp—c
‘f< (np—c)(n+p) ) J(

20 £ =gl +(652@) 1l g |

(o) )

Hence, taking infimum on the right hand side over all g € W2, we get

| L2 (i) = fa) | < Ko (£, (0352(2))%) +w (£, 12 ()
In view of (3.7), we get

| L2 (fi2) = f(o) | < Mws (f,0552(2)) +w (f, i (x)) -
Hence, the proof is completed. [

IN

3.2. Rate of convergence. Let w,(f,d) denote the modulus of continuity of f
on the closed interval [0, al,a > 0, and defined as

wa(f,6) = sup sup |f(t) — f()].
[t—z|<d z,t€[0,a]
We observe that for a function f € Cp[0, 00), the modulus of continuity w,(f,d)
tends to zero.
Now, we give a rate of convergence theorem for the operators L%C,Y,f ).
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Theorem 3.3. Let f € Cp[0,00) and wai1(f,9) be its modulus of continuity on
the finite interval [0,a + 1] C [0,00), where a > 0. Then, we have

LD (fr) — @NSGMALuwwy%>+awH(f %wﬂ>)

where %(z pﬁ)( ) is defined in Remark 2.4 and My is a constant depending only on

f.

Proof. For z € [0,a] and t > a + 1. Since t — x > 1, we have
|f(t) = f(z)] My(2 +2® + %)

M(t — 2)*(2+ 32> + 2(t — z)?)

6M (1 +a®)(t — z)°

For z € [0,a] and t < a + 1, we have

IA AN IA

|f(t) - f(l’)| < Wa+1(f7 |t - J}D < (1 + ‘t _(S x‘) Wa+1(f7 5),5 > 0.
From the above, we have
10 = F@ < 011+ e =+ (14 5 (7,000 > o

Thus, by applying Cauchy-Schwarz inequality, we have
L2 (Fr) — )

< ML+ LG~ +nen(£0) (1 HEGE— 275 ) )

SGMm+fwmﬂ>+m+(f %ﬁmﬂ,

on choosing § = %S“p@( ). This completes the proof of the theorem. O

3.3. Weighted approximation. In this section, we obtain the Korovkin type
weighted approximation by the operators defined in 1.3 . The weighted Korovkin-

type theorems were proved by Gadzhiev [4]. A real function v(z) = 1422 is called

a weight function if it is continuous on R and |l‘nn v(xz) = oo, v(xz) > 1 for all
T|—00

r € R.

Let B, (R) denote the weighted space of real-valued functions f defined on R with
the property |f(z)| < Myv(x) for all z € R, where M/ is a constant depending on
the function f. We also consider the weighted subspace C,(R) of B, (R) given by
C,(R) ={f € B,(R) : f is continuous on R} and C[0,00) denotes the subspace
of all functions f € C,[0, 00) for which lim /()

|x| =00 V(CC)
The space B, (R) is a normed linear space with the following norm:

5 = sup LD

z€[0,00) V(ZL') '

exists finitely.
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Theorem 3.4. For each f € C[0,00), we have
hm H anc( >_fHV: 0.

Proof. From [1], we know that it is sufficient to verify the following three condi-
tions

lim || L8(tF) — 2% [|,= 0, k=0,1,2. (3.12)

n—o0

Since L,g‘f‘,;@(l; x) = 1, the condition in (3.12) holds for k& = 0.
By Lemma 2.2, we have

|L£Lapﬂc (t;x) — x|

Lefl @y -z, = su
R A
cn+B) —npp x a 1

sup + sup
(np - C)(n + ﬁ) z€[0,00) 1+ x? n -+ B z€[0,00) 1+ x?
c(n+B) —npB+a(np —c)
(np = ¢)(n + )

which implies that the condition in (3.12) holds for k£ = 1.
Similarly, we can write for np > 2c¢

o,
L2 (1% ) — 2|

I L2 =t = sup TS
n3p?(n + c) B 1’
(np = c)(np = 2c)(n + B)?
n®p(1+ p) + 2ncap(np — 2c) a?
(np—c)(np=2c)(n+B)* | (n+p)*

which implies that lim || LSZO‘[;@ (t*) — 2% |,= 0, the equation (3.12) holds for
n—00 e

k=2.
This completes the proof of theorem. O

3.4. Pointwise Estimates. In this section, we establish some pointwise esti-

mates of the rate of convergence of the operators LS{?‘;,’B ). First, we give the rela-

tionship between the local smoothness of f and local approximation.
We know that a function f € C[0,00) is in Lipys (r) on E, r € (0,1], EC [0, 00)
if it satisfies the condition

lf(t) = f(x)] < M|t — x|, t €[0,00) and x € E,

where M is a constant depending only on r and f.

Theorem 3.5. Let f € C[0,00) N Lipy (1), E C [0,00) and r € (0,1]. Then, we
have

LEA(fra) - f)] < M((vé?p@(a:))“+2d’“<w,E>), v € [0,00),
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where M is a constant depending on r and f and d(x, E) is the distance between

z and E defined as

d(z,E) =inf{|t —z|: t € E}.

Proof. Let E be the closure of E in [0, 00). Then, there exists at least one point
to € E such that

dz,E) = |z — t0|
By our hypothesis and the monotonicity of s s c, we get
L2 (fra) = fo)] < LR f (1) = flto)ls2) + L2 (1 f (x) — f(to)]; )

< M (LSt —to]"s2) + o — to]")
< M (LEEN(|t— 2| 2) + 2z — to]") -
) . ) ) ) 2 1 1 _
Now, applying Holder’s inequality with p = — and — =1 — —, we obtain
r q b
LEA(fi2) — ()] < M (L1t — af%2))7? + 24" (x, B))
from which the desired result immediate. O

Next, we obtain the local direct estimate of the operators defined in (1.3), using
the Lipschitz-type maximal function of order r introduced by B. Lenze [12] as

~ _ /() — f(=)]
=

Theorem 3.6. Let f € Cp[0,00) and 0 < r < 1. Then, for all x € [0,00) we
have

€ [0,00) and r € (0,1]. (3.13)

LOA(fr2) — f(@)] <@ (f,2) (1) ()%

Proof. From the equation (3.13), we have

L2 (fra) = ()] <@ (foa) L2 — a5 2).
. N . . . 2 1 1
Applying the Hélder’s inequality with p = — and — =1 — —, we get
r q p
«a ~ o r /2
L2 (i) = f(@)] S @ (foa) L2 — )% 2)2 <@ (foa) (7550 (@)
Thus, the proof is completed. O

For a,b > 0, Ozarslan and Aktuglu [17] consider the Lipschitz-type space with
two parameters:

(a t—al"
Lipa® () = (f € C[0,00) : |f(t) — f(x)] < M(H('Wfbxw; z.t €0, oo)) ,

where M is any positive constant and 0 < r < 1.
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Theorem 3.7. For [ € Lipg\j’b)(r). Then, for all x > 0, we have

@™
L) — ) < M | 2 )

ax? + bx

Proof. First we prove the theorem for r = 1. Then, for f € Lz’pg\i’b)(l), and

x € [0,00), we have
LA (frx) = f)] < LER(f() = f@)]; )
< MLEP) ( It =1l )

- TapsC (t+ax2+bx)1/2;$

M
_— (avﬁ) _ .
(ax? + bx)'/? Lipe (It =zl ).

Applying Cauchy-Schwarz inequality, we get

M 1/2
a,B)( r. a8 2.
’Lg,p,c)(fax) —f(l')‘ (CLLE2+Z)QJ)1/2 (ng,p,g((t_x) ,33))

(a.) 1/2
< M Yiopc (T) _
- ax? + bx

Thus the result holds for r = 1.
Now, we prove that the result is true for 0 < r < 1. Then, for f € Lipg\'}’b) (r),
and x € [0,00), we get

M
LB (fr2) — fla) O

7 gl
(ax? + bx)"/? Lipe

t—zx|";x).

Taking p = % and q = 1%, applying the Holders inequality, we have

M . ;
(@ by 2 (LB (|t — xf;2)) "

Finally by Cauchy-Schwarz inequality, we get

2@\
L (Fra) = fla)] < M=)

ax? + bx

LD (fra) — f(x)] <

Thus, the proof is completed. 0

4. BETTER ESTIMATES

It is well known that the classical Bernstein polynomial preserve constant as
well as linear functions. To make the convergence faster, King [11] proposed an
approach to modify the Bernstein polynomial, so that the sequence preserve test
functions ey and ey, where e;(t) = t',i = 0,1,2. As the operator Lg{f,;@(f;x)
defined in (1.3) preserve only the constant functions so further modification of
these operators is proposed to be made so that the modified operators preserve
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the constant as well as linear functions.
For this purpose the modification of (1.3) is defined as

A . o t+
L;f“fc)(f;x) = ;pn,k('f’n<x>’c)/o Ot o) f (71-%5) “

+pn,o(rn(:c),c)f( - ) (4.1)

n—+p

— (np=o)[(ntB)z—a]

where 7, (x) o for z €1, =]

+15,00) and  np > 2c.

Lemma 4.1. For each x € I,, by simple computations, we have
(1) Litad (L2) = 1;

@) L) = { LA o, JIEU 200 e v |
n(np — 2c) n(np — 2¢)(n + B)
a?(npc+ ne — ) —n*a(l + p)
n(np—20)(n + B)?
Consequently, for each x € I,, , we have the following equalities

ﬁ(a’ﬂ)(t —x;x) =0

n,p,c
S @B) ((p 02 _ [npc+nc—c? n?(1 + p) + 2a(c® — npc — ne) }
Lise((t—a)se) = { n(np — 2c) } 2"+ { n(np —2¢c)(n + B) v
+a2(npc +ne — ) —na(l + p)
n(np —2¢)(n + 5)?
= (2. (4.2)

Theorem 4.2. Let f € Cp(1,) and x € I,. Then for np > 2c, there ezists a
positive constant M’ such that

ECA (1) - fla)] < Mo, (f, @9) <x>) |

where Céapﬁc)(x) is given by (4.2).
Proof. Let g € W? and z,t € I,,. Using the Taylor’s expansion we have
t
o(t) = 9(a) + (¢ = ) @)+ [ (= 0)g" (o)

Applying lA)Sf‘pﬁ ) on both sides and using Lemma 4.1, we get

t
[ (:B) (- — jlap .
L'El,p,c) (g’ x) - g(l‘) - Ln7p,c (/ (t - U)g”(i))dv, l‘) .

Obviously, we have

(t—=2)*lg"ll

IN
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Therefore
| L (g5 o) — g(a) |< L2t = 2)%2) || g 1= ¢S50 () 1 g 1] -
Since | L& (f;2) 1< 11, we get
| L2 (fr2) = f (@) |
< | LEP(F—gio) |+ | (f —9) (@) |+ | L (g5 ) — g(a) |
< 2llf = gl + G52 (@) lg" I
Finally, taking the infimum over all g € W? and using (3.7) we obtain

| E2(0) = @) |< Man (/6520 )
which proves the theorem. |

Theorem 4.3. Let f € Cg(1,). If f', f" exists at a fized point x € I, then we
have

i n (£OD) (1) — fla)) = TEE) (1Y
The proof follows along the lines of Theorem 3.1.
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