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ABSTRACT. In this paper, we first prove a few comparison results between two
proper weak regular splittings which are useful in getting the iterative solution
of a large class of rectangular (square singular) linear system of equations
Ax = b, in a faster way. We then derive convergence and comparison results
for proper weak regular multisplittings.

1. INTRODUCTION

Berman and Plemmons [3] introduced the notion of proper splitting for rect-
angular/square singular matrices in order to find the least squares solution of
minimum norm of a rectangular system of linear equations of the form

Az = b, (1.1)

where A € R™™ and b € R™, which we recall next. A splitting A = U — V of
A € R™*" is called a proper splitting if R(U) = R(A) and N(U) = N(A), where
R(A) and N(A) denote the range space and the null space of A, respectively.
Then, the same authors proved that the iterative scheme,

o = Utk + U, k=0,1,2,..., (1.2)

converges to A'b, the least squares solution of minimum norm, for any initial vec-
tor 2%, if and only if the spectral radius of UV is less than one (see [3, Corollary
1]). The above iterative scheme is said to be convergent if the spectral radius of
the iteration matrix UTV is strictly less than one. The advantage of the iterative
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technique for solving the rectangular system of linear equations (Ax = b) is that
it avoids the use of the normal system AT Az = A”b, where AT A is frequently
ill conditioned and influenced greatly by roundoff errors (see [12]). Such sys-
tems appear in deconvolution problems with a smooth kernel. Square singular
linear systems also appear in problems like the finite difference representation of
Neumann problems.

The authors of [3] obtained several convergence criteria for (1.2). In the re-
cent years, several convergence and comparison results for different subclasses
of proper splittings have been proved by many authors such as Baliarsingh and
Mishra [1], Climent et al. [6], Jena et al. [13], Mishra [15]. To get faster con-
vergence, Climent et al. [8] introduced the notion of proper multisplittings and
obtained convergence criteria by extending the work of O’leary and White [16]
to rectangular matrices. This article further continues to investigate the com-
parisons of the rate of convergence of two iterative schemes in order to get the
desired solution in less time.

The paper is organized as follows. The next section contains notation, defini-
tions and preliminary tools. In Section 3, we prove our main results. First we
prove a couple of comparison results between two proper weak regular splittings,
and then we discuss a few applications of theory of proper weak regular splittings
to multisplitting theory of rectangular matrices.

2. PRELIMINARY NOTION AND RESULTS

The notation R™*" represents the set of all real matrices of order m xn. We de-
note the transpose of a matrix A € R™*" by AT, Let L and M be complementary
subspaces of R", and let P, 5 be a projection onto L along M. Then Py A=A
if and only if R(A) C L, and AP = A if and only if N(A) D M. In the case
of L L M, Pr will be denoted by P;, for notational simplicity. The spectral
radius of a matrix A € R denoted by p(A), is defined by p(A) = EE%M""

where A1, Ao, ..., \, are the eigenvalues of A. Let A and B be two matrices
of appropriate order such that the products AB and BA are defined. Then
p(AB) = p(BA). Let A € R™™ A > 0 denote the matrix whose entries are
non-negative. Let B,C' € R™*". We write B > C if B— C > 0. The same
notation and nomenclature are also used for vectors. For A € R™*"  the unique
matrix Z € R™"™ satisfying the following four equations known as Penrose equa-
tions: AZA = A, ZAZ = Z, (AZ)T = AZ, and (ZA)T = ZA, is called the
Moore—Penrose inverse of A. It always exists and is denoted by Af. The follow-
ing properties of A" will be frequently used in this paper:
R(AT) = R(A"), N(AT) = N(AT), AAT = Pga), and ATA = Ppi4r). The matrix
A is called semimonotone if A has the non-negative Moore—Penrose inverse. We
refer to [2] for more detail. Similarly, a square matrix A is called monotone if
A~ exists and A7 > 0 (see [9]).

We next turn our attention to results related to proper splittings.The first one
saysif A = U—V is a proper splitting of A € R™*" then A = U(I-U'V), I-U'V
is invertible and AT = (I —UTV)~*UT. This is proved in [3, Theorem 1]. Similarly,



146 C.K. GIRI, D. MISHRA

Climent and Perea [6] proved that A = (I — VUN)U and AT = UT(I — VU~ for
a proper splitting A=U — V.

For all proper splittings, the iteration scheme (1.2) may not converge. So,
different convergence conditions are obtained for different subclasses of proper
splittings by several authors starting with Berman and Plemmons [3]. We first
collect below three such subclasses and then convergence criteria for the same
subclasses.

Definition 2.1. A proper splitting A =U — V of A € R™*"™ is called

(1) a proper regular splitting if UT > 0 and V > 0; (see [13]).

(ii) a proper weak regular splitting of type I if UT > 0 and UTV > 0; (see [0]).
(iii) a proper weak regular splitting of type Il if UT > 0 and VUT > 0; (see [6]).

Next one combines [3, Corollary 4] and [10, Theorem 3.7] and contains conver-
gence criteria for both the above subclasses.

Theorem 2.2. Let A=U —V be a proper weak reqular splitting of either type [
or type II of A € R™*"™, Then, A is semimonotone if and only if p(UTV) < 1.

3. MAIN RESULTS

This section have two parts. In the first part, we reprove a result by dropping
one assumption and providing a complete new proof. We then present another
comparison result. In the second part, we discuss theory of proper multisplittings.

3.1. Comparison results. Comparison of the spectral radii of two proper split-
tings are useful for improving the speed of the iteration scheme (1.2). In this
direction, several comparison results have been introduced in the literature both
in rectangular and square nonsingular matrix setting. Very recently, Giri and
Mishra [10] proved the following comparison result which extends [19, Theorem
3.7] to the rectangular case.

Theorem 3.1. [10, Theorem 3.13]
Let A = U, — Vi = Uy — Vy be two proper weak regular splittings of different types
of a semimonotone matriz A € R™™. Suppose that no row or column of At is
zero. If UL < UY, then p(UIVY) < p(UiV) < 1.

We next provide an example where the condition “no row or column of A' is
zero” in Theorem 3.1 fails, but the conclusion holds.
6 -2 0
-3 4 0

U, = ( N g)andng < N 8) Then
0.1600 0.0400

R(Uy) = R(Us) = R(A), N(Uy) = N(Uz) = N(A), Uf = [ 0.1200 0.2800 | >0,
0 0

Example 3.2. Let A = =U, — Vi = Uy — V;, where

0.1600 0.1600 0
Uiv, = [ 0.1200 0.1200 0| >0,
0 0 0
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0.0800 0.0133
Uj = [ 0.0600 0.0933 | >0, V,UJ = (
0 0
Hence, A = U, — V] is a proper weak regular splitting of type [ and A = Uy — Vj
0.2222 0.1111

0.6400 0.1067 >0
0.0000 0.6667) —

is a proper weak regular splitting of type II. Also AT = | 0.1667 0.3333 | >0
0 0
0.1600 0.0400 0.0800 0.0133
and UlT = 0.1200 0.2800 > Ug = 0.0600 0.0933 |. But 0.2800 =
0 0 0 0

p(UIVL) < p(UIV3) = 0.6667 < 1.

This leads to the fact that Theorem 3.1 may be true even without the assump-
tion “no row or column of A" is zero”. This is stated and proved in the next
result. The technique used in this proof is different from the earlier proof.

Theorem 3.3. Let A =U; — Vi = Uy — Vi be two proper weak reqular splittings
of different types of a semimonotone matrix A € R™* ™. If UZT < UI, then

p(UIV1) < p(U3V3) < 1.

Proof. Let us first consider that A = U; — Vj is a proper weak regular splitting of
type I and that A = Us — V4 is a proper weak regular splitting of type II. We then
have p(U{V;) < 1 and p(VaUJ) < 1 by Theorem 2.2. The conditions U{V; > 0
and p(U{V1) < 1 imply (I — UIV;)~" > 0. Similarly, (I — VoUJ)™* > 0. Now,
postmultiplying Ul < U by (I — VaUJ)™", we obtain

Al = U1 = VU3) ™ < UN(T = VeUJ) ™, (3.1)
and then premultiplying (3.1) by (I — UfV1)™", we get
(I —Uv) AT < (1= UI) U = WU T = ATT - WU T (3.2)
Since UlT Vi > 0, there exists an eigenvector z > 0 such that
Ul = p(UTV) 2T
So, z € R(V') C R(AT). Premultiplying (3.2) by 7, we have

1
—————aTAl <aTAN(T - VUf)
1—p(UiW1)
From [4, Theorem 2.1.11], we obtain
1 1 1

< = , (3.3)

L—p(UIVi) = 1=p(WaUJ) 1= p(USVR)
as 2T AT > 0 and 27 A" #£ 0. Suppose that 27 AT = 0, then 27 ATA = 0; that is,
(ATA)Tz = ATAx = x = 0, a contradiction. Hence 2T AT # 0. Now, the desired
result follows immediately from (3.3). The proof for the other types of splittings
can be done similarly. OJ

The next example shows that the converse of the above result is not true.
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T =3 7
) ] _9 == U1 —‘/1 = U2 — ‘/2, where

U1:(21 —6 21)andU2:(14 —6 14 )Then

—6 16 —6 —8 32 -8
0.0267 0.0100
R(U,) = R(Us) = R(A), N(Uy) = N(Us) = N(A), Uf = [ 0.0200 0.0700 | >0,
0.0267 0.0100

Example 3.4. Let A =

0.3333 0 0.3333
Uvi= 0 05000 0 >0, VWUl = (
0.3333 0 0.3333
A = U; — Vi is a proper weak regular splitting of type I and A = Uy — V5 is a
0.0800 0.0300
proper weak regular splitting of type II. Also AT = [ 0.0400 0.1400 | > 0 and
0.0800 0.0300

0.5000 0

0 0.7500) > 0. Hence,

p(UIV1) = 0.6667 < p(U3Va) = 0.7500 < 1.

0.0400 0.0075 0.0267 0.0100
But U] = | 0.0200 0.0350 | £ Uf = [ 0.0200 0.0700
0.0400 0.0075 0.0267 0.0100

For two proper weak regular splittings of the same type, we have the following
comparison result.

Theorem 3.5. Let A =U; —V; = Uy — V5 be two proper weak reqular splittings of
the same type of a semimonotone matrix A € R™* ™. If there is an o, 0 < a < 1
such that
Uy < aly,
then
p(UIVY) < p(UIVa) < 1, whenever a=1 and

p(UIVL) < p(UIVa) < 1, whenever 0 < a <1

Proof. Assume that the given splittings are proper weak regular of type I and
that the condition U; < als holds. Premultiplying U; < alUs, by Af, we obtain

AU, < aA'U,, ie.,
(I — UV U0, < oI = USVa) UL U (3.4)
Since UlT Vi > 0, there exists a non-negative eigenvector x such that UlT Vie =

p(UV1)z. Now, postmultiplying (3.4) by x, we obtain

X
— <ol -UiVy) ',
1 - p(UIVA) ’

which implies
1 o

T S T Y
L—p(UiV1) — 1= p(U3V2)
by [4, Theorem 2.1.11]. Hence

(1—a)+ap(UW) < p(ULVa).
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Now, the required result follows immediately. For the case, when the given split-
tings are proper weak regular with type II the proof is similar. O

Theorem 3.5 is also true if we replace the condition the same type by different
types. Note that for the square nonsingular case, Song [17] proved a similar result
(i.e., a part of Theorem 2.11) but for non-negative splittings (see [17, Definition
2.1 (iv)] for its definition).

3.2. Proper multisplitting theory. We next proceed to discuss proper multi-
splitting theory. The definition of a proper multisplitting of a rectangular matrix
introduced by Climent and Perea [8] is as follows:

Definition 3.6. [8, Definition 2]
The triplet (U;, V}, E;)P_, is a proper multisplitting of A € R™ " if
(1) A= U, =V, is a proper splitting for each [ = 1,2,...,p.

p

(17) By > 0, for each [ = 1,2,...,p, is a diagonal n x n matrix, and ZEI =1,
I=1

where [ is the n x n identity matrix.

A proper multisplitting is called a proper reqular multisplitting or a proper weak
reqular multisplitting of type I, if each one of the proper splitting A =U; — V] is a
proper regular splitting or a proper weak regular splitting of type I, respectively.
Climent and Perea [8] considered the following parallel iterative scheme:

o* = Hak + Gb, k=1,2,..., (3.5)
p
where (U, V, E;)Y_, is a proper multisplitting of A € R™" H = ZEIUITVZ,
=
, 1
and G = Z EZUZT. Now, we have the following convergence result for a proper
1=1
multisplitting which generalizes a result stated in the introduction part of [7] to

rectangular matrices.

Lemma 3.7. Let (U, Vi, E))}_, be a proper multisplitting of A € R™ ™. Then,
the iterative scheme (3.5) converges to ATb for every 2° if and only if p(H) < 1.

Proof. We have (I — U;VZ)AT = UlT foreach I =1,2,...,p. So,
p
G=> EU
=1
p
=> E(I-UW)A
=1

p p
SOWCE SN,
=1 =1

= (I — H)AT.



150 C.K. GIRI, D. MISHRA

Suppose that the iterative scheme (3.5) converges to A'b for any initial vector
2°. To prove p(H) < 1, we show that, for any y € R", klim Hfy =0. Let y € R®
— 00
be an arbitrary vector, and let x be the unique least squares solution to (3.5).
Define 2° = x — y, and, for k > 1, 2¥ = Ha*"! + Gb. Then (2*) converges to z.
Also,
r— 2" = (Hr + Gb) — (Hx* ' + Gb) = H(x — 2™7),
SO
v —af=H(x— 2" = H*(z —2*?) = ... = H*(x — 2°) = H*y.
Hence lim H*y = lim H*(z — 2°) = lim (z — 2*) = 0. Hence p(H) < 1 by [,
k—oc0 k—s00 k—o0
Theorem 7.17].
Conversely, let p(H) < 1 and z° be any initial vector. From (3.5), we have

' =Ha2"+ (I+H+---+ H ™ "Gb.
Since p(H) < 1, the matrix H is convergent, and lim H'z" = 0 by [5, Theorem

1—00

7.17). So (I — H)™' =) " H' by [4, Lemma 6.2.1]. Hence

=1

lim 2 = lim H'2® + <Z Hi) Gb= (I — H)*Gb = A'b.
1— 00 1— 00 =0

OJ

The next result is obtained as a corollary in the case of a nonsingular matrix

A.

Corollary 3.8. [7]
Let (U, Vi, Ey)i_, be a multisplitting of A € R™™. Then, the iterative scheme
(3.5) converges to A™'b for every x° if and only if p(H) < 1.

The next result presented below extends [16, Theorem 1 (a)] to rectangular
matrices which is a characterization of a semimonotone matrix A € R"™*".

Theorem 3.9. Let (U, V, E})j_, be a proper weak reqular multisplitting of type
Iof A€ R™™, Then, AT >0 if and only if p(H) < 1.

Proof. The first part is shown in [8, Theorem 4].

Conversely, since (U;, Vi, E})j_, is a proper weak regular multisplitting of type
I, we have H > 0 and G > 0. Assume that p(H) < 1. By [4, Lemma 6.2.1],
(I — H)~' > 0. Then A" = (I — H)"'G > 0. O

For nonsingular case, we have the following corollary.

Corollary 3.10. [16, Theorem 1 (a)]
Let (U, Vi, Ey)y_, be a weak regular multisplitting of type I of A € R™™. Then,
AL >0 if and only if p(H) < 1.

In the following result, we introduce an upper bound and a lower bound for
the spectral radius of the iteration matrix H by extending [7, Theorem 3.4].
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Theorem 3.11. Let (U, Vi, E})j_, be a proper weak reqular multisplitting of type
I andlet A=U -V =U —V be two proper weak reqular splittings of type I of
a semimonotone matriz A € R™*". If one of the following conditions holds.

()T A<UIA<U'A for eachl=1,2,....p.

(i) (T'A)T <UfA < (UT AT for each 1 =1,2,...,p.
Then p(U'V) < p(H) < p(T'V) < 1.
Proof. By Theorem 3.9, the given multisplitting is convergent, and by Theorem
2.2, the splittings A = U—V = U—V are also convergent For any proper splitting
A=U-V, weobtain UTA = (I-U'V)AtA. So, (I-T V)AtA < (I-UIV))AtA <
(I-U'V) AT A which implies 0 < UV < UV, < Tv. Premultiplying by >, Ei,
we get 0 < U'V < H < U'V. Hence p(U'V) < p(H) < p(U'V) < 1 by [I5,
Theorem 2.21]. The proof of second part follows similarly due to the fact that
p(BY) = p(B). 0

A result showing an upper bound and a lower bound for the spectral radius of
H is illustrated below which improves the first part of [7, Theorem 3.3].

Theorem 3.12. Let (U, Vi, E});_, be a proper weak reqular multisplitting of type
I of a semimonotone matric A € R™" and let A=U -V = U —V be two
proper weak reqular splittings of type IL. If R(E)) C R(AT) and U < U; <
U, foreach 1=1,2,...,p, then

p(U'V) < p(H) < p(T'V) < 1

Proof. By Theorem 2.2, it follows that p(UTV) < 1and p(U'V) < 1. Premulti-
plying U; < U by UT and postmultiplying the same by UT we have UTUZUT <

U/T T'; that is, U < UJ. Let Ul = ZElUT and U] = U'. Then, by [11
=1
Theorem 3.21], it follows that U{er = H. Since UlT > UT, we obtain UlT > UQT.
Hence, by Theorem 3.3, we get p(H) < p(UTV). Similarly, by premultiply-
ing UlT and postmultiplying UT to U < U, we obtain UZTQ Ul < UlTUlQT;
p

that is, U] < U Let Ul = U', U = Y EU/. Then Ul > U}. So, by
=1

Theorem 3.3, we get p(U'V) < p(H). Combining both the cases, we obtain

p(U'Y) < p(H) < p(T'V) < 1. O

Recently, Giri and Mishra [11] proved that the iteration matrix H in (3.5)
induces a unique proper weak regular splitting of type I under some sufficient
conditions. Next, we prove that the induced splitting in [I1, Theorem 3.21],
is also a proper regular splitting under the assumption of an extra sufficient
condition.

Theorem 3.13. Let (U, Vi, E})}_, be a proper weak reqular multisplitting of type I
of a semimonotone matriz A € R™". If R(E;) C R(AT) and there exists a non-
negative matriz M € R™ ™ such that (A—i—M)UlTVZ > M, for eachl=1,2,...,p,
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then the unique splitting A = B — C induced by H with B = A(I — H)™ is a
proper reqular splitting.

Proof. By [11, Theorem 3.21], we have p(H) < 1, and the unique splitting A =
B — ' induced by H is a proper weak regular of type I. Then

C=B-A
=AI-H)'-A
=AH(I - H)™*
> M(I —H)(I—-H)™!
=M2>0
and thus A = B — C is proper regular. 0
The following example illustrates Theorem 3.13.
2 -3 4 6 —3
Example 3.14. Let A= | 0 5 SetUp =1 0 5 0 5
4 —6 8 12 —6
10 00
E1:(00>,andE2:<01)ThenRU1
B + ( 0.0500 0.1500 O. 1000
+, _ ( 0.5000 O 00333 0.1000 006 7
Uihi = ( 20.U03= 5" 02000 0, and
06667 O : :
U;rVg = ( 0.0000 0 ) . Hence, (Uy, Vi, E)) is a proper weak regular multi-
1.5 0
splitting of type I with R(Ey) C R(AT) foreach k=1,2.Let M= 0 0
25 0
1.75 0 1.5 0
Then (A+MUVi=| 0 0 |>| 0 0 | =Mand
25 0 25 0
2.3333 0 1.5 0
(A+ MUV = [ 00000 0 | > | 0 0 ] = M. So, it satisfies all the
3.3333 0 25 0

conditions of Theorem 3.13. Therefore, the unique induced splitting A = B — C
is proper regular, as R(B) = R(A), N(B) = N(A),

Bt _ (005 0.1500 0.10
“Lo 02 o0

20
)ZO,andC: 00 | >0.
4 0

Theorem 3.13 admits the following corollary in the case of nonsingular matrices.

Corollary 3.15. Let (U, Vi, E))]_, be a weak regular multisplitting of type I of
a monotone matrix A € R™". If there exists a non-negative matrix M € R™*"
such that (A + M)UZ_IVI > M, for eachl=1,2,...,p, then the unique splitting
A= B — C induced by H with B = A(I — H)™' is a regular splitting.
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By substituting M = 0 in Theorem 3.13, we have the following result.

Corollary 3.16. Let (U, Vi, E))j_, be a proper weak regular multisplitting of
type I of a semimonotone matriz A € R™™. If R(E)) C R(AT) and ViU]V; <
Vi, for eachl = 1,2,...,p, then the unique splitting A = B — C induced by H
with B = A(I — H)™! is a proper regular splitting.

Theorem 3.13 is again proved below under the assumption of different condi-
tions by generalizing [14, Theorem 3.3].

Theorem 3.17. Let (U, Vi, E})}_, be a proper weak regular multisplitting of type
I of a semimonotone matriz A € R™". Assume that, for each l, F; = oyl with
ap>0and ;o =1. LetV, =57 Vi, and V, <V} for eachl =1,2,....p
If there ezists a non-negative matriz U € R™*™ such that (V}, — U)UZTVZ <V, -
U, for eachl = 1,2,...,p, then the unique splitting A = B — C induced by H
with B = A(I — H)™! is a proper regqular splitting.

Proof. AsC =B — A= AH(I — H)™!, we have

p
C = Z a AUMV(T — H) ™
= Zalv (I —UW)(I - H)™

—Zal (I—-H)" ZOQVU, (I—-H)™"

>V, (I — H)~ VbZalUl H)™

=V,(I —H)" - %H(I —H)™!
=V, - WVH)(I - H)™
>U > 0.
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