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ABSTRACT. We expand the applicability of eighth order-iterative method stud-
ied by Jaiswal in order to approximate a locally unique solution of an equation
in Banach space setting. We provide a local convergence analysis using only
hypotheses on the first Frechet-derivative. Moreover, we provide computable
convergence radii, error bounds, and uniqueness results. Numerical examples
computing the radii of the convergence balls as well as examples where earlier
results cannot apply to solve equations but our results can apply are also given
in this study.

1. INTRODUCTION

In this study, we are concerned with the problem of approximating a locally
unique solution z* of the equation

F(z) =0, (1.1)

where F'is a Frechet-differentiable operator defined on a convex subset D of a Ba-
nach space X with values in a Banach space Y. Many problems in computational
sciences and also in engineering, mathematical biology, mathematical economics,
and other disciplines can be written in the form of an equation like (1.1) by using
mathematical modeling [1-28]. The solutions of such equations can rarely be
found in a closed form. That is why most solution methods for such equations
are usually iterative.
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Higher order convergence methods such as the Chebyshev-Halley-type meth-
ods [2,5, 13] require the computation of derivatives of order higher than one,
which are very expensive in general. However, these methods are important for
faster convergence, especially in cases of stiff systems of equations. Recently
many researchers have tried to find fast convergence methods using only the first
derivative or divided differences of order one [13]. In particular, Jaiswal studied
the convergence of the multistep method [17] defined for each n =0,1,2,... by

rp = T — F’(xn)_lF(:z:n),
1

Yn = é(rn - $n>,

Zn = %(4yn - mn)a

Un = Yo+ (F'(20) = F'(20)) 7 F2n)

vy = Up +2(F () — 3F (2,)) T F(uy) (1.2)

and
xn-i—l == Un + Q(F/($n> - 3F,<Zn))_lF(’Un),

where zy € D is an initial point. The eighth order of convergence was shown by
using a hypothesis reaching up to the Lipschitz continuity

1F" () = F" ()|l < all -yl (1.3)

for some o > 0 and each x,y € D, although only the first derivative appears in
method (1.2). These hypotheses limit the applicability of method (1.2). As a

motivational example, define function F' on D = [—3, 2] by
lnx?+2° —a2t, x#£0,
Fo={ g

We have that x* =1,
F'(z) = 32* In2? + 5z* — 42® + 227,
F'(z) = 6xInaz? + 202° — 122° + 10z,

and
F"(x) = 6In2? + 602% — 242 + 22.

The function F"(x) is unbounded on D. Hence, (1.3) and consequently the re-
sults in [17] cannot be applied to solve equation (1.1). We provide a local con-
vergence analysis using only hypotheses on the first Frechet-derivative. This way
we expand the applicability of these methods. Moreover, we provide computable
convergence radii, error bounds on the distances ||z, — *||, and uniqueness re-
sults. Furthermore, we use the computational order of convergence (COC) and
the approximate computational order of convergence (ACOC) (which do not de-
pend on higher than one Frechet-derivative) to determine the order of convergence
of method (1.2). Local results are important, because they provide the degree
of difficulty for choosing initial points. Our idea can be used on other iterative
methods.
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This paper is organized as follows: Section 2 contains the local convergence
analysis of method (1.2). The numerical examples are presented in the concluding
Section 3.

2. LOCAL CONVERGENCE

The local convergence analysis of method (1.2) is based on some scalar func-
tions and parameters. Let gy be a continuous, nondecreasing function defined on
the interval [0,4-00) with values in [0,400) and satisfying ¢o(0) = 0. Define the
parameter py by

po :=sup{t > 0:qo(t) < 1}. (2.1)
Let also ¢ and ¢; be continuous, nondecreasing functions defined on the interval
[0,p0) with values in [0,+00) and satisfying ¢(0) = 0. Moreover, define functions
gi,hi,i =1,2,3, p, and h, on the interval [0,p9) by

[ra((1 - 0)t)do
1—QO<)

S+ au(r),

92(t) =

s(t) = 51+ 491(0),
hlt) = ailt) — 1.
1

p(t) = 5(@0(?5) + 3q0(g3(t)1)),

gi(t) =

and
hyp(t) = p(t) — 1.
We have that hy(0) = =1 <0, hp(0) = —5 <0, h3(0) = =2 < 0, hy(t) = =1 <
0 and h;(t) — +00, hy(t) — +oc ast — r, . It then follows from the intermediate
value theorem that functions h; and h, have zeros in the interval (0,p0). Denote
by p; and p, the smallest such zeros for functions h; and h,, respectively.
Furthermore, define functions g;, h;, j =4, 5,6 on the interval [0,p,) by

3(qo(t) + qo(gs(t)t) fo q.(0t)do
4(1 = p())(1 — qo(?)) ’

94(t) = g(t) + (2.2)

S an(0ga(t)t)do
g5(t) = (1 + == — o) )94 (1),
o Jo m(0gs(t)t)de
g6(t) = (1 + L0 )95 (1),

and h;(t) = g;(t) — 1. Then, again we have that h;(0) = —1 < 0 and h;(t) = +o0
as t — p, . Denote by p; the smallest zeros of functions h; on the interval (0,p,).
Define the radius of convergence r by

p:=min{p;}, i=1,2,...,6 (2.3)
Then, we have that for each ¢ € [0, r)
0<gt)<1, i=1,2,....6 (2.4)
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and
0<p(t) <1. (2.5)

Let U(v, p) and U(v, p) stand, respectively, for the open and closed balls in X
with center v € X and of radius p > 0. Next, we present the local convergence
analysis of method (1.2) using the preceding notation.

Theorem 2.1. Let F' : D C X — Y be a continuously Fréchet differentiable
operator. Suppose that there exist x* € D and continuous and nondecreasing
function qq : [0,4+00) — [0, +00), with qo(0) = 0 such that for each x € D

F(z*) =0, F'(z*)'eL(Y,X) (2.6)
and
[F' (") (F () = F'(2")]| < qol[l= — 27])); (2.7)

there exist q,q1 : [0,+00) — [0,4+00) continuous, nondecreasing functions satis-
fying q(0) = 0 such that for each x,y € Dy = D NU(z*, py),

[F" ()" (F'(2) — F'())]| < allz = yl]), (2.8)

and
IF' (@) F (@) < (= ™)), (2.9)

and
U(z*,r) C D, (2.10)

where py and r are given by (2.1) and (2.3), respectively. Then, the sequence {x,}
generated for xo € U(z*, p) — {x*} by method (1.2) is well defined in U(z*, p),
remains in U(x*,r) for each n = 0,1,2,... and converges to x*. Moreover, the
following estimates hold

lrn = ™[] < gi(llzn = 2Dz — 2"} < flzn =27 < p, (2.11)
1yn = 2" < go(lln — 2" [Dl|2n — 27| < [l =27, (2.12)
lzn = 27| < gs([lwn — 2" [Dllwn — 27| < fl2n — 27, (2.13)
[un = 2" < galllzn — 2" )|zn — 27| < flzn =27, (2.14)
[on = 27| < gs([len — 2"[)]Jen — 27| < [l — 27, (2.15)

and
|Zn1 — 27| < go(l|zn — 2|20 — 27| < |20 — 27, (2.16)

where the functions g;, i = 1,2,3,4,5,6 are defined previously. Furthermore, if
there exists R > p such that

/1 q(0R)dO < 1, (2.17)

then the limit point x* is the only solution of the equation F(x) = 0 in D =
DNU(z* R).
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Proof. Using mathematical induction, we show that the sequence {x,} is well
defined in U(z*, p), remains in U(z*, p) for each n =0, 1,2, ... and converges to
x*, so that the estimates (2.11)—(2.16) are satisfied. Using (2.1), (2.3), (2.7), and
the hypothesis o € U(z*, p) — {«*}, we have that

1" ()" (F'(2) = F'(2)]| < qolllz — ="[]) < qo(p) < 1. (2.18)

It follows from (2.18) and the Banach lemma on invertible operators [2—6, 18,25],
that F'(x)™' € L(Y, X) and

1

IF o) @) <ty

(2.19)

The points rg, yo and 2 are also well defined by the first three substeps of method
(1.2) for n = 0, respectively. We can write by the first substeps of method (1.2)
for n =0,

ro — * = x9 — 2% — F'(20) " F(20). (2.20)
By (2.1), (2.3), (2.4) (for i=1), (2.6), (2.8), (2.19) and (2.20), we get in turn that
Iro— 2% < [F" (o) F' (@[] Jy F' ()7 (F" (" + 0o — 2))
—F'(x0))(zo — 2*)db

Jo a((1=0)|lzo—z*||)[lwo—a* |0 (2.21)

1—qo(llzo—=*||)

IN

= gillwo — 2*[)[|zo — 27|

< lwo —arfl <,
which shows (2.11) for n = 0 and ry € U(z*, p). Notice also that we used that
¥ +0(xg—2x*) € U(z*, p), for each 0 € [0, 1] ||z*+0(xo—a*)—2*|| = O||lzo—2*| < p,
for each 0 € [0, 1], so 2*+0(xg—2*) € U(z*, p). By (2.24)(for i=2 and i=3),(2.21)
and the second substep and third substep of method (1.2), we get in turn that

lyo —2*[I = ll5(ro + z0) — 2"

= 3ll(ro — o) + (z0 — 27|

IN

1 *
slllro — ol + [Jwo — 2™ |] (2.22)

IN

Har(llwo — 2*[]) + 1]||lzo — 2|

= ga(llzo = 2" |)llzo — 27| < [lwo — ™| <p
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and

lz0 =2l = lI5[(4y0 — z0) — 2"

IN

sl (wo = 2)|| + 3llwo — 2|

(2.23)

IN

sl4g1(llwo — 2*[)) + 1flzo — 27|

= gs(llwo — &*[Dllwo — 27| < [lzo — 27| < p,

which shows (2.12), (2.13), yo € U(z*, p), and 2y € U(z*, p).
Next, we must show that (F'(zg) — 3F"(20))" " € L(Y,X). In view of (2.3),
(2.5), (2.7), and (2.23), we obtain in turn that

12F" (%))~ [F" (o) — 3F"(20)]

IN

1F" (%)~ (F (20) — F'(27)) = 3(F(20) — F'(«") )]

1
2

< lIF (@) [F (o) = F' (@)l + 3| F" (%) 71 (F" (20) — F'(2))]

(2.24)
< Sfao(ll2* = woll) + 3ao(ll20 — *I)
< Slao(ll2” = woll) + 3au(gs(lla — o) l2* = woll)
= p(lla* = woll) < plp) < 1.
so, (F'(zo) — 3F'(z))~* € L(Y, X) and
(@) = 3F () P € g, (229

It also follows that ug, vy, and x; are well defined by the last three substeps of
method (1.2), respectively. We can write by (2.6) that

Flao) = F(xo) — F(z*) = /0 Fla* + (o — 7)) (20 — 2°)d0.  (2.26)

Then, by (2.9) and (2.26), we have that

|F' (%) Flzo)|| = | Jy F/(x*) " F'(a* + t(wg — 2%)) (o — 2*)dd|
(2.27)
< [ a1 (0l|mo — 2*|)dO]|o — z*||.
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Using the fourth substep of method (1.2) for n = 0, we can write

up—x* = (v —a* — F'(x9) ' F(x0)) + 2 F'(x0) ' F(z0)
+(F'(wo) — 3F'(20)) ™ F (o)
(2.28)
= (20— 2" — F'(w0) ' F(xo)) + 5 F'(w0) ' [(F"(z0) — F'(z*))
+(F' (") = F'(20)))(F" (o) — 3F"(20)) ™' F (o).

Then, by (2.3), (2.4) (for i=4), (2.19), (2.21), (2.25), (2.27), and (2.28), we have
in turn that

luo — 2| < lwo — 2" — F'(w0) ™ F(x0) |
S F (o) L (@) [ 2 (%)~ (F" (o) — F' ()|
HIF () THE (27) = F' (o)) (F (w0) — 3F(20)) ™ F' (27|

X[|F" (%)~ (o) |

IN

grllzo = 2" |)llzo — 2]

[0 (llzo—=*[)+go(llz0—* D] [y a1 (Ollzo—a*[)db|wo—a*|
(I1=go([lzo—z*[))(1=pllzo—=z*|))

+

= galllzo — " [llwo — 2*|| < flwo — 27[| < p,
(2.29)
which shows (2.14) for n = 0 and uy € U(z*, p). As in (2.27) for z¢ = g, using
(2.29), we get also that

I @) Fuo)| < | fy @1(Olluo — 2*[1)dB]juo — 27|

< Jy @1(0gs(llzo = 2*[)l|lzo — 2*[)d0ga(llzo — ) g — 2.

(2.30)

Then, it follows from (2.3), (2.4) (for i=5), (2.19), (2.21), (2.25), (2.29), (2.30),
and the identity obtained from the fifth substep of method (1.2) for n =0

vo — F = up — o+ 2(F'(w0) — 3F(20)) " F(ug) (2.31)
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that
Jvo —2*[| < lug — ¥ + 2[|(F (o) — 3F"(20)) " F (x| I1F"(z*) =" F (uo) |

1 * *
Jo a1 (0lluo—z*|))db]luo—="||

< lug — x| + T—pllzo—2"|

< (1 + fo q1(6lluo—=z|)dé

1—p||lxo—z*|| )”U - ||
< gs(llwo = 2" [Dllwo — 27| < [lzo — 27| < p,
(2.32)
which shows (2.15) for n = 0 and vy € U(z*, p). From (2.27)(for o = up) and

(2.32), we also have that
ley =27l = llvo =" +2(F'(wo) — 3F"(20)) ~ F'(wo) |
< lvo — @[ + 2/ (F"(wo) = 3F"(20))  F" (@)1 F" (")~ F (vo) |

1 *
Jo a1 (0llvo—a*[)do]|vo—z* ||
1—pllzo—z*||

< oo — 2% +

0||lvo—x*||)do
< (I+ %)HUO — ||
= go(llwo — *[)lzo — 2*|| < [wo — 2™ < p,
(2.33)
which shows (2.16) for n = 0 and x; € U(z*, p). By simply replacing o, 7o, Yo, 20,
Ug, Vo, T1 DY Tk, Tk, Yk, 2k, Uk, Uk, Tx+1 in the preceding estimates, we arrive at
(2.11)—(2.16). Using the estimate
[@ps1 — %] < el — 27| < p, (2.34)
where ¢ = gg(||xo—2*|) € [0, 1), we deduce that khm x = o* and 2441 € U(z", p).

Finally to show the unlqueness part, let y* € D; be such that F'(y*) = 0. Define

the linear operator T' = fo F'(z* + 0(y* — x*))df. Then, using (2.7) and (2.17),
we get that

|F'/(z*) (T — F'(«)| < [y q0(0l|* — y*[|)do

< [ q(R)do < 1,

so, T7' € L(Y, X). Then, from the identity 0 = F(y*) — F(z*) = T'(y* — x*), we
conclude that z* = y*. O

(2.35)

Remark 2.2. (a) The radius p; was obtained by Argyros in [2-5] as the con-
vergence radius for Newton’s method under condition (2.6)—(2.8). Notice
that the convergence radius for Newton’s method given independently by
Rheinboldt [25] and Traub [28] is given by

2

pP=3p <P
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As an example, let us consider the function f(x) =e® — 1. Then a* = 0.
Set Q = U(0,1). Then, we have that Ly = e—1 < [ = ¢, so p =
0.24252961 < p; = 0.324947231.

Moreover, the new error bounds [2-5] are

q 2
_ * < *
||.Tn+1 Zz H =1 _ quxn —33*H ”ZUn Z H )
whereas the old ones [25, 28]
q 2
— 2| < — 2|
||xn+1 T H - 11— qun . x*H Hxn Zz H

Clearly, the new error bounds are more precise, if ¢g < ¢. Also, the

radius of convergence of method (1.2) given by p is larger than p; (see
(2.2)).
The local results can be used for projection methods such as Arnoldi’s
method, the generalized minimum residual method(GMREM), the gen-
eralized conjugate method(GCM) for combined Newton/finite projection
methods and in connection to the mesh independence principle in order
to develop the cheapest and most efficient mesh refinement strategy [2—5].
The results can be also be used to solve equations, where the operator F’
satisfies the autonomous differential equation [2-5,18,23]:

F'(z) = P(F(x)),

where P is a known continuous operator. Since F'(z*) = P(F(z*)) =
P(0), we can apply the results without actually knowing the solution z*.
Set as an example F'(r) = e* — 1. Then, we can choose P(x) =z + 1 and
" =0.
It is worth noticing that method (1.2) is not changing if we use the new
instead of the old conditions [17]. Moreover, for the error bounds in
practice, we can use the computational order of convergence (COC)

1 ||ﬁn+2—$n+|1|||

é- — Tn+1—Tn

[#znt1—znl ’
[ —zn—1]l

foreachn=1,2,...,
In

or the approximate computational order of convergence (ACOC)

I lzn+2—2"|
T —x*
& = H”—“*”, for each n=0,1,2,...,
I l@ns1—2z*|
llzrn—2*]]

instead of the error bounds obtained in Theorem 2.1.
In view of (2.7) and the estimate

1F' (@) P (@) = [[F'(2") " (F'(2) = F'(a")) + 1|

< 1+ |[F' (@) (F (@) = F'a”)l < T+ ao(flz — 2*[])
condition (2.9) can be dropped and ¢ can be replaced by
q(t) =1+ qo(t)
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or
¢ =1+q(po) or q(t) =2,
since qo(po) < 1.

3. NUMERICAL EXAMPLES

The numerical examples are presented in this section.

Example 3.1. Let X =Y =R3 D = U(0,1),2* = (0,0,0)”. Define a function

Fon D by
-1
Flw) = (" = 1, ==y +3.2)",
where w = (z,y, 2)T. Then, the Fréchet-derivative is given by
e’ 0 0
Fv)=]1 0 (e—1y+1 0
0 0 1

Notice that using condition (2.8), we get qo(t) = (e — 1)t,q(t) = e=1t, and
@(t) = et

The parameters are py = 0.581976, p; = 0.38269, po = 0.38269, p3 = 0.2850,
pa = 0.186668, ps = 0.17217, pg = 0.161725, and p, = 0.288031.

Example 3.2. Let X =Y = C[0, 1], be the space of continuous functions defined
on [0, 1] equipped with the max norm. Let D = U(0, 1). Define function F' on D
by

Flp)(a) = pla) =5 [ abo(6)ds. (3.1
We have that
Fo(©)(x) = £(z) — 15 /O 200(0)%(0)d0 for each & € D.

Then, we get that z* = 0, qo(t) = 7.5t,¢(t) = 15t,¢:(t) = 15t. The parameters
are py = 0.13333,p; = 0.06666, ps = 0.0666, ps = 0.044, p; = 0.0358, ps =
0.0318636, ps = 0.0292235, and p, = 0.0552285.

Example 3.3. Let X =Y = ([0, 1], be the space of continuous functions defined

on [0, 1] equipped with the max norm. Let us define f on D = [—%, g) by
2lnx? +a2° —at, 2 #0,

Choose z* = 1. We also have that

f'(z) = 32% Ina? + 5* — 42 + 227,
f"(z) = 6z In2? + 202° + 122* + 10z,
and
f"(x) = 6Inz? + 602 — 24z + 22.

Notice that f”’(x) is unbounded on D. Hence, the results in [11], cannot apply
to show the convergence of method (1.2). Then, we get that 2* = 0, qo(t) = ¢(t) =
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147t, 1 (t) = 14 qo(po). The parameters are py = 0.006802, p; = 0.004535, py =
0.004535, ps = 0.00340, ps = 0.00173487, p; = 0.000843696, ps = 0.000353272,
and p, = 0.00340136.
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