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ABSTRACT. The existence of solutions to the strongly quasilinear parabolic
system

% —divo(z,t,u, Du) + g(z,t,u, Du) = f,

is proved, where the source term f is assumed to belong to Lpl(O,T;

WP (©; R™)). Further, we prove the existence of a weak solution by means
of the Young measures under mild monotonicity assumptions on o.

1. INTRODUCTION

Let © be a bounded open subset of R and let @ be the cylinder Q x (0,7)
with some given T' > 0. By 0@ we denote the boundary of () and M™*" the real
vector space of m x n matrices equipped with the inner product A : B = A; ;B; ;
(with conventional summation). Consider first the quasilinear parabolic initial-
boundary value system

Ou divo(z,t,u, Du) = fin Q,

ot
u(z,t) = 0 on 0Q, (1.1)
u(z,0) = up(x) in €,

where v : Q@ — R™. In (1.1) the right hand side f belongs to L¥' (0, T; W~ (Q; R™))
for some p € (1,00). In [13], Young introduced Young measure as a powerful tool
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to describe the weak limit of sequences. N. Hungerbiihler [3] obtained the exis-
tence of a weak solution for (1.1) by using the concept of Young measures. The
author assumed weak monotonicity assumptions on o.

If A(u) = —dive(x,t,u,Du), u : Q@ — R and A is a classical operator of
the Leray-Lions type with respect to the Sobolev space LP(0,T; Wol’p(Q;Rm))
for some 1 < p < oo, then the existence of solutions for (1.1) was proved in
[3, 10, 11, 12]. The authors required the strict monotonicity or monotonicity in
the variables (u, F) € 0 x R™. Nevertheless, we will not use the previous type of
monotonicity.

In this paper, we will be using the Young measures and Galerkin method to
prove the existence result for the following strongly quasilinear parabolic system

% —divo(xz,t,u, Du) + g(x,t,u, Du) = f in Q, (1.2)
u(z,t) = 0 on dQ, (1.3)
u(x,0) = ug(x) in Q. (1.4)

The problem (1.2)-(1.4) can be seen as a more general form of (1.1), where ¢ :
Q x R™ x M™*™ — R™. Similar problems to (1.2)-(1.4) were studied, we refer
the reader [1, 4, 0].

This article is organized as follows: in Section 2, we present our assumptions
and main result. Section 3 is a brief review of Young measures. Section 4 deals
with the Galerkin approximations and necessary a priori estimates. Section 5
concerns the identification of weak limits by means of Young measures, while
Section 6 is devoted to the proof of the main result.

2. ASSUMPTIONS AND MAIN RESULTS

Let © be a bounded open subset of R” and set @ = Q x (0,7) for T >
0. Throughout this paper, we denote @, = Q x (0,7) for every 7 € [0,T].
Consider the problem (1.2)—(1.4), where o : @ x R™ x M™*"™ — M™ " and
g:Q x R™x M™"™ — R™ satisfy the following assumptions:

(HO) o and g are Carathéodory functions (i.e., measurable w.r.t (z,t) € @ and
continuous w.r.t other variables).
(H1) There exist ¢; >0, 8> 0, d; € L”(Q) and dy € L'(Q) such that

lo(z,t,u, A)| < dy(z,t) + cl(|u|p_1 + |A|p_1),

oz, t,u, A): A+ g(x,t,u, A).A> —dy(z,1) + BIA]P.
(H2) o satisfies one of the following conditions:
(a) For all (z,t) € Q, A~ o(x,t,u, A) is a C'-function and is monotone,
that is, for all (z,t) € @, v € R™ and A, B € M™*"  we have
(o(z,t,u,A) — o(z,t,u,B)) : (A— B) > 0.

(b) There exists a function W : Q@ x R™ x M"*" — R such that o(z,t,u, A) =

%(x,t,u, A) and A — W(x,t,u, A) is convex and C! for all (z,t) € Q

and v € R™.
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(c) o is strictly monotone, that is, o is monotone and
(o(z,t,u, A) — o(z,t,u,B)) : (A—B)=0= A= B.
(d)
/Q/ (o, ., \) — o, b0, ) < (A — Ndw(N)dadt > 0,
Mmxn

where \ = (Vwp),id) and v = {V(g }@peq is any family of Young mea-
sures generated by a bounded sequence in LP(()) and not a Dirac measure
for a.e. (z,t) € Q.

(H3) g satisfies one of the following conditions:

(i) There exist c; > 0 and dy € L (Q) such that
(@, tu, A)| < do, ) + eaful”™ + [AP).

(ii) The function g is independent of the fourth variable, or, for a.e. (z,t) € Q
and all u € R™, the mapping A — g(z,t,u, A) is linear.

Remark 2.1. Assumptions (H1) and (H3)(i) state standard growth and coercivity
conditions. The assumption (H1)(b) allows to take a potential W (x,t, u, A) which
is only convex but not strictly convex in A € M™*™ and to consider (1.2) with
o(xz,t,u, A) = %—VX(x,t,u,A). Note that if W is assumed to be strictly convex,
then o becomes strict monotone. Thus, the standard method may apply. Finally,
(H2)(d) states the notion of strict p-quasimonotone in terms of gradient Young

measures.
We shall prove the following existence theorem.

Theorem 2.2. Suppose that the conditions (HO)—(H1) are satisfied. Let uy €
L2(Q;R™) and f € LY (0, T; W% (Q; R™)) be given. Then
(1) if o satisfies one of the conditions (H2)(a) or (b), then for every g satis-
fying (H3)(ii), the system (1.2)—(1.4) has a weak solution.
(2) if o satisfies one of the conditions (H2)(c) or (d), then for each g satisfying
(H3)(i), the system (1.2)—~(1.4) has a weak solution.
Remark 2.3. A simple model of our problem is as follows:

u _ div (|Du|P"*>Du) + |[ulP"*u = f in Q,

ot
u(z,t) = 0 on 0Q,
u(z,0) = up(x) in Q.
For the potential W, one can take W := %|A|p.

3. A REVIEW OF YOUNG MEASURES

In the following, Co(R™) denotes the closure of the space of continuous functions
on R™ with compact support with respect to the ||.||oo-norm. Its dual space can
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be identified with M(R™), the space of signed Radon measures with finite mass.
The related duality pairing is given by

(o) = [ el
Note that, as id(A\) = A then (v,id) = [, Addv(X).

Definition 3.1. Assume that the sequence {w;};>1 is bounded in L*(;R™).
Then there exist a subsequence {wy } and a Borel probability measure v, on R™
for a.e. x € Q, such that for almost each ¢ € C(R™) we have

o(wyg) =" @ weakly in L>(2),
where

pla) = [ eNin.

We call v = {v;},eq the family of Young measures associated with the subse-
quences {wy .

The fundamental theorem on Young measures may be stated in the following
lemma.

Lemma 3.2 ([5]). Let Q C R" be Lebesque measurable (not necessarily bounded)
and letw; : Q@ —R™, 7 =1,2,... be a sequence of Lebesgue measurable functions.
Then there exist a subsequence wy and a family {v,}.cq of nonnegative Radon
measures on R™, such that

(1) |Vl m@m) == Jgm dve < 1 for almost x € Q.
(ii) e(wg) —=* @ weakly in L>(QY) for all p € Co(R™), where B(x) = (vy, @).
(iii) If

Llim sup|{z € QN Bg(0) : |wy(z)| > L} =0 (3.1)
—0 L
for all R > 0, then ||v.|| = 1 for a.e. = € Q, and for all measurable

Q' C Q, there holds p(wy,) = @ = (v,, p) weakly in L*(Y) for a continuous
function ¢ provided the sequence p(wy) is weakly precompact in L'(Q).

The following lemmas are considered as the applications of the fundamental
theorem on Young measures (Lemma 3.2), which will be needed in what follows.

Lemma 3.3 ([7]). If || < oo and v, is the Young measure generated by the
(whole) sequence w;, then there holds

Wj — W N Measure < Uy = Oy(y) Jfor a.e. x € (L

Lemma 3.4 ([7]). Let F : QxR™xM™*" — R be a Carathéodory function and let
ug : Q2 — R™ be a sequence of measurable functions such that uy, — u in measure
and such that Duy, generates the Young measure v,, with ||Vy||paumxny = 1 for
almost every x € ). Then

liminf/ F(x,uk(x),Duk(x))dxz// F(z,u, \)dv,(\)dz,
! / men

k—00

provided that the negative part F~(x,ug(x), Dug(x)) is equi-integrable.
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Remark 3.5. (1) Lemma 3.4 is a Fatou-type inequality.

(2) Under condition (3.1), it was proved [2] that for any measurable ' C €,

90('7uk) - <VI>S0($’ )> in Ll(Q/)a

for every Carathéodory function ¢ : Q' xR™ — R such that {¢(., ug)} is se-
quentially weakly relative compact in L'(€'). Further, the author showed
that if u generates the Young measure v, then for o € L'(Q;Co(R™))
we have

k—o0

lim Qgp(a:,uk(x))dazz/g/m o(x, \)dvy(N)dz.

4. GALERKIN APPROXIMATION

We choose an L*(€; R™)-orthonormal base {w;};>; such that

—_C'@R™
{witiz1 C CP(QR™),  CP (S R™) C Y Vi E),

where Vj, = span{wy, ..., wi}. Define the following approach for approximating
solutions of (1.2)—(1.4):

up(z,t) = Z i (D) wi(z), (4.1)

where ay; : [0,7] — R are measurable bounded functions. Assume that u; €
LP(0, T; Wy (Q; R™)). Thus uy, satisfies the boundary condition (1.3) by con-
struction. For the initial condition (1.4), one can choose the initial coefficients
ag:(0) := (ug, w;) 2, with (.,.) denotes the inner product of L? such that

u(.,0) = Zaki(O)wi(.) —uy  in L*(Q)

as k — oo. To complete the construction of uy, it remains to determine the
coefficients ay;(t). For this, let & € N be fixed (for the moment), 0 < 7 < T
and I = [0,7]. Furthermore, we choose r > 0 large enough, such that the set
B,.(0) := B(0,7) C R* contains the vectors (a1x(0),...,ax(0)). Consider the
function
©:1x B,(0) > RF

k k

(t,aq,...,qk) — ((f(t),wj> - / a(x,t,Zaiwi,Zatii) : Dwj;dx

Q i=1 i=1

k k
_/g(m,t,zaiwi,Zatii).wjdx). 1 k’
Q =1 =1 J=150

where (.,.) denotes the dual pairing of W=7 (Q) and W,?(Q). The operator
© is a Carathéodory function by the condition (HO). Next, we will estimate
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©;. By using the conditions (H1) and (H3)(i), one gets together with the Hélder
inequality

k k
‘/O(x,t,Zaiwi,Zatii) : ijdx|
@ =1 i=1
k k / N N
< </ |o(2,t,> s,y a;Dw;)|” d:c) » (/ \ij\f’dx)p (4.2)
& i=1 i=1 Q

< c/dl(x,t)dx—i-c,
Q

and

k :
|/g(m,t,Zaiwi,Zatii).wjdx‘ < c/ do(z,t)dz + ¢, (4.3)
@ i=1 i=1 Q

where ¢ depends on k£ and r but not on .

Note that (4.2) and (4.3) are obtained by the following arguments: firstly, we
have W5 (€) € Wy™(Q) for s > 1+4n(3—1), secondly Dw; € W*1%(2) C L*=(Q)
for w; € W*2(Q). For the first term in the definition of ©, we have

[(Ft), w)| < NF @1 w51,

As a consequence, the j™ term of © can be estimated as follows:

1©,(t,0q,...,ar)| < c(r, k)b(t) (4.4)

uniformly on I x B,.(0), where ¢(r, k) is a constant, which depends on r and k,
and where b(t) € L*(I) does not depend on 7 and k. Thus, the Carathéodory
existence result on ordinary differential equations (cf. Kamke [9]) applied to the
system

O‘;(t) =0;(t,a1(t),...,ax(t)),
{ a;(0) = ay;(0), (4.5)

(for j € {1,...,k}) ensures the existence of a distributional, continuous solution
a; (depending on k) of (4.5) on a time interval [0, 7’), where 7/ > 0, a priori, may
depend on k. Furthermore, the corresponding integral equation

a;(t) = a;(0) + /0 O,(t,a1(s),...,ar(s))ds

holds on [0, 7’). Hence

up(z,t) = Z i (t)w; (z)

is the desired solution to the system of ordinary differential equations

0uk
—, W t Duy) : Dw;d t Duy).w;d
(at ’w])L2+/QO-(:Ea )y Uk, uk) W I-l—/ﬂg(ft, y Uk, uk:) w;ax (46)

= <f(t)7wj>;
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with the initial condition ug(.,0) = S2F | ap(0)w;(.) = uo in L*(Q) as k — oco.

Now, we will extend the local solution defined on [0, 7') to a global one. For this,

we multiply each side of (4.6) by ay;(t) and we sum. This gives for an arbitrary

time 7 € [0,7")
8uk

/Q Eukdxdt +/ (a(m,t,uk,Duk) : Duy, + g(x,t,uk,Duk).uk)dxdt

.

- / ), ),

which is denoted as I} + Iy = I3. By integrating and (H1), we have

1 1
I = iﬂuk(-ﬁ)ﬂzﬁ(m - §Huk(-aO)H%2(Q)7
and

L>— / dy(a,)dadt + B | |DuglPdadt.
, Q-
By Holder’s inequality

‘I3| < HfHLP’(O,T;W—LP'(Q))”uk”LP(O,T;WOl’p(Q))'

From the estimations on I, € = 1,2, 3, we deduce

[(i(7)) 2y gl = lur 7)) <

where ¢ is a constant independent of 7 (and of k).
Consider now

M := {t €[0,T) : there exists a weak solution of (4.5) on [0,1)}.

We have M is nonempty, because it contains a local solution. Moreover, thanks
to [8], we then have M is an open set which is also closed. Thus M = [0,T).
From the estimations on I, e = 1,2, 3, we conclude that the sequence (uy)y is
bounded in L?(0, T; Wy P (€; R™))NL>(0, T; L*(Q; R™)). Therefore, by extracting
a suitable subsequence (still denoted by (ug)x), we may assume
w, — win LP(0, T; Wy P (Q; R™)), (4.7)
up —* win L®(0,T; L*(Q;R™)). (4.8)
The function u € LP(0,T; Wy (€ R™)) N L>(0,T; L*(€; R™)) is a candidate to
be a weak solution for the problem (1.2)—(1.4). Using the growth condition in
(H1) and (H3), together with (4.7), we can extract a suitable subsequence of
{ —divo(z,t, uy, Duk)} and {g(x,t,uk, Duk)} such that
— divo(z, t, ug, Dug) — x in L' (0, T; WL (Q; R™)) (4.9)
and
g(z,t, ug, Dug) — € in L7 (0, T; W5 (Q; R™)), (4.10)
where y, & € LY (0, T; W17 (Q; R™)).
Since (uy,);, is bounded in L>(0,T; L*(Q;R™)), there exists a subsequence,
which is again denoted by (ug )y, such that

ug(.,T) — zin L*(; R™) as k — oo.
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We will prove that z = u(.,T) and u(.,0) = ug(.). For simplicity, we denote
u(.,T) as u(T') and u(.,0) as u(0). For every ¢ € C*([0,T]) and v € V}, j <k,
we have

/%vcbd:Edt%—/U(x,t,uk,Duk):Dv¢dxdt+/g(a:,t,uk,Duk),U¢dmdt
Q Q 0

= / fuodxdt.
Q
After integrating, one gets

/uk(T)qb(T)vd:c—/uk(O)qb(O)vdx:/ f.vgbdacdt—/ o(x,t,ug, Dug) : Dvodxdt
Q Q Q Q

—/ g(x,t,uk,Duk).wbdacdt—i—/ upvd dadt.
Q Q

We pass to the limit as £k — oo in the previous equality

/Q 6(T)vdz — /Q wyd(0)vda
_ /Q Foddedt — /Q oddrdt — /Q ¢ vodudt + /Q wodl dudt.

Let ¢(0) = ¢(T) = 0. Then

—/Qx.vgbdxdt—/Qf.mbdxdt—i—/(gf.vgbdxdt: —/qugb’dxdt

= / ovu'dxdt.
Q

Consequently, we obtain

/ngb(T)vdx—/Quogb(O)vdx:/ngvu'dxdt—k/qugb’da:dt

= / ugzﬁvdx’OT
Q

= / w(T)op(T)vdx — / u(0)p(0)vdx.
0 0
If we take ¢(T) = 0 and ¢(0) = 1, then we have u(0) = wy; if ¢(7) = 1 and
#(0) = 0, then u(T) = =.
The principal difficulty will be to identify x with —divo(z,t, u, Du) and £ with
g(x,t,u, Du).

5. IDENTIFICATION OF WEAK LIMITS BY MEANS OF YOUNG MEASURES

The Young measure is a device that comes to overcome the difficulty that
may arises when weak convergence does not behave as one desire with respect to
nonlinear functionals and operators. The following lemma describes limit points
of gradient sequences of approximating solutions.
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Lemma 5.1. If (Duy)y is bounded in LP(0,T; LP(Q)), then (Duy) can generates
the Young measure vy which satisfy ||V || = 1, and there is a subsequence of
(Duy) weakly convergent to [y, Mz (X) in L'(0,T; L'(Q; R™)).

Proof. To prove the first part of Lemma 5.1, it is sufficient to show that (Duy)
satisfies equation the (3.1). Since (Duy) is bounded, it follows that there exists
¢ > 0 such that

cZ/]Duk\pdxdtZ/ | Dug|Pdxdt
Q {(z,t): | Dug (2,t)|>L}

> LP|{(z,t) : |[Dug(z,t)| > L}|.

Thus

sup H(fat) : | Duy(z,t)| > L}‘ < I 0, as L — oo.
keN Lpr

According to Lemma 3.2(iii), ||vy| = 1.

For the remaining part, the reflexivity of L?(0,7"; L(Q2)) implies the existence
of a subsequence (still denoted by (Duy)) weakly convergent in LP(0,T'; LP(52)),
thus weakly convergent in L'(0,T; L'(Q2)). By Lemma 3.2(iii) and by taking ¢
as the identity mapping #d, it result that

Duk — <V(x,t), id) = / )\dl/(x,t)()\) weakly in Ll (0, T; Ll(Q)).

MmXxn

O

Lemma 5.2. For almost every (z,t) € Q, V() satisfies the following identifica-
tion
(V) id) = Du(z,t).
Proof. Since wuy, — u in LP(0,T; Wy P(€; R™)) and u;, — u in LP(0, T; LP()), we
have
Duy, — Duin LP(0,T; L*(Q2)).
Moreover, Duj, — Du in L'(0,T; L*(Q2)) (up to a subsequence). By virtue of
Lemma 5.1, we can infer that
Du(x,t) = (V(gy), id) for a.e. (z,1) € Q.
O

The following lemma, namely div-curl inequality, is the key ingredient to pass
to the limit in the approximating equations and to prove that the weak limit u
of the Galerkin approximations uy is indeed a solution of (1.2)—(1.4).

Lemma 5.3. The Young measure v, generated by the gradients Duy of the
Galerkin approrximations uy has the following property:

/ / (o(x,t,u,\) — o(2,t,u, Du)) : (A — Du)dy(z(N)dzdt < 0.
Q MmXn



66 E. AZROUL, F. BALAADICH
Proof. Let us consider the sequence
Ji := (o(z,t,u, Duy) — o(z,t,u, Du)) : (Duy, — Du)
= o(z,t,u, Dug) : (Dug — Du) — o(x,t,u, Du) : (Duy — Du)
= Jp1 + Jpa.
We have by the growth condition (H1) that

/ o (, t, u, Du)[P'dzdt < c/ (]dl(x,t)]p/ + |ul? + | DulP)dzdt,
Q Q

and since u € LP(0,T; W, (Q)) we obtain o € L¥ (0, T; W~ (Q)). By virtue of
Lemma 5.1, it follows that

Jo — o(x,t,u, Du) : (/ Adv(z(A) — Du),
MmXn

which gives by Lemma 5.2 that J,o — 0 as k — oo.
Since (uy) is bounded, then u, — u in LP(0,T; Wy (Q; R™)) and in measure on
Q. It follows from the equi-integrability of o(z,t, uy, Duy) and Lemma 3.4, that

J = liminf/ Jpdxdt = liminf/ Jpadxdt

> / / o(x,t,u,A) (A= Du)dy (N dzdt.
Q MmXn

To get the result, it is sufficient to prove that J < 0. On the one hand, we have

T
lim inf — / o(x,t, ug, Duy,) : Dudxdt = —/ (x,u)dt
Q 0

k—o0

1 1 T (52)
= e = SOl — [ (e + [ oo

where we have used the following energy equality related to x and &:
1 S S S 1
sluts)le+ [oade+ [t = [ (7.0 + S0l
0 0 0

for all s € [0,7]. On the other hand, by the Galerkin equations

/ o(x,t, ug,Duy) : Dugdzdt
Q

/ (f, ug dt—/ %ukdt /g(av,t,uk,Duk).ukdmdt.

We pass to the limit inf in the last equation and using the fact that ug(.,0) —
up(r) = u(z,0) and up(., T) — u(.,T) in L*(2;R™), we get

liminf/a(x,t,uk,Duk) : Dugdxdt
Q

k—o0

(5.3)
T 1 1
< [ 4t = Gt D+ 10 — [ ot
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Due to (5.2) and (5.3)

k—o0

J = lim inf/ o(z,t, u, Dug) : (Dug — Du)dzdt < 0.
Q
According to Lemma 5.2

/ / o(x,t,u, Du) : (A = Du)dvg s (N)dadt = 0.
Q MmXn

This together with (5.1) imply the needed result. O
Lemma 5.4. Suppose that v(,y) satisfies the inequality of Lemma 5.3. Then for
a.e. (x,t) € Q we have

(o(z,t,u,A) — o(z,t,u, Du)) : (A\—Du) =0 on SuppViy).
Proof. We have by Lemma 5.3, that

/ / (o(x,t,u,\) — o(x,t,u, Du)) : (A = Du)dy(zzy(N)dzdt < 0.
Q MmXn

The above integral is nonnegative, and this is according to the monotonicity
assumption of o. Hence, it must vanish almost everywhere with respect to the
product measure dv(; 4)(\) ® de ® dt. Consequently, for almost all (z,t) € Q

(o(z,t,u, ) — o(x, t,u, Du)) : (A\—Du) =0 on supp V(.

6. PROOF OF THE MAIN RESULT

In this section, we give the proof of Theorem 2.2 based on the two cases listed in.
We start with the case (2) where we have supposed that o satisfies the condition
(c) or (d).

Note that, in these cases, we will prove that we may extract a subsequence
with the property

Duy, — Du  in measure on Q. (6.1

Case (c): By strict monotonicity, it follows from Lemma 5.4 that supp v, ) =

{Du(z,t)}, thus vy = dpuy for ae. (z,t) € Q.

Case (d): Suppose that v, ) is not a Dirac measure on a set (z,t) € Q'
Q of positive Lebesgue measure |Q'| > 0. Since [|vp| = 1 and Du(z,t)
(Vi) id) = A, it follows from the strict p-quasimonotone that

0< / / (o(z,t,u,A) — oz, t,u,N)) : (A= N)dyg (N dzdt
Q MmXxn

N

= / / o, t,u, A) 1 (A = N)dv(gp(N)dadt.
Q mXn
Hence

/ / o(x,t,u, A) : Mdy(g (N)dzdt > / / o(x,t,u, A) : Dudy ) (N)dxdt.
Q MmXxn Q MmXn
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From Lemma 5.3 and the above inequality, we get

/ / o(x,t,u,\) : Dudy(y ) (N)dedt > / / o(z,t,u, \) : Addy (g ) (N)dzdt
Q MmXxn Q MmXn

>// o(z,t,u, \) : Dudy(y ) (N)dedt
Q MmXn

which is a contradiction. Hence v(, ;) is a Dirac measure. Assume that v =
5h(a:,t)- Then

h(ib‘,t) = / )\ddh(m)()\) = / )\d’/(m,t)O\) = Du(m,t).
MmXxn MmXn

Thus V(x’t) = 5Du(m,t)-

To complete the proof of this part, we argue as follows: we have v =
Opu(zy) for ae. (z,t) € Q. Then by Lemma 3.3 Du;, — Du in measure on
Q@ as k — oo, and thus o(x,t, ux, Duy) — o(z,t,u, Du) and g(z,t,ug, Duy) —
g(x,t,u, Du) almost everywhere on @) (up to extraction of a further subsequence).
Since by (H1) and (H3)(i) the sequences o(z,t, uy, Duy) and g(x,t, ug, Duy) are
bounded. It follows that o(z,t, ux, Dug) — o(x,t,u, Du) and g(z,t, ux, Dug) —
g(z,t,u, Du) in LP(Q), for all 8 € [1,p') by the Vitali convergence theorem. It
then follows that

—divo(z,t, ug, Dug) = x = —divo(z, t, u, Du) (6.2)
and
g('r?taukaDuk) Afzg(%t,u,Du). (63)

These properties are sufficient to pass to the limit in the Galerkin equations and
to conclude the proof of the part (2) of Theorem 2.2.

For the remaining part (i.e., the first part) of Theorem 2.2, we note that the
property (6.1) does not hold (in general), but we will obtain o(x, ¢, uy, Duy) —
o(z,t,u,Du) and g(z,t, uy, Dug,) — g(x,t,u, Du) in L”(Q). To do this, we
need the convergence in measure of the sequence uy. Since (uy)r is bounded
in LP(0,T; Wy P (€; R™)), we have then u, — u in LP(0,T; Wy”(Q;R™)) and in
measure on ) as k — oc.

Case (a): We prove that for a.e. (z,t) € @ and every u € M™*™ the following
equation holds on supp v, )

oz, t,u,\) : p=o(z,t,u,Du) : p+ (Vo(z,t,u, Du)) : (A — Du), (6.4)

where V denotes the derivative with respect to the third variable of . Due to
the monotonicity of o, we have for all 7 € R

0< (o(z,t,u,\) — o(z,t,u, Du+7p)) : (A= Du—TA)
=o(x,t,u,A) : (A — Du) —o(z,t,u,A) : 7w — o(x, t,u, Du+ 1) : (A — Du — Tp)
=o(x,t,u, Du) : (A — Du) —o(z,t,u, \) : Tu — o(x,t,u, Du+ 7)) : (A — Du — 1),
by Lemma 5.4. Hence

—o(z,t,u,N) i T > —o(x,t,u, Du) : (A—Du)+o(z,t,u, Du+Tp) : (A—Du—Tp).
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Using the fact that
o(z,t,u, Du+ tu) = o(z,t,u, Du) + Vo(z,t,u, Du)Tiu + o(T)
to deduce

—o(z, tyu, ) T > T((Va(x,t, u, Du)p) : (A= Du) — o(z,t,u, Du) : ,u) +o(7).

Since the sign of 7 is arbitrary in R, the above inequality implies (6.4). On the
other hand, the equiintegrability of o(x, t, ux, Duy) implies that its weak L!'-limit
7 is given by

o= / o(x,t,u, \)dvg(A)
SUPD V(4.¢)

(64) / (o(z,t,u, Du) + Vo (z,t,u, Du) : (Du — X)) dyzy(N)
SUPP V(s 1)
= o(x,t,u, Du),
where we have used ||v,|| = 1 and [, (Du — N)dvz(A) = 0.
Evidently,

UPP V(z,t)

o(x,t,ug, Dug) — o(z,t,u, Du) in LPI(Q).

Case (b): We start by proving that for almost all (z,t) € Q, supp vy C
K (.4, where
Kpy = {Ne M™" : W(z,t,u,\) = W(x,t,u, Du) + o(z,t,u, Du) : (\— Du)}.
If A € supp v(44), then by Lemma 5.4
(1—7): (o(z,t,u,A) — o(z,t,u,Du)) : (A\—Du) =0 V7 €[0,1]. (6.5)
The monotonicity of o together with (6.5) imply
0<(1=7): (o(z,t,u,Du+7(\— Du)) — o(z,t,u,\) : (Du—N) (6.6)
=(1—71): (o(z,t,u, Du+ 7(A = Du)) — o(z,t,u, Du)) : (Du— N).

Again by the monotonicity of o and 7 € [0, 1], it follows that the right hand side
of (6.6) is nonpositive, because

(o(z,t,u, Du+7(A— Du)) — o(z,t,u, Du)) : 7(A — Du) > 0,
which implies for all 7 € [0, 1]
(o(z,t,u, Du+7(A = Du)) — o(z,t,u, Du)) : (1 — 7)(A — Du) > 0.
Thus, for all 7 € [0, 1]
(o(z,t,u, Du+7(X— Du)) — o(z,t,u, Du)) : (A — Du) =0,
whenever A € supp v, 4. From the hypothesis of the potential W we get

1
Wiz, t,u,\) = W(z,t,u, Du) + / U(:U,t, u, Du+ 7(\ — Du)) : (A= Du)dr
0
= Wi(x,t,u, Du) + o(z,t,u, Du) : (A — Du).
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We conclude that A € K, ), i.e., supp V() C K(,). Due to the convexity of W,
we have for all A € M"™*"
Wiz, t,u,\) > Wi(x,t,u, Du) + o(z,t,u, Du) : (A — Du).
For all A € K(,4), put
F\) =W(z,t,u,\) and G(\) = W(x,t,u, Du) + o(z,t,u, Du) : (A — Du).

Since A — F'()\) is continuous and differentiable, it follows for p € M™*™ and
TeR
FA+71u)—F\) _ GOA+7u) —G(N)
T T

FA+71u)—F(\) _ G\+7u) —G(\)

T

v

if 7> 0,

if 7 <O.

IN

-
Consequently, DF = DG, i.e.,
o(x, t,u,\) = o(x,t,u, Du) YN E Ky D supp V.

Hence

6:/ o(x,t,u, \)dviy(N) :/ o(x, t,u, \)dvig(N)
Mmxn SUPP V(z ¢)

— / o(x, t,u, Du)dvi s (N) 6.7
SUPP V(4,1)

= o(x,t,u, Du).

This shows that o(z,t,uy, Dug) — o(z,t,u, Du) in L'(Q), and we will show the
strong convergence. Consider the Carathéodory function

h(z,t,s,\) = |a(x,t, S, A) — E(x,t)|, seR™ Xe M™ ",

We have o(x,t,u;, Duyg) is weakly convergent in L” (@), hence equi-integrable.
This implies the equi-integrability of hy(z,t) := h(z,t, ug, Dug) and

hkéﬁ in Ll(Q),
where

h(z,t) = /R . h(z,t, 5, A)ddy)(s) @ dvizey(N)
- / ‘a(x, tyu, \) — E(x,t)’dy(x7t)()\)
men

= / ‘CT(.CI?, tyu,\) — E(x,t)’du(m)()\) =0,
SUPD V(1)

by (6.7). Since hy > 0, it follows that
h, — 0 in LYQ).

Using the fact that hy is bounded in LP'(Q) together with the Vitali convergence
theorem, we conclude that o(x,t,uy, Dug) — o(x,t,u, Du) in L” (Q).
From cases (a) and (b), we have

o(z,t,up, Dug) — o(x,t,u, Du) in  LP(Q).
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remains then to prove that g(z,t, ugy, Dug) — g(z, tu, Du) in L' (Q). If g does

not depend on the third variable, then by the convergence in measure of u; to

u

and the continuity of g, we get the needed result. On the other hand, if ¢ is

linear in A € M™*", then

where we have used Du(z,t) = |,

g(:l:,t,uk,Duk) - g(m,t,u, )‘)dy(z,t)<)\)
MmXn

=g(z,t,u,.)o / AdV (g4 (N)
men

- g(x7t7 u7 ‘) © Du - g(x7 t7u7 Du)?

Mmxn )\dy(x,t) ()\>
In conclusion, we can now pass to the limit in the Galerkin equations. Note

that the energy equality

T
0

1 T T 1
D+ [ v [ ade= [ (e G0l

holds true with x replaced by —divo(z,t,u, Du) and £ by g(z,t,u, Du).

11.

12.

13.
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