Khayyam J. Math. 6 (2020), no. 1, 104-107
DOL: 10.22034/kjm.2019.97176

Khayyam Journal of [Vlathematics

emis.de/journals/KJM
kjm-math.org

ON THE NORM OF JORDAN xDERIVATIONS
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ABSTRACT. Let H be a complex Hilbert space and let B(H) be the algebra of
all bounded linear operators on H. Let T € B(H). In this paper, we determine
the norm of the inner Jordan *-derivation Ar : X — T X — X*T acting on the
Banach algebra B(H). More precisely, we show that

[Az][ =2 sup [Im())]
AEWH(T)

in which Wy(T') is the maximal numerical range of operator 7.

1. INTRODUCTION AND PRELIMINARIES

Let 2 be a x-algebra. A Jordan x-derivation on 2l is a linear mapping FE :
2 — 2 which satisfies

E(a*) = aE(a) + E(a)a*

for all @ € 2A. Note that for a fixed a € 2 the mapping A,(x) = ar — x*a is a
Jordan *-derivation; such a Jordan *-derivation is said to be inner.
In [1, 4], we can see the following results:

(1) Every Jordan #-derivation on complex -algebra with identity is inner.

(2) Every Jordan x-derivation on the algebra of all bounded linear operators
on a real Hilbert space H with dim#H > 1, is inner.

(3) Every Jordan -derivation on the quaternion algebra is inner.

Let H be a complex infinite dimensional Hilbert space and let B(#H) be the

Banach algebra of all bounded linear operators on H. For operators A, B € B(H),
we define the generalized Jordan %-derivation A, g by

App(X)=AX — X*B
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for all X € B(#H). Note that if A = B, then Ay o = Ay is a Jordan s-derivation.
The notion of numerical range (also called field of values) was firstly introduced
by O. Toeplitz [6] in 1918 for matrices, but his definition applies equally well to
operators on infinite dimensional Hilbert spaces.
The numerical range of A € B(H) is defined by W(A) = {(Az,z) : © €
H, ||z|| = 1} and the numerical radius of A is defined by w(A) = sup{|\| : X €
W(A)} where (.,.) and ||.|| stand, respectively, for the scalar product on # and

the norm associated with it. In [3], it was shown that W (A) is a compact convex
subset of C and that o(A) C W(A), where o(A), the spectrum of A, consists of
those complex numbers A such that A — AT is not invertible. The spectral radius is
given by 7(A) = sup{|A| : A € 0(A)}. The relation between the numerical range
and the spectrum of an operator has been studied by several mathematicians;
see, for instance, [2, 3].

The concept of maximal numerical range was introduced by Stampfli [5] for
proving the norm of a derivation.

Definition 1.1. Let A be a bounded linear operator on a complex Hilbert space
‘H. The maximal numerical range of A is defined to be the set

Wo(A) = {A € C: (Az,,x,) — A, where ||z,|| =1 and ||Az,|| — [|A[}.

It was shown in [5, Lemma 2] that Wy(A) is convex and is contained in the
closure of W (A).

In the next section, we investigate the norm of an inner Jordan x-derivation
Ar: X — TX — X*T acting on B(H). We show that

If A € Wo(T), then ||Az|| > 2(|| 7|2 — [A?)2.
HAT” > 2 SUPyewy () |Im(A)].

|Ar|| = 2||T|| if and only if 0 € Wo(T) .

If i||T|| € Wo(T), then ||Ap|| = 2[|T.

2. MAIN RESULTS

Using some techniques from [5], we have the following result.

Theorem 2.1. Let H be a Hilbert space and let T € B(H). If X € Wo(T), then
1AT] = 2| T|* — [A]?)=.

Proof. Suppose that A € Wy(T'). Then there exists a sequence {x,} C H such

that ||z, || = 1, lim, |Tz,|| = [|T'|| and lim,, (T2, z,, ) = A. Set Tz, = @+ Bayn
in which (,,,y,) = 0 and [Jy,|| = 1 for all n € N. Hence

|<T(L'n,l'n>| = |<anxn +Bnyn7mn>| = |an| — A
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Now for all n € N define V,, : H — H by V,(z,) = z,, Vi(yn) = —y, and
V., = 0. It is easy to see that V* = V|, and

span{xn,yn }J—

[Ar(V) ()| = [[(TVi = ViT)(za)||
HT.CEn — V¥ (apx, + Bnyn)H
= Hoznxn + Bl — Qpy + ﬂnynH
= 2|5n|
Since 0 < lim, (| 7] = ||T,||?) = lim, (|| T]|* = Jow|* = [Ba]?) = 0, there exists
a sequence {¢,} C R such that ¢, — 0 and 0 < (|7 — |an|?)? — [Ba] < le,.
Using |a,| — A and || A7(V,) (2] = 218.| = 2(||T|1* - lan|?)2 — &, implies that
[Az]| = 2(| T = [A]?)2. O
Now, The following corollary shows the relation between the norm of Ar and

the maximal numerical range.

Corollary 2.2. Let H be a Hilbert space and let T € B(H). Then ||Ar|| = 2||T|
if and only if 0 € Wo(T).

Proof. Let 0 € Wo(T). By Theorem (2.1), we can conclude that ||Ar| > 2||T|
and that the upper estimate ||Ar|| < 2[|T| is trivial, so ||Ar|| = 2||T.

Now, let ||Az|| = 2||T||. Then there exist sequences {z,} € H and A, C B(H)
such that ||z, | = [[Ax]l = 1 and ||Ar(Ay)(2,)|| = 2||T]]. Since lim, [|Ayz, | = 1,

we have lim, || Tz, | = ||T|| and lim, || TA,z,| = ||T||, lim, [|Afz,| = 1.
Set y, = TApz, + A;Tx,. Using the lim, |Ar(A,)(z,)|| = 2[|T|| implies
that lim, ||y,|| = 0. Since T is a bounded operator, there exists a subsequence

{,,} such that (T,,,x,, ) is a convergence sequence. Therefore, without loss
of generality, one can assume that lim,, <Txn, xn> = \; hence A € Wy(T). On the
other hand, lim,, <TAnxn, Anxn> = —\ because

<TAn£Cn, Ana:n> = < — A Tx, + yn, An:z:n>
—<A;Tmn, Anmn> + <yn, Anxn>

= —<T:cn, Ai:vn> + <yn, Anxn>

= —<Tmn, xn> + <Txn,xn — Aixn> + <yn, Anxn>.
The equality lim,, |A,z,| = 0 implies lim,, ||z, — A%z, || = 0, and so

lirrln <Txn, Ty — Aixn> =0, liqgn <yn, Anxn> =0.
Hence, lim,, <TAnxn, Anxn> = lim,, —<Txn, :cn> = —\, and therefore —\ € Wy(T).
Since we have —\, A € Wy(T') and Wy(T') is convex, 0 = sA+3(=\) € Wo(T). O
In the following theorem, we give a lower bound for HATH

Theorem 2.3. Let H be a Hilbert space and let T € B(H). Then

|A7||>2 sup [Im(N)].
AeEWH(T)
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Proof. Let A € Wy(T'). Then there exists a sequence {x,} C H such that ||z,| =
1,lim, |Tz,| = ||T|| and lim, (Tz,, z,) = A. Hence,
AT (2 @ Ty) (20)]] = T (20 @ Tay)(@n) — (0 @ Ty) T ()|
= |T(xn ® Twn)(2n) — (Ton @ )T ()]
= |T({xn, Txn)xn) — (T2, 00) Ty |
= |{xn, Te)Tx, — (T, x0)Ta,||
= [(zn, Twn) = (Tan, z)|[| T

But since
A7 (20 © T) (za) || < [T A,
we have
(0, Ten) — (T, ) || Tl < T[] Az |-
Therefore
tin | (2, Ta) — (T, 2, [Tl < lim | T Aq]
A= MIT| < |IT[l]| Az
=A< QA
2|Im(N\)| < HHATH
Then

|A7]| >2 sup [Im(N)].
AEWH(T)

Corollary 2.4. If i||T|| € Wo(T), where i* = —1, then || Ar|| = 2||T]|.
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