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ON THE ARENS REGULARITY OF A MODULE ACTION AND
ITS EXTENSIONS
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Abstract. It is known that if the second dual A∗∗ of a Banach algebra A is
Arens regular, then A is Arens regular itself. However, the converse is not true,
in general. Young gave an example of an Arens regular Banach algebra whose
second dual is not Arens regular. Later Pym has polished Young’s example for
presenting more applicable examples. In this paper, we mimic the methods of
Young and Pym to present examples of some Arens regular bilinear maps and
module actions whose some extensions are not Arens regular. Finally, some
relationships between the topological centers of certain Banach module actions
are investigated.

1. Introduction and preliminaries
Let f : X ×Y → Z be a bounded bilinear map on normed spaces. Following [1],
there are two natural extensions f ∗∗∗ and f t∗∗∗t from X ∗∗ × Y ∗∗ to Z ∗∗ , where the
adjoint f ∗ : Z ∗ × X → Y ∗ of f is defined by
hf ∗ (ζ, x), yi = hζ, f (x, y)i

(x ∈ X , y ∈ Y, ζ ∈ Z ∗ )

and f ∗∗ = (f ∗ )∗ and f ∗∗∗ = (f ∗∗ )∗ . The extension f t∗∗∗t can be defined similarly,
in which f t : Y × X −→ Z is the flip map of f defined by f t (y, x) = f (x, y) (x ∈
X , y ∈ Y).
It can be readily verified that f ∗∗∗ is the unique extension of f that is w∗ separately continuous on X × Y ∗∗ , and f t∗∗∗t is the unique extension of f that is
w∗ -separately continuous on X ∗∗ × Y. The left and right topological centers of f
are defined by
Z` (f ) = {% ∈ X ∗∗ :

f ∗∗∗ (%, ρ) = f t∗∗∗t (%, ρ) for every ρ ∈ Y ∗∗ },
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and
Zr (f ) = {ρ ∈ Y ∗∗ :

f ∗∗∗ (%, ρ) = f t∗∗∗t (%, ρ) for every % ∈ X ∗∗ },

respectively. Clearly, X ⊆ Z` (f ), Y ⊆ Zr (f ), and Zr (f ) = Z` (f t ).
A bounded bilinear mapping f is said to be Arens regular if f ∗∗∗ = f t∗∗∗t . This
is equivalent to Z` (f ) = X ∗∗ as well as Zr (f ) = Y ∗∗ . The mapping f is said to
be left (right) strongly Arens irregular if Z` (f ) = X (Zr (f ) = Y). The same
extensions for a triple map were explicitly studied in [10].
If π is the multiplication of a Banach algebra A, then π ∗∗∗ and π t∗∗∗t are the
first and second Arens products on A∗∗ , respectively. In this case, we write
Z` (A∗∗ ) and Zr (A∗∗ ) instead of Z` (π) and Zr (π), respectively. A Banach algebra
A is called Arens regular, left strongly Arens irregular, or right strongly Arens
irregular if the multiplication π of A has the corresponding property.
Let X be a Banach A-bimodule and let π` : A × X → X , πr : X × A → X be
the left and right module actions of A on X , respectively. Then X ∗ is a Banach
A-bimodule with module actions πrt∗t and π`∗ . Similarly, for every positive integer
n, X (n) is a Banach A-bimodule with the left module action π`n : A×X (n) → X (n)
and the right module action πrn : X (n) × A → X (n) , where π`n = πrt∗t
and πrn =
n−1
∗
π`n−1 . It is clear that Z` (πrn−2 ) ⊆ Z` (πrn ) and Zr (π`n−2 ) ⊆ Zr (π`n ). Furthermore,
πrn and π`n are extensions of πrn−2 and π`n−2 , respectively. For more information
on the relation between topological centers of certain module actions see [6, 11].
Arens regularity and strong Arens irregularity of bilinear maps and certain
module operations were investigated by many authors; see, for example, [2–9, 11,
13] and the references therein. Our main aim is to continue the same investigations on some extensions of certain bilinear maps and module actions.
For a Banach algebra A, it is clear that if A∗∗ is Arens regular, then so is
A. However, the converse is not true in general. Young [14] gave an example
of an Arens regular Banach algebra whose the second dual is not Arens regular.
Young’s example has polished by Pym [12] to give a more applicable example.
In this paper, we mimic the methods of Young and Pym to give an example of
an Arens regular bilinear map (module action) whose third adjoint is not Arens
regular. Finally, we compare the topological centers of certain module actions.
2. Arens regularity of certain direct products of bilinear maps
In [8, Theorem 2.2] (see also [9, Corollary 5.2]), it has been shown that a Banach
algebra A with a bounded approximate identity is reflexive if and only if π ∗ is
Arens regular. The following result studies the same facts for some other right
module actions.
Proposition 2.1. Let X be a Banach A-module equipped with the module actions
πr and π` . Then the following statements hold:
(i) If π`1 is Arens regular and πr2 (%, A) = X ∗∗ , for some % ∈ X ∗∗ , then X is
reflexive.
(ii) If A is Arens regular and πr2 (%, A) = X ∗∗ , for some % ∈ X ∗∗ , then πr2 is
Arens regular.
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(iii) If A has a bounded right approximate identity for X , then πr∗2 is Arens
regular if and only if X is reflexive.
Proof. The assertions (i) and (ii) follow from [13, Theorem 2.2, Theorem 3.2],
respectively. For (iii), note that πr∗ = πr∗2 |X ∗ ×X . Therefore Arens regularity of
πr∗2 implies it for πr∗ , so by [11, Proposition 3.6] X is reflexive. The converse is
clear.

Let f : X × Y → Z be an Arens regular bilinear map and let M, N , and
W be closed subspaces of X , Y, and Z with embedding maps JM , JN , and JW ,
respectively. Then the restricted bilinear mapping g : M × N → W such that
JW ◦ g = f ◦ (JM × JN ), or equivalently g(m, n) = f (m, n) (m ∈ M, n ∈ N ), is
also Arens regular. In particular, every closed subalgebra of an Arens regular
Banach algebra is itself Arens regular. Based on the above observation and
motivated by the extensive works [12, 14], we provide an Arens regular right
module action πr whose extension πr2 is not Arens regular. In particular, we
apply this to show that there exists an Arens regular bilinear map whose third
adjoint is not Arens regular. For this, we start with the following definition.
Definition 2.2. Let {fn : Xn × Yn → Zn } be a uniformly bounded family of
bilinear mappings. Then we define the direct product Πfn and the restricted
direct product Π0 fn of the above family by
Πfn : ΠXn × ΠYn → ΠZn
((xn ), (yn )) 7→ (fn (xn , yn ))
and
Π0 fn : Π0 Xn × Π0 Yn → Π0 Zn
((xn ), (yn )) 7→ (fn (xn , yn )),
respectively, where
ΠXn = {(xn ) : xn ∈ Xn , kxk = sup kxn k < ∞}
and
Π0 Xn = {(xn ) ∈ ΠXn : ∀ > 0; kxn k >  for only finitely many i}.
Note that since (Π0 Xn )∗∗ = (⊕Xn∗ )∗ = ΠXn∗∗ (see [12]) and the bilinear mappings
(Π0 fn )∗∗∗ : (Π0 Xn )∗∗ × (Π0 Yn )∗∗ → (Π0 Zn )∗∗
and
Πfn∗∗∗ : ΠXn∗∗ × ΠYn∗∗ → ΠZn∗∗
are two extensions of Π0 fn , which are w∗ -separately continuous on (Π0 Xn ) ×
(Π0 Yn )∗∗ , by the uniqueness of such extensions, we have (Π0 fn )∗∗∗ = Πfn∗∗∗ . A
similar argument also shows that (Π0 fn )t∗∗∗t = Πfnt∗∗∗t .
Now if {fn } is a family of Arens regular bilinear mappings, then
(Π0 fn )∗∗∗ = Πfn∗∗∗ = Πfnt∗∗∗t = (Π0 fn )t∗∗∗t ,
and so Π0 fn is Arens regular.
The latter observation leads us to the next result.
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Theorem 2.3. There exists an Arens regular right module action πr such that
πr2 is not Arens regular.
Proof. For each integer n, let Zn be the cyclic group of order n and let πn be
the pointwise multiplication of the Banach algebra c0 (Zn ). Then the reflexivity
of c0 (Zn ) implies that the module action πn∗ : l1 (Zn ) × c0 (Zn ) → l1 (Zn ) is Arens
regular and so the right module action πr = Π0 πn∗ is Arens regular.
On the other hand, Let ρn be the pointwise multiplication of l∞ (Zn ). Then
for the right module action ρr = Πρn |Π0 c0 (Zn )×Πl∞ (Zn ) : Π0 c0 (Zn ) × Πl∞ (Zn ) →
Π0 c0 (Zn ) and the identity {1`∞ (Zn ) } of Πl∞ (Zn ), we have ρr2 {1`∞ (Zn ) }, {an } =
{an }, for each {an } ∈ Π`∞ (Zn ). Since Π0 c0 (Zn ) is not reflexive, the part (i) of
Proposition 2.1 implies that ρ`1 : Π`∞ (Zn ) × ⊕`1 (Zn ) → ⊕`1 (Zn ) is irregular and
so its extension πr2 : Π`∞ (Zn ) × Π0 c0 (Zn ) → Π`∞ (Zn ) is also irregular.

For each natural number n, consider the Hilbert space Hn = Cn , and let πn
be the multiplication of the operator algebra K(Hn ). Then a similar proof as
above implies that the right module action πr = Π0 πn∗ : Π0 L1 (Hn ) × Π0 K(Hn ) →
Π0 L1 (Hn ) is Arens regular while πr2 is not regular.
From Theorem 2.3, we obtain an Arens regular right module action πr whose
third adjoint πr∗∗∗ (an extension of πr2 ) is not Arens regular.
Corollary 2.4 ([12, 14]). There exists a sequence of Arens regular bilinear mappings {fn } such that Πfn is not Arens regular.
Proof. With notations of Theorem 2.3, πn∗ is Arens regular, for each n, while
πr∗∗∗ = Ππn∗ is not Arens regular.

3. Arens regularity of certain module actions
Let M and W be the closed subspaces of the normed spaces X and Z, respectively, and let g : M × Y → W and f : X × Y → Z be bounded bilinear maps in which f is an extension of g. Then Zr (f ) ⊆ Zr (g). Indeed,
if ρ ∈ Zr (f ), η ∈ M∗∗ , ω ∈ W ∗ , JM : M → X , and JW : W → Z are the
embedding maps and IY is the identity map on Y, then there is ζ ∈ Z ∗ such
∗
that JW
(ζ) = ω. On the other hand, since f is an extension of g, we have
JW ◦ g = f ◦ (JM × IY ). Therefore
∗
hg ∗∗∗ (η, ρ), ωi = hg ∗∗∗ (η, ρ), JW
(ζ)i
∗∗ ∗∗∗
= hJW
(g (η, ρ)), ζi

= h(JW ◦ g)∗∗∗ (η, ρ)), ζi
= h(f ◦ (JM × IY ))∗∗∗ (η, ρ)), ζi
∗∗
= hf ∗∗∗ (JM
(η), ρ), ζi
∗∗
= hf t∗∗∗t (JM
(η), ρ), ζi

= h(f ◦ (JM × IY ))t∗∗∗t (η, ρ)), ζi
= h(JW ◦ g)t∗∗∗t (η, ρ)), ζi
∗∗ t∗∗∗t
= hJW
(g
(η, ρ)), ζi
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∗
= hg t∗∗∗t (η, ρ), JW
(ζ)i

= hg t∗∗∗t (η, ρ), ωi.
Hence ρ ∈ Zr (g). In particular, we have the following result for the right module
actions.
Theorem 3.1. Let A be a Banach algebra and let X be a right Banach A-module
with the right module action πr : X × A → X . Then Zr (πrn ) ⊆ Zr (πrn−2 ), for
each n ≥ 2.
Theorem 3.1 establishes an inclusion relation between the topological centers
of πrn and πrn−2 . It should be noticed that the study of the relation between
πrn and πrn−2 can be reduced to the same study for the relation between πr2 and
πr . Indeed, for the right module action πrn−2 : X (n−2) × A → X (n−2) , if we set
Z = X (n−2) and define ρr : Z × A → Z by ρr = πrn−2 , then ρr2 = πrn . In the
following, we work only on πr and πr2 .
The following corollary studies the relationship between the right topological
center of a Banach algebra A and the right topological center of a right module
action πr : X × A → X under some conditions.
Corollary 3.2. Let πr∗ be onto. Then Zr (πr2 ) ⊆ Zr (πr ) ⊆ Zr (A∗∗ ).
Proof. The inclusion Zr (πr ) ⊆ Zr (A∗∗ ) follows from [3, Theorem 2.6] and the
other follows from Theorem 3.1 for n = 2.

Corollary 3.3. Let πr : X × A → X be the right module action of the Banach
algebra A on the Banach A-module X . Then we have the following assertions:
(i) If πr∗ is onto and πr2 is Arens regular, then A and πr are Arens regular;
see [13, Theorem 3.1].
(ii) If πr∗ is onto and A is right strongly Arens irregular, then πr2 and πr are
right strongly Arens irregular.
If we consider A as a Banach A-module equipped with πr = π` = π, the multiplication of A, then it is known that when A has a bounded right (respectively,
left) approximate identity, then πr∗2k−1 (respectively, πr∗2k ) is onto (see [3, Lemma
2.7]). Using Corollary 3.2, we arrive at the following result.
Corollary 3.4. Let πr = π be the multiplication of the Banach algebra A. Then
the following assertions hold:
(i) If A has a bounded right approximate identity and πr3 is Arens regular,
then A is Arens regular.
(ii) If A has a bounded left approximate identity and πr4 is Arens regular, then
A is Arens regular.
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