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ABSTRACT. We consider a multi-species Lotka—Volterra type competitive sys-
tem with delays and feedback controls on time scales. A general criteria on
the permanence is established, and then by constructing suitable Lyapunov
functionals, sufficient conditions are derived for the existence and uniform as-
ymptotic stability of unique positive almost periodic solution of the system.

1. INTRODUCTION

The mathematical models predator-prey, competition, and mutualism are most
suitable for real world situations in population dynamics for multiple species,
which can be expressed as a set of parameterized differential or difference equa-
tions, or dynamical systems. The Lotka—Volterra (LV) model is the most appro-
priated and frequently used in competition models. The n-dimensional nonau-
tonomous competitive LV model is described by the following system:

2 (t) = z(t)[as () — Zbijxj(t)], i=1,2,...,n, (1.1)

where x;(t) is the density of the ith species at time ¢, a;(t) represents the intrinsic
growth rate of species 7 at time ¢, and b;;(¢) are the competing coefficients between
species j and ¢ at time ¢t. In mathematical ecology, (1.1) describes an n-species
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dynamical system, in which each individual competes with others of the system
for the unique resources.

Moreover, the ecosystems in the real world are continuously distributed by
unpredictable forces, which can result in changes in the biological parameters
such as survival rates. In ecology, a question of practical interest is whether or
not an ecosystem can withstand those unpredictable disturbances that persist for
a finite period of time. In the language of control theory, we call the disturbance
functions as control variables. In 1993, Gopalsamy and Weng [3] introduced
a feedback control variable into the delayed logistic model and discussed the
asymptotic behavior of solutions in logistic models with feedback controls, in
which the control variables satisfy a certain differential equation. In the last
decade, much work has been done on the ecosystem with feedback controls (see
[3,6,8,9,14-17] and the references therein). In particular, Li and Liu [8], Lalli
and Yu [6], Li and Wang [9], Shi and chen [14], Shi et al. [15] have studied delay
equations with feedback controls.

The study of dynamical systems on time scales is now an active area of research.
This study reveals that the existence of positive almost periodic solutions of
population models is not worthwhile to establish results for differential equations
and again for difference equations separately. One can unify such problems in the
frame of dynamic equations on time scales [2, 10, 11, 13]. Recently, Prasad and
Khuddush [12] studied the 3-species Lotka—Volterra competition model on time
scales,

2y (t) = r(t) — exp{z1(t)} — aexp{za(t)} — Bexp{s(t)},
2y (t) = r2(t) — Bexp{ai(t)} — exp{wa(t)} — cvexp{as(t)},
25 (t) = r3(t) — aexp{ai ()} — Bexp{aa(t)} — exp{zs(t)},
and derived sufficient conditions for the existence and uniform asymptotic stabil-
ity of unique positive almost periodic solution of system. Motivated by aforemen-

tioned works in this paper, we study the permanence and positive almost periodic
solutions of the following n-species Lotka—Volterra system on time scales:

o (1) = i) | bilt) — as(t)2] (t) — Z aij(t)w; (t — 75(t)) — ca(t)ui (t — 5i(t))} )

up (8) = ri(t) = di(tyui(t) + e ()i (t = ms(t)), i=1,2,...,m,

(1.2)
where z;(t) represents the population density of the ith species at time ¢ €
T+, u;(t) denotes indirect control variable [5, 7], of the ith species at time t €
T+ (T is a nonempty closed subset of R™ = (0,00)), 27 (t) = z;(c(t)), o(t) is the
forward jump operator, and the functions a;, b;, ¢;, d;, €;, 6;, mi, aij, Tij, (4, =
1,2,...,n) are bounded positive almost periodic functions.

2. PRELIMINARIES

For a function ¢(t) defined on T, we set

g* = inf {g(t) it e T+}, gv =sup {g(t) ite T+}'
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Definition 2.1 ([1]). A time scale T is a nonempty closed subset of the real
numbers R. Also T has the topology that it inherits from the real numbers with
the standard topology. It follows that the jump operators o,p : T — T and the
graininess p : T — RT defined, respectively, by

o(t)=inf{r e T:7>t}, p(t)=sup{r € T: 7 <t}, and u(t) =o(t) —t,

(supplemented by inf() := supT and sup(® := infT) are well defined. The
point t € T is left-dense, left-scattered, right-dense, and right-scattered if p(t) =
t,p(t) < t,o(t) =t, and o(t) > t, respectively. If T has a left-scattered maximum
m, then T* = T\{m}; otherwise T¥ = T. If T has a right-scattered minimum m,
then T = T\{m}; otherwise Ty = T.

Definition 2.2 ([1]). A function f : T — R is called regressive provided 1 +
w(t)f(t) # 0 for all t € T*. The set of all regressive and rd-continuous functions
(a function g : T — R is called rd-continuous provided it is continuous at right-
dense points in T and its left-sided limits exist (finite) at left-dense points in T)
f: T — R will be denoted by R = R(T, R). We define the set RT = R*(T,R) =
{feR:1+ut)f(t) > 0,forall t € T}.

Lemma 2.3 ([1]). Assume that a > 0, that b > 0, and that —a € R*. Then
Y (1) > ()b —ay(t), y(t) > 0, t € [to,00)r

implies

y(t) > (g)g [1 + (ayém _ 1>e(,a)(t,t0)}, t € [to, 00)r.

Lemma 2.4 ([1]). Assume that a > 0 and that b > 0. Then

y>(t) < (2)y®) (b — ay(a(t), y(t) >0, t € [to,00)r

implies

y(t) < (2)2 {1 n (ay[(’to) _ 1)6(,b)(t,to)}, t € [ty 00)r.

Definition 2.5 ([9]). A time scale T is called an almost periodic time scale if
[[={reR:t+7eTforall T} #{0}.

Definition 2.6 ([9]). Let T be an almost periodic time scale. A function z €
C(T,R") is called an almost periodic function if the e-translation set of z, that

is,
E{e,z} = {7’ € H et +71) —2(t)] <eforall t e 'JI‘}

is a relatively dense set in T for all ¢ > 0, that is, for any given € > 0, there
exists a constant [(¢) > 0 such that each interval of length I(¢) > 0 contains
7(¢) € E{e,x} such that |z(t+7) —z(t)| <e, for all ¢ € T. Moreover, 7 is called
the e-translation number of z(t), and [(¢) is called the inclusion length of E{e, z}.
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Definition 2.7 ([9]). Let D be an open set in R™ and let T be a positive almost
periodic time scale. A function f € C(T x D,R") is called an almost periodic
function in ¢ € T uniformly for x € D if the e-translation set of f

E{SfS}—{TEH flt+7)— f(t)] < e, forall (t,x)E']I‘xS}

is a relatively dense set in T for all € > 0 and for each compact subset S of D, that
is, for any given ¢ > 0 and each compact subset S of I, there exists a constant
l(g,S) > 0 such that each interval of length [(¢,S) contains 7(¢,S) € E{e, f,S}
such that

|f(t+71,2)— f(t,x)] <e, forall (t,z) € T xS.

Consider the following system:

and its associate product system
23 (t) = h(t,x), 22(t) = h(t, 2),

where h: Tt xSp — R™, Sg = {z € R" : ||z|| < B} and h(t, z) is almost periodic
in ¢ uniformly for x € S and is continuous in x.

Lemma 2.8 ([18]). Suppose that there exists a Lyapunov function V (t,z,z) de-
fined on Tt x Sg x Sg satisfying the following conditions:

(i) a(l|lz — 2||) < V(t,z,z) < b(||]x — z||), where a,b € K,
K={a € CR",R"): «a(0) =0 and « is increasing};
(ii) |V(t,z,2) = V(t,x1,21)| < L(||lx — 21| + ||z — #1]|), where L > 0 is a
constant,
(iii) D*VA(t,z,2) < —cV(t,x, 2), where ¢ > 0,—c € RT.
Furthermore, if there exists a solution x(t) € S of system (2.1) fort € TT, where

SUSE is a compact set, then there exist a unique almost periodic solution f(t) € S
of system (2.1), which is uniformly asymptotically stable.

Definition 2.9. System (1.2) is said to be permanent if there exist positive
constants m, M such that m < liminf, , z;(t) < limsup, . z;(t) < M, i =
1,2,...,n, and m < liminf, , u;(t) < limsup, . u;(t) < M,i=1,2,...,n, for
any solution (z1(2), z2(t), ..., za(t), w1 (t), ua(t), ..., un(t)) of (1.2).

For system (1.2), we introduce the following assumption. Let ¢y € T be a fixed
positive initial time.

(H1) ai(t), bi(t), ci(t), di(t), ei(t), 6i(), mi(t), ri(t), 7i; (), @i (8) (3,5 = 1,2,...,m)
are bounded almost periodic functions and satlsfy 0

,0<bf§b()§bfj,0<cl§cl(t) 0<df

V0 <l < ri(t)

< Tz'j(t>

< <
< d;(t) <
ok < i) < <
nt < m(t) < nU 0 < TZL

<
) 70 ¥i S
5,7 =12,3,..

7,0 < b <
75,0 < af; < a;(t) < af] for
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Define
nr [0 = {6 = (61,62, 60) € Clal=7.0]: 6u(s) > 0
and ¢;(0) > 0 for all s € [-7,0] and 1 =1,2,... ,n},

where 7 = sup {6;(¢), mi(t), 73;(t) : t > to,i =j =1,2,...,n}. Then C%[—7,0]y is
the Banach space of bounded rd-continuous functions ¢ : [—7, 0]r — R™ with the
supremum norm defined by ||¢||. = sup_, ., |#(s)|, where ¢ = ((;Sl, G2y .y On)
and |p(s)] = D27, [¢(s)|. We know, for any (¢,) € C™[—7,0] x C™[—7, 0], that
system (1.2) has a unique solution

Z(ta ¢a 'Qb) = (xl(tv ¢)7 xQ(ta ¢>, te 7xn(tv gb)v ul(tv ¢)’ u2(ta @Z))? te 7un(t7 ¢))

satisfying the initial condition Z;, (-, ¢, %) = (¢, v).

Due to the biological background of system (1.2), positive solutions are only
meaningful. So, we restrict our attention to positive solutions of equation (1.2).
It is easy to see that the solution Z (¢, ¢, 1) of system (1.2) is positive, if the initial
function (¢,v) is in C7, [—7,0] x C™, [—T,0].

3. PERMANENCE OF SOLUTIONS

In this section, we derive the sufficient conditions for system (1.2) to be per-
manent.

Lemma 3.1. Suppose that assumption (Hy) holds. Then for any positive solution
Z(t) = (z(t),u(t)) of system (1.2), there exist positive constants M and T such
that z;(t) < M and u;(t) < M(i=1,2,...,n) fort >T.

Proof. Let Z(t) = (x(t),u(t)) be any positive solution of system (1.2). From the
ith equation of system (1.2), we have x2(t) < x;(t )[b? —akz; (a(t))} Hence, by
Lemma 2.4, there exist positive constants M and T} such that for any positive so-
lution (z(t), u(t)) of system (1.2), we have z;(t) < bY /al := M for all t > T7. Let
M* = maxlgign{Mi*} and let T* = maxlgign{ﬂ*}. Then ZEZ(t) S M* for all ¢ 2
T*, i=1,2,...,n. Furthermore, from the (n + i)th equation of system (1.2), we
have uf (t) < (r¥ +e¥ M*) —dFu,(t) for all t > T*+7. Hence, by Lemma 2.3, there
exist positive constants M;* > 0 and T;* > T™* 4+ 7 such that for any positive so-
lution (z(t), u(t)) of system (1.2), we have u;(t) < (r{ + el M*)/dF := M;x for all
t > Tpx. Now let M = max{M*, M;* :i=1,2,...,n} and let T" = max{T™, T} :
i=1,2,...,n}. Then x;(t) < M and w;(t) < M forallt > T, i=1,2,...,n. O
Lemma 3.2. Suppose that (Hy) holds. Furthermore, for each i = 1,2,...,n, if

bl > [Z;L L al + VM, then system (1.2) is permanent.

Proof. Let Z(t) = (z(t),u(t)) be any positive solution of system (1.2). From
Lemma 3.1, there are positive constants M > 0 and T' > ¢, such that 0 < z;(t) <
M and 0 < w;(t) < M for all t > T,4i = 1,2,...,n. From the ith equation of
system (1.2), we have

22 (1) > ai(t [bL ZaUM—cUM—a zi(o (t))}
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for all ¢t > T + 7. Hence, from the hypothesis and Lemma 2.4, we can get a
constant mj > 0 such that for any positive solution (z(t), u(t)) of system (1.2),

there is TZ > T + 7 such that
bf — (X0 ali+ V)M

Ay
J - J — m;k
a;

for all t > T;. Let m* = min, <;<,{m;} and let T+ = maxlgign{j}}. Then x;(t) >
m* for all t > T*,i=1,2,...,n. Furthermore, from the above, assumption (Hy),
and the (n+i)th equation of system (1.2), we have uf(t) > (rf +eFm*) — d¥u,(t)
for all t > T* + 7. Hence, by Lemma 2.3, we can obtain a constant m,;* > 0 such
that for any positive solution ((f),u(t)) of system (1.2), there is Tox > T+ 7
such that

rk +elm*

U = my* for all t > Tl*

u;(t) >
Finally, let m = min{m*,m;x : i = 1,2,...,n} and let T = max{T* Tjx : i =
1,2,...,n}. Then z;(t) > m and w;(t) >mforallt > T, i=1,2,... n. O]
Define
0= {Z(t) = (z(t),u(t)) : (z(t),u(®)) = (z1(t), ..., 2a(t),ur(t), ..., un(t))be a
solution of (1.2) and 0 <z, < x; < 2", 0 <w, <w; <u*,i=1,... ,n}.
It is clear that € is an invariant set of system (1.2) and by Lemma 3.2, we have

QO # 0.

4. UNIFORM ASYMPTOTIC STABILITY

In this section, we establish sufficient conditions for the existence and uniform
asymptotic stability of the unique positive almost periodic solution to system
(1.2).

Theorem 4.1. Suppose that the hypothesis of Lemma 3.2 holds and that all delays
of the system (1.2) are constants. Furthermore, the following holds:
(Hy) Fori=1,2,...,n,

= d* Vol (2V)?
UN2 | L v, U U,U * 7 ] i
a; =(x;) [bi —cju; —Zaijx]} >0, of = (ul)? — ) >0,
j=1 i i
) (! e
Bi :(ng)2|: g\ + 3 z:| 207 6;:’—207
2 Wiy T
and B < A with —A,—B € R*, where A = min{l'1,I}} and B = max{[',, T}
in which I'y = min «;, '] = min o}, I'y = max §;, and I} = max f;.
1<i<n 1<i<n 1<i<n 1<i<n

Then the dynamic system (1.2) has a unique almost periodic solution Z(t)
(x(t),u(t)) € Q and is uniformly asymptotically stable.
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Proof. According to Lemma 3. 2 every solution Z(t ) (z(t),u(t)) of system
(1.2) satisfies that zF < x; < 2V and that uX < wu; <uY. Hence, |7;(t)] < A; and

lui(t)| < B, whereA = max{|a:z I} and B; = max{\uZ |, ]ul|} i=1,2,...,n
Denote

121} = ll(z, w)]| = SupZIw )+ SUPZW

teT+

Suppose that Z = (z(t), u(t)) and 7 = (2(t),a(t)) are two positive solutions of
(1.2). Then || Z|| < C and ||Z|| < C, where C' = 3> (A; + B;). In view of (1.2),

we have

3

Define the Lyapunov function V (¢, Z, Z) on Tt x Q x Q as

n

(t) —ii(t)‘ +)

=1

1 1
pa wi(t)  au(t) ‘

Then the following two norms are equivalent:

12(t) = Z(#)[| = sup Z

teT+ i=1

n
xl ‘ + sup g
teT+ 5]

1 1
wi(t)  a(t) ‘

1/2

i=1 ui(t)

1Z(t) — Z(t)||, = ts;rg [Z (i(t) — 24(1))* + Z ( 1 @Zl(t)) ]

That is, there exist two constants 7, etas > 0 such that

mlZ(t) = ZO < 12() - Z@®)]l. <l Z(t) = Z()]].
Hence,

(mllZ(t) = ZW)* <V, 2, 2) < ()| Z(t) — Z(0)])*.
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Let a,b € C(RT,R"), let a(z) = n7z?, and let b(z) = n3z*. Then the assumption
(i) of Lemma 2.8 is satisfied. On the other hand, we have

V(L 2(0), 2(0) = V(6.2°(0), 2'(1)),

n

- Zl xi(t)—ii(t)’—i-iil %@—%@)’ —il x?(t)—fii‘(t)‘
_Z u;f‘l(t) _a;(t)H
<3 [att = ai0] + X2 | = ] + 3o 0 - 520)

—(1Z - @) +12(t) - 2 )],
where L = 1, so condition (ii) of Lemma 2.8 is satisfied. Now consider a function
V(t) =) Vi(t), Vi(t) = Vir(t) + Via(t) + Vis(t) + Via(t) for i = 1,2,...,n, and
i=1
B
zi(t)  2i(t)

Vis(t) = %%)Z"ng—%@MS

1

)

—Tij

1

(1 +df e [ )

# AL [ )~ ao)las,
ui ) t—m;

Cg] $f] 2 o(t) A
Vi) = S5 [ ) - a1
7 t—0;
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L [bi(t) — 1) () — zn: 0 (0 (t — 733 — ex(t)aa (¢ — 6 )} }

J=1

O it~ 0) 37— )]

(z7)” (D20 () — 2
sx(ﬂ@(ﬂ{ b6)| 41 (6) — 27 0)
—|—ZCLU ‘Slf] Tij) —l’j(t—Tij)‘

+ Zaij(t)l‘j(t — 7ij) |27 (t) — 27 (t)]
+cz(t)x )it = 6;) — uit — &)

F et — 6)|ac —wﬂm}

s et —8) 0t + 3 ey )t~ 7)]

SO0

1
xf (t) — z;°(t ‘ _[ZQU ’x] — Tij) it — TZ])‘

X

+ei(t)|uilt — & )—ul(z )|
< (VY 2{ bL+Zan

(@)’ S~ v 2
+—L2aij‘:vj(t—ﬂ'j)—%‘(t_Tij)‘

1

xz

Let v;(t) = u;(t) — u;(t); then
(uf 2D Vg (t) =sign(vf (t)) v’ (t)
—sign (7 (1)) — di(®)vit) + e (t) [malt — m) = 24t = m)] }
< —di(t)sign(vf () [v7 (t) — p(t)v(t)]
+ei(t) [wilt —m) — Za(t — )]
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< — ()] + O 0]+ e[t — ) — 21— )]
< — O ()] + (1) s(e)
+ (L + di(t)p(t))ei(t) |zt —m;) — 24(t — 772)}
So,
L Uy2,U
DR < ks (0~ i 0]+ S o) — (o)
# I e = ) = (e = ),
V) € 30 0 (1, 0) — 3,01 ~ st ) — 3500 — )]
# I (0 = 01 = o= ) — te = ]
VW) <L (o0 g (1) — a7 (1) — fult — 5) — it — 6)]

where oV = max;cp+ 02(t). Since
1 1 1 1
xi(t) — 2i(t)| = 23 (8)2a(t — | < (aV)? — = ‘
0= 200)] =230~ 15| < @5 - 5
and
1 1 1 1
— = (1) — ()] < t) — d;(t
0 7|~ w0~ 40| < G - a0)
it follows that
DYVA(t) <D VA(1)
< Uy2 | DU gt ULU __ b
‘mﬁ@)hw “+;%%ymw:mw

1 1 ‘
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+ B 0 - o)

<=Lt -t -S| -
-3 [t~ S o - )
+Z{Z() ] e - sl
+ a0 - a0

——ni %— 1 Fiilu;’(t)—@”(t)l

ELEN \ 213 us(t) — n(t)|

— — AV(0(t)) + BV () = (B — A)V(t) — Au(t) DV (#).

251

It follows that DYVA(t) < (B — A)/(1+ ApY)V (t) = —yV(t). By (Hy), we have
v=(A=B)/(1+AuY) > 0 and —y € R*. Thus, the assumption (iii) of Lemma
2.8 is satisfied, and hence, it follows from Lemma 2.8 that there exists a unique
uniformly asymptotically stable almost periodic solution Z(t) = (x(t),u(t)) of
dynamic system (1.2) and that Z(t) € Q. O

5. NUMERICAL SIMULATIONS

Example 5.1. Consider the following system for T+ = Z* :

wi(t+1) =ri(t) + (1 — di(®)w(t) + ei(t)z; (¢ — mi(8)), 1=1,2,3,)

n 3\

j=1

—c;(t)u; (t — (52(75))} ,

in which, for 7,7 = 1,2, 3,

7;;(t) = 0;(t) = mi(t) =1 and | by

) = 5 y CQ(t) = 0.5

19 (t) a13 (t)
929 (t) a93 (t)
a3 (t) ass (t)

(5.1)
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0.03 4 0.02|sin(t)|  0.02 + 0.01| cos(+/3t)| 0.03 + 0.01] sin(+/2t)]
0.02 4 0.01| sin(+v/7t)| 0.03 4 0.02| cos(v/2t)| 0.02 + 0.01] cos(v/5t)| | ,
0.02 +0. 01| sin(+v/2t)| 0.02 4 0.01| cos(+/5t)| 0.03 + 0.01] sin(v/2t)]
[ ri(t) ] [ 0.003 + 0.001 cos(t) dy(t) 0.5 + 0.38 sin( 7Tt
ra(t) | = | 0.004 + 0.002cos(wt) |, | do(t) | = | 0.6+ 0.36sin(7t)
| 73(t) | | 0.002 + 0.001 sin(7rt) ds(t) 0.3 + 0.1 cos(rt)
[ ai(t) | [ 1+0.02|cos(v/2t)] e1(t) 0.002 + 0.001 sin(rt)
as(t) | = | 1+0.01]sin( f t)| ex(t) | = | 0.003 +O.00281n(7rt)
| as(?) 2+ 0.02] cos(t es(t) 0.002 + 0.001 cos(t)
By a direct Calculatlon we get q;U = 2§ = 5,2y = 25 uY = 0.15833,
uy = 0.12917,u§ = 0.0525, zF = 1.86275, 2k = 1.93069, 25 = 1.73267,
ut = 0.004389, ug = 0.004094, ug = 0.006832,
b = 8.06452 by = 8.19672,
doaf; el LY ahy
b 8.06452, M =5 < b ' =1,2,3
n = O. ) = - . t=1409
Zj:l a?[)]j +cf Zj:l a% +cf

Therefore, system (5.1) is permanent. Furthermore, ay = 4.42083, ap = 4.46042,

as = 4.57375, of = 0.14842, o} = 0.01897, o

1.66936, B3 = 0.38696, B; = 1.88, 35 = 1.96,

3 = 0.08857, 1 = 1.75153, By =
Bi = 1.4. Tt follows that A =

4.57375 > 1.96 = B. It is easy to see that the conditions of Theorem 4.1 are

verified. Therefore, system (5.1) has a unique
which is uniformly asymptotic stable.
results.

positive almost periodic solution,

Our numerical simulations support our
From Figure 1-14, it can be seen that for system (5.1), there exists a

positive almost periodic solution denoted by (z73(t), z5(t), z5(t)).
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FiGURE 1. Positive al-
most periodic solution of
system (5.1). Time series
of xf(t) with initial value
x3(0) = 4.65 and t over
[0, 100].
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FiGUurRE 2. Positive al-
most periodic solution of
system (5.1). Time series
of z3(t) with initial value
x5(0) = 4.834 and t over
[0, 100].
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FIGURE 3. Positive al-
most periodic solution of
system (5.1). Time series
of x%(t) with initial value
x3(0) = 2.45 and t over
[0, 100].
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FIGURE 5. Positive al-
most periodic solution of
system (5.1). Time series
of ui(t) with initial value
u3(0) = 0.0081 and t over
[0, 100].
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FiGURE 4. Positive al-
most periodic solution of
system (5.1). Time series
of wj(t) with initial value
ui(0) = 0.008 and t over
0, 100].
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FIGURE 6. Positive al-
most periodic solution of
system (5.1). Time series
of u}(t) with initial value
u3(0) = 0.0074 and t over
[0, 100].
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x;(2)

445

FIGURE 7. Positive al-
most periodic solution of
system (5.1). Time series
of  (xi(t), 23(t), w3(t))
with initial value
(21(0), 25(0), 23(0))

= (4.39,4.6,2.29).
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FIGURE 9. Positive al-
most periodic solution of
system (5.1). Time series
of  (21(1), 23(t), us(t))
with initial value
(27(0), 23(0), u3(0))
(4.71,4.58,0.0298).

FIGURE 8. Positive al-
most periodic solution of
system (5.1). Time series

of (z3(t), 25(t), ui(?))
with initial value
(231(0), 23(0), u7(0))
= (4.5,4.7,0.027).
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FIGURE 10. Positive al-
most periodic solution of
system (5.1). Time series
of  (21(t), x3(t), ui(t))
with initial value
(#1(0), 23(0), u3(0))

= (4.5,2.36,0.027).
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FiGURE 11. Positive al-
most periodic solution of
system (5.1). Time series

of (23 (t), 23(t), u3(t))
with initial value
(21(0), 23(0), u3(0))
(4.6,2.375,0.037).

FI1GURE 12. Positive al-
most periodic solution of
system (5.1). Time series
of  (x3(t), 23(t), u3(t))
with initial value
(23(0), 23(0), u3(0))
(4.7,2.36,0.0285).
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FIGURE 14. Dynamic
behaviors of the system

Ficure 13. Positive al-
most periodic solution of
system (5.1). Time series
of  (a5(t), a3(t), us(t))
with initial value
(23(0), 25(0), u3(0))

= (4.7,2.36,0.037).

(5.1) with initial values
(5(0), 23(0), 23(0),
ui(0), u5(0), u3(0))
(0.1,0.01,0.5,4,1.5,3),
(1.5,2,4.5,1,3.5,0.1).
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