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INCLUSIONS AND COINCIDENCES FOR MULTIPLE COHEN
POSITIVE STRONGLY p-SUMMING m-LINEAR OPERATORS

HALIMA HAMDI1, AMAR BELACEL1 AND AMAR BOUGOUTAIA2*

Communicated by A.M. Peralta

Abstract. We compare a new class of multiple Cohen positive strongly p-
summing multilinear operators along with different classes of positive multilin-
ear p-summability and investigate a duality relationship in terms of the tensor
norm.

1. Introduction and preliminaries

The well-known p-summing linear operators, introduced by Pietsch, knew many
generalizations to the multilinear case [9–13]. In parallel, Bu and Labuschagne [5]
generalized this notion for the positive multilinear operators. As a prototype of
those generalizations, we attempt to set out a new generalization of the concept
of Cohen positive strongly p-summing [1, 3, 6]. In this work, we introduce the
new class of multiple Cohen positive strongly p-summing operators and compare
it with the class of Cohen positive strongly p-summing m-linear operators [3] and
positive multiple p-summing m-linear operators [5], by giving a generalization
to Cohen’s theorems [7], as well as, investigating a relationship with the class
multiple Cohen positive p-nuclear operators.

Starting by fixing notations, throughout this paper, X,X1, . . . , Xm, Y will be
Banach spaces and E,E1, . . . , Em, F,G will be Banach lattices m ∈ N∗. Let
L(X1, . . . , Xm;Y ) denote the Banach space of all continuous m-linear operators
from X1, · · · , Xm to Y . If Y = K, then we write L(X1, . . . , Xm). In the case
when X1 = · · · = Xm = X, we simply write L(mX;Y ). For a Banach space X,
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X∗ will denote its topological dual, and BX will denote its closed unit ball. For
1 ≤ p ≤ ∞, let p∗ be its conjugate; that is, 1

p
+ 1

p∗
= 1.

Let E be a Banach lattice. We denote by E+ the positive cone {x ∈ E, x ≥ 0}.
For x ∈ E, let x+ := sup {x, 0} and x− := sup {−x, 0} be the positive part and
the negative part of x, respectively.
For any x ∈ E, we have

x = x+ − x− and |x| = x+ + x−.

We denote by ℓnp (X) the space of all finite sequences (xi)
n
i=1 in X with the norm

‖(xi)
n
i=1‖p =

(
n∑

i=1

‖xi‖p
) 1

p

,

and by ℓnp,weak(X), the space of all finite sequences (xi)
n
i=1 in X with the norm

wp((xi)
n
i=1) = ‖(xi)

n
i=1‖ℓnp,weak(X) = sup

φ∈BX∗

(
n∑

i=1

|〈xi, φ〉|p
) 1

p

.

Then ℓnp,weak(X) is a Banach space with respect to the norm wp. Consider the
case where X is substituted by a Banach lattice E, and define

ℓnp,|weak|(E) :=
{
(xi)

n
i=1 : (|xi|)ni=1 ∈ ℓnp,weak(E)

}
,

and
‖(xi)

n
i=1‖ℓnp,|weak|(E) = wp((|xi|)ni=1).

Let B+
E∗ := BE∗ ∩ E∗+. If x1, . . . , xn ≥ 0, then

‖(xi)
n
i=1‖ℓnp,|weak|(E) = sup

ξ∈B+
E∗

(
n∑

i=1

〈xi, ξ〉p
) 1

p

= ‖(xi)
n
i=1‖ℓnp,weak(E). (1.1)

If 1 < p < ∞, then we denote by ℓp(F,Nm) the vector space of all families (yj)j∈Nm

of elements such that

‖(yj)j∈Nm‖p =

(∑
j∈Nm

‖yj‖p
) 1

p

< +∞,

and by ℓp,weak(F,Nm) the vector space of all families (yj)j∈Nm of elements such
that

‖(yj)j∈Nm‖ℓp,weak(F,Nm) = sup
ϕ∈BF∗

(∑
j∈Nm

|〈ϕ, yj〉|p
) 1

p

< +∞.

We observe that ‖·‖p and ‖·‖ℓp,weak(F,Nm) are norms on ℓp(F,Nm) and ℓp,weak(F,Nm),
respectively, and an element of Nm is represented by (j1, . . . , jm). From now on,
to avoid encumbered notations we denote ℓp(F ) instead of ℓp(F,Nm) and by
ℓp,weak(F ) instead of ℓp,weak(F,Nm).
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Let 1 ≤ p ≤ ∞ and let λ > 1. The Banach space X is said to be an Lp,λ-space if
every finite-dimensional subspace Y of X is contained in a finite-dimensional sub-
space Z of X for which there is an isomorphism v : Z → ℓdimZ

p with ‖v‖‖v−1‖ < λ.
We say that X is an Lp-space if it is an Lp,λ-space for some λ > 1 (see [8]).

We recall the definition of finite type operators. [[9]] An m-linear operator
T ∈ L(X1, . . . , Xm;Y ) is said to be finite type if it is generated by mappings of
the form

Ty⊗m
j=1x

∗
j
= x∗

1 ⊗ · · · ⊗ x∗
m ⊗ y : (x1, . . . , xm) → x∗

1(x
1) . . . x∗

m(x
m)y

for some nonzero x∗
j ∈ X∗

j (1 ≤ j ≤ m) and y ∈ Y . The vector space of all
m-linear operators of finite type is denoted by Lf (X1, . . . , Xm;Y ). We will also
need in what follows some definitions of positive summing linear and multilinear
operators. [[2]] Let 1 ≤ p < ∞. An operator T : E −→ X is said to be positive p-
summing, if there exists a constant C > 0 such that for all n ∈ N, x1, . . . , xn ∈ E,
the following inequality holds:

‖T (xi)
n
i=1‖p ≤ C ‖(xi)

n
i=1‖ℓn

p,|weak|(E) . (1.2)

Also, for p = ∞,
sup
1≤i≤n

‖T (xi)‖ ≤ C ‖(xi)
n
i=1‖ℓn∞,|weak|(E) .

We denote by Π+
p (E;X), the space of positive p-summing operators from E into

X. Moreover, Π+
p (E,X) becomes a Banach space with norm π+

p (·) given by
the infimum of the constants C > 0 that verify the inequality (1.2). We have
Π+

∞(E;X) = L(E;X). [[3]] Let 1 ≤ p ≤ ∞. An m-linear operator T : X1 ×
· · · ×Xm −→ F is a Cohen positive strongly p-summing multilinear operator, if
there is a constant C > 0 such that for any xj

1, . . . , x
j
n ∈ Xj, 1 ≤ j ≤ m, and

any y∗1, . . . , y
∗
n ∈ F ∗

∥∥〈T (x1
i , . . . , x

m
i ), y

∗
i

〉∥∥
ℓn1

≤ C

(
n∑

i=1

m∏
j=1

∥∥xj
i

∥∥p
Xj

) 1
p

‖(y∗i )ni=1‖ℓn
p∗,|weak|(F

∗) . (1.3)

Moreover, the class of all Cohen positive strongly p-summing m-linear operators
from X1 × · · · ×Xm into F is denoted by Dm+

p (X1, . . . , Xm;F ) . This space is a
Banach space with the norm dm+

p (·), which is the smallest constant C such that
the inequality (1.3) holds. [[5]] An m-linear operator T : E1 × · · · × Em → Y is
called positive multiple p-summing if there exists a constant K > 0 such that for
every choice of finite sequences (xj

i )
nj

i=1 ⊆ E+
j ; 1 ≤ j ≤ m, we have(

n1,...,nm∑
i1,...,im=1

‖T (x1
i1
, . . . , xm

im)‖
p

) 1
p

≤ K
m∏
j=1

‖(xj
i )

nj

i=1‖ℓnp,weak(Ej). (1.4)

In this case, we define the positive multiple p-summing norm of T by
Λp(T ) = inf {K : K verifies the inequality 1.4} .

It is easily verified that the class Λmult
p (E1, . . . , Em;Y ) of positive multiple p-

summing m-linear operators, with its associated norm Λp, is a Banach space.
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Taking the advantage of the definition of Cohen positive p-nuclear m-linear oper-
ators initiated by authors in [4], we define similarly the multiple Cohen positive
p-nuclear operators as follows. For 1 ≤ p < ∞, an m-linear operator T :
E1 × · · · × Em −→ F is called multiple Cohen positive p-nuclear if there ex-
ists a constant C > 0 such that for any (xj

ij
)nij=1 ⊂ Ej (1 ≤ j ≤ m) and any

y∗i1,...,im ∈ F ∗, we have

‖(〈T (x1
i1
, . . ., xm

im), y
∗
i1,...,im

〉)ni1,...,im=1‖ℓn1

≤ C
m∏
j=1

‖(xi
i)
n
i=1‖ℓnp,|weak|(Ej)‖(y∗i1,...,im)

n
i1,...,im=1‖ℓnp∗,|weak|(F

∗).

Moreover, the class of all multiple Cohen positive p-nuclear operators from E1 ×
· · ·×Em into F , is denoted Nmult+

p (E1, . . . , Em;F ). It is a Banach space with the
norm nmult+

p (·), which is the smallest constant C such that the above inequality
holds.

2. Multiple Cohen positive strongly p-summing operators

In this section, we give a new notion of multiple Cohen positive strongly p-
summing operators, as a prototype of the multiple Cohen strongly summing op-
erators initiated by Campos in [6] and motivated by Matos in his famous paper
“Fully absolutely summing and Hilbert-Schmidt multilinear mappings” [9], as
well as studying inclusions and coincidences with some known spaces.

All along this section, the Banach lattice F will be finite-dimensional. Let
1 ≤ p ≤ ∞. An m-linear operator T : X1 × · · · ×Xm −→ F is a multiple Cohen
positive strongly p-summing m-linear operator, if there is a constant C > 0 such
that for any n ∈ N∗, y∗i1,...,im ∈ F ∗+ and any xj

ij
∈ Xj such that 1 ≤ j ≤ m,

1 ≤ i ≤ n, 1 ≤ ij ≤ n, and

n∑
i1,...,im=1

|〈T (x1
i1
, . . . , xm

im), y
∗
i1,...,im

〉|

≤ C

(
m∏
j=1

‖(xj
i )

n
i=1‖p

)
‖(y∗i1,...,im)

n
i1,...,im=1‖ℓnp∗,weak

(F ∗).

The class of all multiple Cohen positive strongly p-summing m-linear operators
from X1×· · ·×Xm into F is a Banach space denoted by Dmult+

p (X1, . . . , Xm;F ),
with the norm dmult+

p (·) given by the infimum of constants C verifying the above
inequality. The next result is a characterization to the class of multiple Cohen
positive strongly p-summing operators, which we will use mostly in Section 4.
Let T : X1 × · · · × Xm → F . Then T is a multiple Cohen positive strongly
p-summing m-linear operator if and only if there exists a constant K > 0 such
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that the following inequality holds:
n∑

i1,...,im=1

|〈T (x1
i1
, . . . , xm

im), y
∗
i1,...,im

〉|

≤ K

(
m∏
j=1

‖(xj
i )

n
i=1‖p

)
‖(y∗i1,...,im)

n
i1,...,im=1‖ℓnp∗,|weak|(F

∗),

for any n ∈ N∗, y∗i1,...,im ∈ F ∗ and any xj
ij
∈ Xj such that 1 ≤ j ≤ m, 1 ≤ i ≤ n,

and 1 ≤ ij ≤ n.

Proof. For the sufficiency, letting n ∈ N, y∗i1,...,im ∈ F ∗+, and xj
ij
∈ Xj for 1 ≤ j ≤

m, 1 ≤ i ≤ n, and 1 ≤ ij ≤ n, we have
n∑

i1,...,im=1

|〈T (x1
i1
, . . . , xm

im), y
∗
i1,...,im

〉|

=
n∑

i1,...,im=1

|〈T (x1
i1
, . . . , xm

im), y
∗+
i1,...,im

− y∗−i1,...,im〉|

≤
n∑

i1,...,im=1

|〈T (x1
i1
, . . . , xm

im), y
∗+
i1,...,im

〉|

+
n∑

i1,...,im=1

|〈T (x1
i1
, . . . , xm

im), y
∗−
i1,...,im

〉|

≤ K

(
m∏
j=1

‖(xj
i )

n
i=1‖p

)
‖(y∗+i1,...,im)

n
i1,...,im=1‖ℓnp∗,weak

(F ∗)

+K

(
m∏
j=1

‖(xj
i )

n
i=1‖p

)
‖(y∗−i1,...,im)

n
i1,...,im=1‖ℓnp∗,weak

(F ∗)

≤ 2K

(
m∏
j=1

‖(xj
i )

n
i=1‖p

)
‖(|y∗i1,...,im|)

n
i1,...,im=1‖ℓnp∗,weak

(F ∗)

≤ 2K

(
m∏
j=1

‖(xj
i )

n
i=1‖p

)
‖(y∗i1,...,im)

n
i1,...,im=1‖ℓnp∗,|weak|(F

∗)

= C

(
m∏
j=1

‖(xj
i )

n
i=1‖p

)
‖(y∗i1,...,im)

n
i1,...,im=1‖ℓnp∗,|weak|(F

∗).

The necessity follows from formula (1.1). □

Every finite type m-linear operator from X1×· · ·×Xm into the finite-dimensional
Banach lattice F , is a multiple Cohen positive strongly p-summing m-linear op-
erator. Indeed, letting T = ϕ1 ⊗ · · · ⊗ ϕm ⊗ b with ϕ1 ∈ X∗

1 , . . . , ϕm ∈ X∗
m and

b ∈ F and letting n ∈ N, y∗i1,...,im ∈ F ∗+ and xj
ij
∈ Xj for 1 ≤ j ≤ m, 1 ≤ i ≤ n
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and 1 ≤ ij ≤ n, we have
n∑

i1,...,im=1

|〈ϕ1 ⊗ · · · ⊗ ϕm ⊗ b(x1
i1
, . . . , xm

im), y
∗
i1,...,im

〉|

≤ ‖ϕ1 ⊗ · · · ⊗ ϕm ⊗ b(x1
i1
, . . . , xm

im)‖‖(y
∗
i1,...,im

)ni1,...,im=1‖
≤ ‖(ϕ1 ⊗ · · · ⊗ ϕm ⊗ b(x1

i1
, . . . , xm

im))
n
i1,...,im=1‖p · ‖(y∗i1,...,im)

n
i1,...,im=1‖p∗

≤ ‖b‖
m∏
j=1

‖ϕj(x
j
i )

n
i=1‖p‖(y∗i1,...,im)

n
i1,...,im=1‖p∗

≤ ‖b‖
m∏
j=1

‖ϕj(x
j
i )

n
i=1‖p‖(y∗i1,...,im)

n
i1,...,im=1‖ℓnp∗,weak

(F ∗).

Hence, dmult+
p (ϕ1⊗ · · ·⊗ϕm⊗ b) ≤ ‖b‖‖ϕ1‖ · · · ‖ϕm‖. It was proved in [6, Propo-

sition 4.4] that every Cohen strongly p-summing multilinear operator is multiple
Cohen strongly p-summing. By using [3, Theorem 2.5] instead of [6, Theorem 3.8]
in the proof giving in [6] and making the necessary adaptations, we obtain the
following result. Every Cohen positive strongly p-summing m-linear operator is
multiple Cohen positive strongly p-summing m-linear operator and

dmult+
p (·) ≤ dm+

p (·).

Next, we investigate a composition relationship for our class of operators. Let
1 ≤ p, q, r ≤ ∞ with 1

r
= 1

p
+ 1

q
and let D1, . . . , Dm be Banach lattices. If

S ∈ Dmult+
p (E1, . . . , Em;F ) and Tj ∈ Π+

q (Dj, Ej) with 1 ≤ j ≤ m, then S ◦
(T1, . . . , Tm) ∈ Nmult+

r (D1, . . . , Dm;F ).

Proof. Take Tj ∈ Π+
q (Dj, Ej) with 1 ≤ j ≤ m. From the domination theorem

for positive summing operators [1, Theorem 3.3], there is µj ∈ B+
D∗

j
such that for

every x ∈ Dj, we have

‖Tj(x)‖ ≤ π+
q (Tj)


∫

B+
D∗
j

|ϕ(x)|qdµj(ϕ)


1
q

.

We take

ρji =


∫

B+
D∗
j

|ϕ(xj
i )|rdµj(ϕ)


1
q

for 1 ≤ j ≤ m and 1 ≤ i ≤ n. Let xj
i in Dj. Without loss of generality, we may

consider Tj(x
j
i ) 6= 0, for all 1 ≤ j ≤ m and 1 ≤ i ≤ n. Hence ρji > 0, and we can

define zji =
xj
i

ρji
. Now, for a1, . . . , an ∈ K with

n∑
i=1

|ai|p
∗
< 1, since 1

r∗
+ 1

p
+ 1

q
= 1,
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we can use the Hölder’s inequality in order to write

∣∣ n∑
i=1

ϕ(aiz
j
i )
∣∣ ≤ n∑

i=1

|ai|
p∗
r∗ |ai|

p∗
q
1

ρji
|ϕ(xj

i )|
r
q |ϕ(xj

i )|
r
p

≤

(
n∑

i=1

|ai|p
∗

) 1
r∗
(

n∑
i=1

|ai|p
∗ 1

(ρji )
q
|ϕ(xj

i )|r
) 1

q
(

n∑
i=1

|ϕ(xj
i )|r
) 1

p

≤

(
n∑

i=1

|ai|p
∗ 1

(ρji )
q
|ϕ(xj

i )|r
) 1

q
(

n∑
i=1

|ϕ(xj
i )|r
) 1

p

.

Thus

∥∥ n∑
i=1

aiTj(z
j
i )
∥∥ =

∥∥ n∑
i=1

Tj(aiz
j
i )
∥∥

≤ π+
q (Tj)

∫
B+

Dj

∣∣ n∑
i=1

ϕ(aiz
j
i )
∣∣qdµj(ϕ)


1
q

≤ π+
q (Tj)

 n∑
i=1

|ai|p
∗ 1

(ρji )
q

∫
B+

Dj

|ϕ(xj
i )|rdµj(ϕ)


1
q (

‖(xj
i )

n
i=1‖ℓnr,weak

) r
p

≤ π+
q (Tj)

(
‖(xj

i )
n
i=1‖ℓnr,weak

) r
p
.

Hence, Krivine’s calculus implies

‖(Tj(z
j
i ))

n
i=1‖p ≤ π+

q (Tj)
(
‖(xj

i )
n
i=1‖ℓnr,weak

) r
p
.

Now, for xj
ij

in Dj, 1 ≤ j ≤ m and y∗i1,...,im in F ∗+, we have

n∑
i1,...,im=1

|〈S(T1(x
1
i1
), . . . , Tm(x

m
im)), y

∗
i1,...,im

〉|

≤ ‖S(T1(x
1
i1
), . . . , Tm(x

m
im))‖‖(y

∗
i1,...,im

)ni1,...,im=1‖
≤ ‖(ρ1i1 . . . ρ

m
im)S(T1(z

1
i1
), . . . , Tm(z

m
im))‖‖(y

∗
i1,...,im

)ni1,...,im=1‖
≤ ‖(ρ1i1 . . . ρ

m
im)S(T1(z

1
i1
), . . . , Tm(z

m
im))‖r‖(y

∗
i1,...,im

)ni1,...,im=1‖r∗
≤ ‖(ρ1i1 . . . ρ

m
im)S(T1(z

1
i1
), . . . , Tm(z

m
im))‖r‖(y

∗
i1,...,im

)ni1,...,im=1‖ℓnr∗,weak
(F ∗).
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Applying Hölder’s inequality and the fact that the operator S is multiple Cohen
positive strongly p-summing, we obtain

n∑
i1,...,im=1

|〈S(T1(x
1
i1
), . . . , Tm(x

m
im)), y

∗
i1,...,im

〉|

≤ dmult+
p (S)

(
n∑

i1,...,im=1

(ρ1i1 . . . ρ
m
im)

q

) 1
q m∏
j=1

‖(Tj(z
j
i ))

n
i=1‖p‖(y∗i1,...,im)

n
i1,...,im=1‖ℓnr∗,weak

(F ∗)

≤ dmult+
p (S)

m∏
j=1

‖(ρji )ni=1‖q
m∏
j=1

πq(Tj)
(
‖(xj

i )
n
i=1‖ℓnr,weak

) r
p ‖(y∗i1,...,im)

n
i1,...,im=1‖ℓnr∗,weak

(F ∗)

≤ dmult+
p (S)

m∏
j=1

πq(Tj)
(
‖(xj

i )
n
i=1‖ℓnr,weak

) r
p
+ r

q ‖(y∗i1,...,im)
n
i1,...,im=1‖ℓnr∗,weak

(F ∗)

≤ dmult+
p (S)

m∏
j=1

πq(Tj)‖(xj
i )

n
i=1‖ℓnr,weak

‖(y∗i1,...,im)
n
i1,...,im=1‖ℓnr∗,weak

(F ∗).

Therefore, S ◦ (T1, . . . , Tm) is a multiple Cohen positive r-nuclear operator. □

3. Cohen’s-type theorems for multiple positive strongly
p-summing operators

In this section, we investigate inclusions between the class of multiple positive
p-summing and multiple positive strongly p-summing operators. By giving the
Cohen’s-type theorems [7] in the positive multilinear situation. Let r1, . . . , rm ∈
N∗ and 1 < p ≤ ∞. Let T be a multilinear operator form ℓr1p × · · · × ℓrmp into the
finite-dimensional Banach lattice F . Then, T belongs to Λmult

p∗ (ℓr1p , . . . , ℓrmp ;F )

and Dmult+
p (ℓr1p , . . . , ℓrmp ;F ) with dmult+

p (T ) ≤ Λp∗(T ).

Proof. Let the multilinear operator T : ℓr1p × · · · × ℓrmp → F . Then T is finite
type. Thus obviously T is in Λmult

p∗ (ℓr1p , . . . , ℓrmp ;F ) and from Example 2, T is in
Dmult+

p (ℓr1p , . . . , ℓrmp ;F ). Let now (ekj)
rj
kj=1 be the standard basis for ℓrjp 1 ≤ j ≤

m.
Since T is positive multiple p-summing, then

(
r1,...,rm∑

k1,...,km=1

‖T (ek1 , . . . , ekm)‖p
∗

) 1
p∗

≤ Λp∗(T )
m∏
j=1

‖(ekj)
rj
kj=1‖ℓnp∗,weak

≤ Λp∗(T ).
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Let (x1
i1
, . . . , xm

im) ∈ ℓr1p × · · · × ℓrmp such that xj
ij
=

rj∑
kj=1

ajkj ,ijekj , y∗i1,...,im ∈ F ∗+,

and
n∑

i1,...,im=1

|〈T (x1
i1
, . . . , xm

im), y
∗
i1,...,im

〉|

≤
n∑

i1,...,im=1

(
r1,...,rm∑

k1,...,km=1

|〈T (a1k1,i1ek1 , . . . , a
m
kmimekm), y

∗
i1,...,im

〉|

)

≤
n∑

i1,...,im=1

r1,...,rm∑
k1,...,km=1

(
|a1k1,i1 . . . a

m
km,im||〈T (ek1 , . . . , ekm), y

∗
i1,...,im

〉|
)
.

If 1 < p < ∞, then by the Hölder’s inequality, we obtain
n∑

i1,...,im=1

|〈T (x1
i1
, . . . , xm

im), y
∗
i1,...,im

〉|

≤
n∑

i1,...,im=1

( r1,...,rm∑
k1,...,km=1

|a1k1,i1 . . . a
m
km,im

|p
) 1

p
(

r1,...,rm∑
k1,...,km=1

|〈T (ek1 , . . . , ekm), y∗i1,...,im〉|
p∗

) 1
p∗


≤
n∑

i1,...,im=1

‖x1
i1
‖ · · · ‖xm

im‖

(
r1,...,rm∑

k1,...,km=1

|〈T (ek1 , . . . , ekm), y∗i1,...,im〉|
p∗

) 1
p∗


≤

(
n∑

i1,...,im=1

‖x1
i1
‖ · · · ‖xm

im‖

)(
r1,...,rm∑

k1,...,km=1

‖T (ek1 , . . . , ekm)‖p
∗

) 1
p∗

‖(y∗i1,...,im)
n
i=1‖ℓnp∗,weak

(F ∗)

≤ Λp∗(T )

(
n∑

i=1

m∏
j=1

‖xj
i‖p
) 1

p

‖(y∗i1,...,im)
n
i=1‖ℓnp∗,weak

(F ∗).

This implies that dmult+
p (T ) ≤ Λp∗(T ).

If p = ∞, then
n∑

i1,...,im=1

|〈T (x1i1 , . . . , x
m
im), y

∗
i1,...,im〉|

≤ sup
1≤ij≤n

sup
1≤kj≤rj

|a1k1,i1 . . . a
m
km,im |

 n∑
i1,...,im=1

r1,...,rm∑
k1,...,km=1

|〈T (ek1 , . . . , ekm), y∗i1,...,im〉|


≤ sup

1≤i≤n

m∏
j=1

‖(xji )
n
i=1‖ℓrj∞

r1,...,rm∑
k1,...,km=1

‖T (ek1 , . . . , ekm)‖‖(y∗i1,...,im)
n
i1,...,im=1‖ℓn1,weak(F

∗)

≤ Λ1(T )
m∏
j=1

‖(xji )
n
i=1‖ℓrj∞‖(y∗i1,...,im)

n
i1,...,im=1‖ℓn1,weak(F

∗).

We obtain dmult+
∞ (T ) ≤ Λ1(T ). This completes the proof. □



MULTIPLE COHEN POSITIVE STRONGLY SUMMING OPERATORS 171

For m ∈ N∗. Let 1 < p ≤ ∞ and let Ej (1 ≤ j ≤ m) be an Lp,λj
-space with

λj > 1. Then

Λmult
p∗ (E1, . . . , Em;F ) ⊂ Dmult+

p (E1, . . . , Em;F ),

and dmult+
p (T ) ≤

m∏
j=1

λjΛp∗(T ).

Proof. Let n ∈ N∗, (x1
i1
, . . . , xm

im) in E1× · · ·×Em and T ∈ Λmult
p∗ (E1, . . . , Em;F ).

Since Ej (1 ≤ j ≤ m) is an Lp,λj
-space, there exists a finite-dimensional sub-

space Mj ⊂ Ej containing a finite-dimensional subspace spanned by x1
i1
, . . . , xm

im

and an invertible operator Sj : ℓ
rj
p → Mj (DimMj = rj) such that ‖Sj‖‖S−1

j ‖ <
λj.

Consider the following diagram
0.15in0.18inE1 × · · · × Em[r]

TFM1[u]i1 × · · · ×Mm[u]imℓ
r1
p [l](S1,...,Sm) × · · · × [u]T̃ ℓ

rm
p span

{
x1
11
, . . . , x1

n1

}
[u]k1 × · · · × span

{
xm
1m , . . . , x

m
nm

}
[u]km

where ij and kj for (1 ≤ j ≤ m) are the canonical inclusion mappings and the op-
erator T̃ is defined by T̃ = T (i1◦S1, . . . , im◦Sm). Since T ∈ Λmult

p∗ (E1, . . . , Em;F )
then

Λp∗(T̃ ) ≤ Λp∗(T )
m∏
j=1

‖Sj‖‖ij‖.

Therefore, using the previous theorem, we have T̃ ∈ Dmult+
p (ℓr1p , . . . , ℓrmp ;F ) and

dmult+
p (T̃ ) ≤ Λp∗(T̃ ) ≤ Λp∗(T )

m∏
j=1

‖Sj‖.

If we let zjij = S−1
j xj

ij
in ℓ

rj
p and y∗i1,...,im ∈ F ∗+, then

n∑
i1,...,im=1

|〈T (x1
i1
, . . . , xm

im), y
∗
i1,...,im

〉|

=
n∑

i1,...,im=1

|〈T̃ (z1i1 , . . . , z
m
im), y

∗
i1,...,im

〉|

≤ dmult+
p (T̃ )‖(z1i )ni=1‖p · · · ‖(zmi )ni=1‖p ‖(y∗i1,...,im)

n
i1,...,im=1‖ℓnp∗,weak

(F ∗)

≤ Λp∗(T )
m∏
j=1

‖Sj‖‖(z1i )ni=1‖p · · · ‖(zmi )ni=1‖p ‖(y∗i1,...,im)
n
i1,...,im=1‖ℓnp∗,weak

(F ∗).

Since zjij = S−1
j xj

ij
, we obtain

n∑
i1,...,im=1

|〈T (x1
i1
, . . . , xm

im), y
∗
i1,...,im

〉|

≤
m∏
j=1

λjΛp∗(T )‖(x1
i )

n
i=1‖p · · · ‖(xm

i )
n
i=1‖p ‖(y∗i1,...,im)

n
i1,...,im=1‖ℓnp∗,weak

(F ∗).
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Therefore, T belongs to Dmult+
p (E1, . . . , Em;F ) and dmult+

p (T ) ≤
m∏
j=1

λjΛp∗(T ). □

4. Connection with tensor product

In this section, we endow X1 ⊗ · · · ⊗Xm ⊗ F ∗ with a norm in such way that
its topological dual is isometric to the space of multiple Cohen positive strongly
p-summing m-linear operators from X1 × · · · ×Xm into F .

For each z ∈ X1 ⊗ · · · ⊗Xm ⊗ F , we have

δ+p (z) := inf

{
‖(λi1,...,im)

n
i1,...,im=1‖ℓn∞

(
m∏
j=1

‖(xj
i )

n
i=1‖p

)
‖(yi1,...,im)ni1,...,im=1‖ℓnp∗,|weak|(F )

}
,

where the infimum is taken over all representations z =
n∑

i1,...,im=1

λi1,...,imx
1
i1
⊗· · ·⊗

xm
im ⊗ yi1,...,im . The application z 7→ δ+p (z) is a norm on X1 ⊗ · · · ⊗Xm ⊗ F.

Proof. The proof of this proposition is similar to the proof of [14, Proposition
2.1]. □

The topological dual
(
X1 ⊗ · · · ⊗Xm ⊗ F ∗, δ+p

)∗ of(
X1 ⊗ · · · ⊗Xm ⊗ F ∗, δ+p

)
is isometric to Dmult+

p (X1, . . . , Xm;F ) through the map-
ping ϕT defined by

ϕT : X1 ⊗ · · · ⊗Xm ⊗ F ∗ → R
x1 ⊗ · · · ⊗ xm ⊗ y∗ 7→ y∗(T (x1, . . . , xm)).

Proof. For any z =
n∑

i1,...,im=1

λi1,...,imx
1
i1
⊗· · ·⊗xm

im ⊗y∗i1,...,im in X1⊗· · ·⊗Xm⊗F ∗,

we have

|ϕT (z)| =
∣∣ n∑
i1,...,im=1

λi1,...,imy
∗
i1,...,im(T (x

1
i1 , . . . , x

m
im))

∣∣
≤ dmult+

p (T )‖(λi1,...,im)
n
i1,...,im=1‖ℓn∞

(
m∏
j=1

‖(xji )ni=1‖p

)
‖(y∗i1,...,im)

n
i1,...,im=1‖ℓnp∗,|weak|(F

∗).

Hence for each z, we have |ϕT (z)| ≤ dmult+
p (T )δ+p (z), and so ‖ϕT‖ ≤ dmult+

p (T ).
For the other direction, letting (λi1,...,im)

n
i1,...,im=1 ⊂ R∗, (xj

ij
)nij=1 ⊂ Xj (1 ≤ j ≤

m) and (y∗i1,...,im)
n
i1,...,im=1 ⊂ F ∗, we have∣∣ n∑

i1,...,im=1

λi1,...,imy
∗
i1,...,im

(T (x1
i1
, . . . , xm

im))
∣∣ = |ϕT (z)|

≤ ‖ϕT‖δ+p (
n∑

i1,...,im=1

λi1,...,imx
1
i1
⊗ · · · ⊗ xm

im ⊗ y∗i1,...,im)

≤ ‖ϕT‖‖(λi1,...,im)
n
i1,...,im=1‖ℓn∞

(
m∏
j=1

‖(xj
i )

n
i=1‖p

)
‖(y∗i1,...,im)

n
i1,...,im=1‖ℓnp∗,|weak|(F

∗).



MULTIPLE COHEN POSITIVE STRONGLY SUMMING OPERATORS 173

It follows from Proposition 2.1 that dmult+
p (T ) ≤ ‖ϕT‖. □
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