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ABSTRACT. Using maximum instead of sum, a nonlinear Bleimann—-Butzer—
Hahn operator of maximum product kind was introduced. The present paper
deals with the approximation processes for this operator. In a previous study,
it was indicated that the order of approximation of this operator to a function

3
f under the modulus is W and that it could not be improved except

for some subclasses of functions. Contrary to this claim, under some special
conditions, we show that a better order of approximation can be obtained with
the help of classical and weighted modulus of continuities.

1. INTRODUCTION

For f € (0, 00), the classical Bleimann-Butzer-Hahn (BBH) operators defined

La(f;) = ﬁ%f (n_LkH) (Z)a:’f

were introduced in [13].

The construction logic of nonlinear maximum product type operators using the
maximum instead of the sum is based on the studies [11,12,24] (for details, see
also [9]).
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There are some other remarkable articles like [5—8, 10] that we will remind you
in chronological order that various maximum product type nonlinear operators
was introduced and that their approximation and rate of convergence properties
were investigated. Also, some statistical approximation properties of maximum
product type operators were given by Duman [18].

Especially, in [7], the approximation properties, rate of convergence, and shape
preserving properties of BBH operator of maximum product kind are examined.

At this point, let us recall the following well-known concept of classical modulus
of continuity:

w(f,0) =max{[f(z) = f(W)|: z,yel, |x—y[<d}. (1.1)

The order of approximation for the maximum product type BBH operator can
3

be found in [7] by means of the modulus of continuity as w (f; (1+x)2 x/n)

Also, Bede et al. indicated that the order of approximation under the modulus

was (1 + x)% vz /n, and it could not be improved except for some subclasses of
functions (see, for details, [7]).

Contrary to this claim, under some special conditions, we will show that a
better order of approximation can be obtained with the help of classical and
weighted modulus of continuities.

2. THE CONCEPT OF NONLINEAR MAXIMUM PRODUCT OPERATORS

Before giving the main results, we will recall basic definitions and theorems
about nonlinear operators given in [9—11].

Over the set of R, we consider the operations V(maximum) and ”-” product.
Then (R4, V,-) has a semiring structure, and it is called a maximum product
algebra.

Let I C R be bounded or unbounded interval, and

CBy ={f:I— R, : f continuous and bounded on I }.
Let us take the general form of L, : CB(I) — CB,(I), as

n

L (f) (x) = \/Kn (z, z3) f(2i)

Ln (f) (x) = \/ K, (,23) f(3),

where n € N, f € OB, (1), K,, (-, ;) € CB4 (I) and x; € I, for all i. These op-
erators are nonlinear, positive operators, and moreover they satisfy the following
pseudo-linearity condition of the form

Lu(af v Bg) (1) = a Ly (f) (@)VB L, () (x), foralla,BERs, fig:]— Ry,

In this section, we present some general results on these kinds of operators
which will be used later.
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Lemma 2.1 ([10]). Let I C R be a bounded or an unbounded interval, let
CBy ={f:1— R, :f continuous and bounded on I },

and let L, : CB(I) - CBy(I), n € N be a sequence of operators satisfying the
following properties:

(i) If f,g € CBy (I) satisfy f < g, then L, (f) < L, (g) for alln € N.

(i) Ln (f +9) < Ln (f) + La(g) for f,g € CB4 (I).
Then for all f,g € CBy (I),n €N, and x € I, we have

L () () = L (9) ()] < Ln (If = g]) ().

Remark 2.2. (1) It is easy to see that the nonlinear BBH maximum product
operator satisfies the conditions (i) and (ii) of Lemma 2.1. In fact, instead
of (i), it also satisfies the following stronger condition:

Ln (fVg)(x) = Ln(f)(2) V L (g) (2), f9€ CBL(I).

Indeed, taking into consideration of the equality above, for f < g, f,g €
CB.(I), it easily follows L, (f) (x) < L, (g) (z).

(2) In addition to this, it is positive homogeneous; that is, L, (Af) = AL, (f)
for all A > 0.

After this point, let us denote the monomials e,.(z) := 2", r € Ny. The first
three monomials are also called the Korovkin test functions.

Corollary 2.3 ([10]). Let L, : CB(I) — CBy(I), n € N be a sequence of
operators satisfying the conditions (i), (ii) in Lemma 2.1 and in addition being
positive homogeneous. Then for all f € CB.(I), n € N, and x € I, we have

(D) @)~ F@] < |2La (00) (2) + L (eo) ()| (£, 0)

+f () [Ln (eo) (x) = 1],

where w (f, ) is the classical modulus of continuity defined by (1.1), 6 > 0, and
or (t) = |t — x| forallt € I, x € I,. Moreover, if I is unbounded, then we suppose
that there exists Ly, (p.) () € Ry U{oo}, for any x € I, n € N.

A consequence of Corollary 2.3, we have the following result.

Corollary 2.4 ([10]). Suppose that in addition to the conditions in Corollary 2.3,
the sequence (Ly,), satisfies L,, (eg) = e, for alln € N. Then for all f € CB, (1),
n €N, and x € I, we have

L) @) - 1] < [14 3L ) (0)] w70,

where w (f,0) is the classical modulus of continuity defined by (1.1) and 6 > 0.
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3. NONLINEAR BBH OPERATOR OF MAXIMUM PRODUCT KIND

As we reminded in the first part, in the maximum product kind operators, the
sum operator Y is replaced by the \/ maximum operator.

So, the following maximum product type nonlinear BBH operator is introduced
by Bede, Coroianu, and Gal [7]:

V () f ()
HM(f)(x) = =2 , (3.1)

where f € C'[0,00), x € [0,00), and n € N.
In [7], the approximation and shape preserving properties of the operator

H7(1M)( f)(z) were also examined.

Lemma 3.1 ([7]). For any arbitrary bounded function f : [0,00) — [0,00), the
maz-product operator HT(LM)(f)(x) is positive, bounded, continuous on [0,00) and

satisfies HS™ (£)(0) = f(0).

Remark 3.2. 1t is clear that HT(LM)( f)(z) satisfies all conditions in Lemma 2.1,
Corollaries 2.3 and 2.4 for I = [0,00) .

4. AUXILIARY RESULTS

By Lemma 3.1, we know that H,SM)(f)(O) — f(0) = 0 for all n, so in this
part, we will consider x > 0 in the notations, proofs, and statements of the all
approximation result.

For all k € {0,1,2,...,n}, j € {0,1,2,....,n— 1}, and = € [+¥} or
n—j+1? n—j
j=mnand x € [0,00), My, ; (x) and my,, ; (x) were defined in [7] by
Sn,k (I) |L, - ZL"
M i - ’ n+1—k
k7 5J (ZL‘) Sn’] (I) Y
Sni ()
Sn,j ()

It is clear that if £ > j + 1, then we get

M, (T) 1=

snk () (515 — @)
Mk,nyj (33) - s —E;)k )
n’]

and if k£ < 7, then we have

snk (%) (v — 7517)
Mk,nJ (37) = S (.13) 1=k 3
n’]

where s, (z) = ().

The main result of this part is Lemma 4.2, which is proved by the induction
method. Note that this proof is different from the proofs in [7].
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Lemma 4.1 ([7]). For all k € {0,1,2,...,n}, j € {0,1,2,...,n—1}, and x €

[ﬁ,%] orj=n and z € [0,00) , we have

M (2) < 1.

Lemma 4.2. (i) Let j € {0,1,2,...,n—1}, let x € [néﬂ, %}, and let
ae€{2,3,...}.If
ke{j+1,j+2,...,n—1}
is such that k — (k + 1)/ > j, then
My j(x) > Miyg1,p,5().

.. . —
(ii) Let j € {1,2,...,n—1}, let x € [nfé.ﬂ,%}, and let « € {2,3,...}. If
ke{1,2,...,5} is such that k + (k)"/* < j, then
My j(x) > My_154().

Proof. (i) After simple calculations, we obtain

Migg() ok (@) (i — @) Snj (7)
Mk+1,n,j(I) Sn,j (z) Sn,k+1 (z) (% - 96)
k
_ (Wr" i~
- ket 1
(e1)zmt 2 —a
B n o k+D)n—k—117—=
 El(n—k) n! x%—x
_ kHllimg—a
 on—ka EL_ g
n—k
If we denote
liig =
. _ntl-
Ink(T) = 5%,
then the function g, () is nonincreasing. Really, since
v<? - 1. < i -
n—j n—j
we have
k k+1 k
gl k($) _ _in+lfk - l_(ﬂ_fﬁ)‘i‘ (n+21k _x)
n, ket 1
N
k —nk—n—k—1+k>+k+nk—k?
I s e R - n(n*k)(nﬂfk)n
- ket 1 2
AE e T ()
k _ntl
_ it lemenm
- ket 1 2 :
A ()
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Jj+1

- we obtain
n—j

)+ 1
gn,k;(flf) Z In.k (j _)
n—j

k Jj+1

n _j n+l—k n—j
j+1 B

Since z <

n—k  n—j
for all x € [%, %] . So we have
n+l—j7’ n—j
.k j+1
Mi () > kE+1n—j7a %~ ny
— . y 1
My s1,,5() n—kj+1 % - %

k+1 255k —(G+1)
JAHLE+1=222 G+ 1)

Let
hk:] (n) - n—k N
nk—kj—nj—n—j—1+kj+k
. n+1—k
- nk+nfkjfjf@jfn+kj+k
n—j
onk—-g-1)+k—j—1 n—j
B n+1l—k E(n+1)—j(n+1)
(k= j—-1)(n+1) n—j
n+1—k (n+1)(k—j)
k=5 —1 n—j
 k—j n+1-Fk
Then
—j—-1 1—-k)—(n—7
W () — k—j—1(nt+1-Fk (Z 7)
’ k= (n+1—k)
—1 (k—j—1)7

k—=j(n+1—k)?

so hy; is nonincreasing, and we have

DMingle) k] gk (4D
k) (k—-5-1)
G+ *k=7)
Now, by the induction method, let us show that
k+1k—j5—1
R (4.1)
j+1 k—j

for k — (k 4+ 1) > j.
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For ov = 2, since the condition k—(k+1)*/2 > j holds, we have (k — j)* > k+1.
Soweget (k+1)(k—75—1)> (G +1)(k—j)and k* —kj —1 > kj — j2+ k.
Therefore we obtain the inequality (4.1) for av = 2.

Now, we assume that the inequality (4.1) is provided for a — 1. It follows

1k—j75—-1
]{f—i_ J - > 1 when k — (k + 1)Y= > 5. This means that
J+1 k—j

k=5 >k+1=(k—5">(k+1)(k—7).

Since k > j+1, (k—j)" > (k+1)(k—j) > k+1is true for a, hence, for
arbitrary o = 2,3,. .., the inequality (4.1) is provided when k — (k + HYe > ;.
Since k > j + 1, we have % > 1. So we obtain

My () < k+1n—jk—j—1

2 : — > 1.
Miping(®) “n—kj+1 k—j
(ii) After simple calculations, we get
k
Mk,n,j (33') _ Sn,k (ZL‘) (LL‘ - M) Sn,j (CL’)
My—1n,5() Sn.j (2) Sni—1 () (x — 254)
n k
I O A
- n — k—1
() 2! nikt1 L
nl k=1)'(n—k+1) z—
= x
E!'(n —k)! n! T — ni;ik
_ on—k+1 x— ﬁ
- =1
k T — n+2—k
If we denote
T = n+l;7k
QZk(x) =T
- n+2—k
then we see that the function g, (7) is nondecreasing. Really, since
k kE—1 - k k—1
n+l—k n+2-k n+2—-k n+2-k
1
= ———>0
n+2—k
and
S k
X —7
“n+1-—k
we have
« Y x‘mﬁ—k L -km _x+n+1k
(g5x) () = 4z —— > 0.
L= n+2—k (‘T - n+2fk)
Using this property, since r > —— : +1’ we obtain

> - <
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. ik
_ J n—j+l _ ntl-k
n_j+1nf§'+1_nigik
j +1
for allxe[n+]l_j,frj].We have
. ik
My () > n—k+1 J n—j+l _ ntl-Fk
Mi—1n5(x) k n_j—'—ln—?‘ﬂ_%
. n—k+1
_ ik
kj—%(k—l)
Let
n—k+1
* (n) _ n—jil‘y—k
k,j n—j
AR =TT
nj—kj+j—nk+kj—k
o n—j+1
T nj—kj+2j—nk+ntkj—j—k+1
n—k+2
 Jjn+1)—k(n+1) n—k+2
B n—j+1 n(j—k)+j—k+n+1
 (n+1)(—k) n—k+2
n—j+1 (+1)(G—-k+1)
=k n—k+2
j—k+1ln—75+1
Then
N j—k n—3+1—-—n+4+k-2
(hk,j> (n) = - . 2
j—k+1 (n—j+1)
B j—k k—7-1
j—k+1(n—j+1)7
| — k
= —]—2<0,
(n—j+1)
and we obtain
Ming(@) o o J_ negetd —F
My_1pj(x) = noook j— 2225 (k- 1)
J_J—k
kj—k+1

Now, as the same as proof of (i), using the induction method, let us show that

J J—k
L | 4.2
Kj—k+1° (4.2)

holds for k + (k) < j.
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For o = 2, because of the condition k + (k)2 < j, we get k < (j — k)* and
j(j—k)>k(j—k+1). Thus we have j2 — kj > kj — k* + k, and so we see that
(4.2) is satisfied.

Now, we assume that (4.2) is correct for o — 1. Since l,j;k > 1 for

kj—k+1
k+ (k)Y@ D < j weobtain k < (j —k)* "= k(j—k) < (j —k)*.

Since k < j—1,k < k(j—k) < (j — k)" is true for a > 1, the desired inequality

is provided for k 4 (k)¥/* < j. So we obtain

My () Zn—k’—l j ..j—k‘ S,
My_1;(2) k n+l—jj—k+1
which gives the desired result. 0

At this point, we also recall the following lemma.

Lemma 4.3 ([7]). Denoting s, (z) = (})z*, we have

n g j+1
k\/ﬂsn’k () = snyj(x), for all x € {n—j—l— 1 n—j] )

j=0,1,....n—1

and

5. POINTWISE RATE OF CONVERGENCE

Let us take xy as fixed point on the interval [0,00). The main aim of this
section is to obtain a better order of pointwise approximation for the operators
H,(lM)( f)(zo) to the function f(zq) by means of the classical modulus of continu-
ity. According to the following theorem, we can say that the order of pointwise
approximation can be improved when the « is big enough. Moreover if we choose
a = 2, these approximation results turn out to be the results in [7].

Theorem 5.1. Let f :[0,00) — Ry be continuous. Then for any fized point xg
on the interval [0, 00) satisfying
(n+1)*7" >max {[2(1 +20)]*", 27220 (1 +20)* '},

we have the following order of approzimation for the operators (3.1) to the function
f by means of the modulus of continuity:

|HM™ (f)(0) — f(xo)] < (148(1 +ag)* e 956%) w <f5 %) )
(n+1) =

for alln € N, where w (f;0) is the classical modulus of continuity defined by (1.1)
and o = 2,3, . ...

Proof. Since nonlinear maximum product BBH operators satisfy the conditions
in Corollary 2.4, for any zq € [0, 00), using the properties of w (f; ), we get

HED (£ 0) )] < [14 5B (o) ()| w(£0), 5)
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where @, (t) = |t — xo| . At this point, let us denote

V/ nk (20) | =5 — o]

Ey () = HM™ (¢4,) () = =—; , o € [0,00).

V sk (20)
k=0

Let z¢ € [ﬁ, %} , where 7 € {0,1,...,n — 1} is fixed, arbitrary. By Lemma

4.3 we easily obtain

J Jj+1
E = My s )
) = (g ()}, e | T

Firstly let us examine for j = 0, where xy € [O, ﬂ and a =2,3,....
For k =0, we get

Q=

1 91 J}O
M(]’mo (.To) = Tg = .Tg 130 « S

Also, for k > 1, we get

n k
Miao ) = (et (=g )

< (™) k
= \k) n+1-k

n! y kK
X
(n—k)k!"'n+1—k
n!
l‘k
(n+1—Fk)!(k—-1)"°

= (k ﬁ 1) J;gilxo.

Since (1+z0)" =14 > (})zf, then (,",)z§™" < (1+20)". Using this result in
k=1

the last inequality and since zy < %, we obtain

Mo (o) < (14 x0)" 0

1 n
< <1+—> T
n

< exfmy ©
1
$C¥
< e %
n'~a
So, we find an upper estimate for any k = 0,1,...,n, E, (z9) < e Ti when
n o

j=0.
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Now, it remains to find an upper estimate for each My, ; (xo) when j =

1,2,...,n—1,1is fixed, zg € [n_zﬂ,ii_;],ke{o,l,...,n} and o = 2,3,....

In fact, we will prove that

(1 + J,’())Q_é IS‘
(n+ 1)1_é

Mpnj (20) <8 (5.2)

for all 2, € [ni;iﬂ, g} k=0,1,2,... n, which directly will imply that

1 1
(1 + .TU)Q_O‘ xO“

E, (z9) <8 —T for all n € N.
(n+1) =
Taking 6,, = P in (5.1), we obtain the estimate in the statement immedi-
ately.

So, in order to completing the proof of (5.2), we consider the following cases:

(" ke{j+1,7+2,...,n} with j € {1,2,...,n—1},
(ii*) k€ {0,1,...,5} with j € {1,2,...,n—1}.

Case (i*). Subcase (a). Assume first that k — (k + 1)é < j. Then we get

k
Mk,n,j (1'0) = Mgkn,j (1130) (—k - CCO)

n+1-—
< L—xo
T n+1-—k
k J

n+1—k:_n—j+1
nk—kj+k—nj+kj—y
m—j+1)(n+1—k)
(k—j)(n+1)
m—j+)(n+1-k)

1

Now, using k — (k + 1)= Sj:k_jg(k+1)é and —k:Z—(k%—l)é—j, we
have

(k+1) (n+1)
n—j+1)(n+1—k)
(k+1)* (n+1) |
(n—j+1) (n+1-j—(k+1))

M (xo) <

IN

Taking into account that nﬁ; — < o, we have n”Till < 14 zy. Then we obtain

(k+ 1)«
<n+1—j—(k5+1)

My (20) < (1 + )

Q=
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We observe that k — (k + 1)L < j gives k + 1 < 4j. In fact, if we assume that
1 1
k+1 > 4j, then 45 —1— (4]) < k—(k+1)= <j, which implies 35 — 1 < (4j)=,

and this is false if j > 1. Also, since < xp, we have j < %, and for

J
n—j+1

n+1 >j—|—(4j)é, we get

Q=

(47)
(n F1—j— (49)

Mipj (2g) < (14 )

Ql~

)

1
[(n-i—l)mo} “
1+x

< 4a (14 o)

Q=

(n+1)x L [ (n+)z
nt+l-ns —4s [T}

1 1
z§ (n+ 1)«

= 4é (1 + 33’0)17i

n+1 (n+1)z
o — 4 [1+zo°]
1
1 1)e (1
= 4o (1+ap) @ i (n+1) <7+""U0) 1
n—|—1—4a(n—|—1)am5‘(1+x0) a
1
(n+1)e

1
= 4a(1+ Io)g_é x

1 1L 11"
n+1l—4a(n+1)oxs (1+xz0) =
If (n+1)*"" > 2%Fog (14 x0)*" ", then we observe that

1
(n+ 1)« < 2
1 1 1 —

1 _1-
ntl—da(n+1)aag (L+z) =  (n+1)7"

Indeed,
1 1
n+1<2n+2—4« (n+1)éx§2(1+x0)l_é,

Q=

1 1
43 (n+ 1) 252 (1 + 20)"

1—

n+1,

Q=

1 L
dozs2 (14 xp)
244 Zo (1 + .Qjo)ai

—

<
< (nt+1) e,
< (n+1)* L

RI=

Also, the same condition ensures n + 1 > j + (47)= . Finally we obtain

2
(n+ 1)17é

1

2—-L =
9l+2 (14m)" lxo
(n+1)"=

=

1 1 =
Mk,n,j(l‘()) S 4o (1+[E0)2 O‘ZL‘S

I

for any (n 4 1)*7" > 22+og, (1 4 2)* "
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Subcase (b). Assume now that k& — (k + 1)é > j. For the function g (z¢) =
1

xo — (zo + 1)= , we have

WD) ga) =1~ (Yalo+1'+) >0

r=x0

Thus we can say that the function g is nondecreasing on the interval [0,00).
It follows that there exists a maximum value k € {0,1,2,... n} satisfying the

_ _ 1 _
inequality k& — (k + 1)“ < j. Then, for ky = k+ 1, we have k; — (k1 + 1)é > 7.
Also, we have k; > j + 1. Indeed, this is a consequence of the fact that ¢ is
nondecreasing, and it is easy to see that f (j) =7 — (¢ + 1) < j. Then we get

k+1
Mising () = M1 (%0) (n —k+1-1 :z:o>

kE+1 j

n—k n—j+1

nk+n—jk—j+k+1-—nj+jk
(n—k)(n—j+1)

(n+1)(k—j+1)

(n—k)(n—j+1)

_ _ 1
Since nﬁﬁrl <zo+1land k—j < (k+1)*, we have

(z+1) (k—j+1
M 105 (20) < ( = )

(n—k)
(zo + )((k+1) +1)

: (%)
2(zo+1) (l%—i—l)

=T R

Moreover, k1 < 4j and similar to subcase a) and j < %:01), we obtain

1
a

Q=

Ml_chl,n,j (Qio) 2 ('IO + 1) (4j)

1

(n—]—4j a)
1
452 (20 +1) ("“’lf“)“

o

: (n41) 41 (i) =
zo(n+1 1 [ xo(n+1 a
n_(]lT_4a<()1—l-—xo>

1
ol+4 (x0+1) “xg (n+1)7
n—xy— 45306’ (n+ 1)é (zo+1)' "=
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We observe that if (n+1)*" > 20%224 (1 + 24)* ", then

Q=

2
(n+1)'"=

(n+1)

Q-

FR -1
n—xyg—4azs (n+1)o (xog+1) @
Indeed,

1
n+1< 2n—2x0—4éx§2(n+ 1)é (x0+1)1_é,

11 1 11

dogs2(n+1)o (xg+1) = < n—1-2x<n+1,
1 1 1—-1 1—1
a2 (e + 1) < ()
2%z (zo + 1) < (n4+1)*71.

Using the last inequality, eventually we get

2122 (z 4 1) @ an
(n+ 1)1_é

22+3 (2 + 1)2_i ra
(n+ 1)1_é .

ME+1,n,j (r) <

By Lemma 4.2, (i), it follows that
MIE+1,n,j (w0) > ME+2,n,j (o) >+ > M, (o) -

2 o1 é _ _
Thus we have M, ; (zo) < 215 (wo+1) —20 for any k € {k +1Lk+2,... ,n}.

(n+1)' &
Case (ii*). Subcase (a). Assume first that k + k= > j. Then we obtain
k
My j (w0) = M n,j (o) <$0 - m)

< k

x _——_—
= Y nr1—k
< Jj+1 k

n—j_n+1—k:
nj+n+7+1—kj—k—nk+kj
m—7)(n+1—k)
—k(n+1)+j(n+1)+n+1
n—j)(n+1—k)
n+1)(j—k+1)
n—j)(n+1—k)

Since j — k < ké, j >k, and n—§+1 < xp, we have 5 < % When we use

these inequalities, respectively, we could have
(n+1) (k:i + 1)

(n—j)<n+1—ké—j>

M (x9) <
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(n+1) (ﬁ + 1)

<
(n—j) (n—l—l—l—ja—])
S 2y
—7) <n+1+ja —j)
1
< 2(n+1) (220)

1
zo(n+1) zo(n+1) \ @ zo(n+1)
(n - (:)ZQ+1 ) (n + 1 + < (.;04»1 ) - (.)’Eo+1 >
11 _1
2(n+1)""exg (1+x0) @

nrog+n—nrg—ro nxo+zro+n+l—nro—xo + Io (n+1) (IOJrl)
zo+1 zo+1 zo+1

1
2(n+ 1)1+é z§ (1+ 3(:0)2_é
. .
(n — @) (n +14ag (n+1)7 (2o + 1)1—5)

Now, we observe that

(n+1)""

T g(n—i—l)é.
(n—i—l—i—xg (n+1)

Q=

(20 + 1))
Indeed,

1
n+1 < n—f—l—i—x@(n—l—l)é(xonLl)l_é,
1
0 < zf (n+1) (mo—l—l)l_*

So, we have

1 ,L(n—l—l)a
My i (xg) <228 (14 23 .
k, 7]( 0) 0 ( 0) (n—xo)

Also, if n > 1+ 2x, that is (n+ 1) > [2(1 4 x¢)]" ", then we have
(n+ 1>% 2
) e

So we get

Finally we obtain
2

(n+ 1)t =
1 9_1

x§ (L4 29)" =
(n+1)7=

_1
My (xo) < 21‘0 (1+a:0)2 o

= 4
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Subcase (b). Assume now that k + ka < j. Let k € {0,1,2,...,n} be the

l ~
minimum value such that k -+ (l:?) “ > 4. Then ko = k — 1 satisfies ks + (k;2)é <j
and

k—1
Moy (¥0) = iy (0) <$0 Cn—k+ 2)
k—1
S To—- ——=—
n—k+2
n—7 n—k+2
onjtn—kj—k+2j+2—nk+n+kj—j
(n—j)(n—/%+2>
(n+1) (7 -k +2)
(n—j)(n—fc—i—2
(n+1)(</})“+2)
< T
n=3) (n+ ()" —5+2)
3(n+1)(k)°
< <1>
n=3) (n+ (1) =5 +2)
. 3ryEp
(n—j) <n+(J)E—J>
. . zo(n+1
Since j < x(o—fl),we have
3(n+1) (x(;;(::f)) )

Ml}fl,n,j (‘TO) <

11
n+1)"exg (zo+1)”

1 1 1
nxg+n—nrg—xg nxo+n—nzo—o + z§* (nt+1)a (x0+1)1 o
zo+1 zo+1 zo+1

(n+1)"a
1

(n — xo) (n—a:0+x§(n+1)

1
= 3z§ (l’o + 1)2_é

Q=

(ro + 1)17é> '
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After simple computations, we observe that
(n + 1)

n—xo—i—xo (n+1)

Q\»—A

<(n+1)=.

Q=

(ro + 1)175
So we obtain )
o1 (n+ 1)

1
< 3z 1 )
(zo) < 32§ (zo+1) ——

M;,

—Ln,j

(n+1)a < 2 . . .
20 = it in the last inequality, we get

Also, using

2
(n+ 1)17%
xoé (20 + 1)27%
(n+1)'" .
In the light of Lemma 4.2(ii), it follows that
Ml}—l,n,g (z0) > Mj_ 2,m,j (z0) = -+ > Mo (o) -

1 1
Mj_y,(x0) < 3ag (o +1)°=

= 6

Thus we obtain .

zo (o —|—12_7
My (20) < 65820 H 1
(n+1)'"a
i+1
for any £ < j and zy € [n J+1>,i —j

So, taking into consideration the fact that

1 1 1 1 é
xgalﬂ T 721+ (L) _a,% 722+ ot g aio ) x§ (rg+ 1)
e d R et \ (n+1)1 Q_L(nJrl) o < g% (2o 1L ,
§ (4w0)* & eaf (z0+1) (n+1) =
(n+1)1” (n+1)—a
we have the desired result. O

6. WEIGHTED RATE OF CONVERGENCE

In the previous section, pointwise convergence properties of the operators were
given at a fixed point xy. Nevertheless, if we want to obtain a uniform approx-
imation order on infinite intervals, then we should use the weighted modulus of
continuities.

Before giving useful properties about these type of modulus of continuities, let
us recall the following spaces and norm (see, for instance, [20,21]):

B,(R) = {f:R —R| a constant M depending on f exists
such that |f| < Myp},

C,(R) ={f € B,(R)| f continuous on R},
endowed with the norm
|/ ()|

= su .
I71l, = sup ()
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In order to obtain the rate of weighted approximation of the positive linear
operators defined on infinite intervals, various weighted modulus of continuities
are introduced. Some of them include the term h in the denominator of the
supremum expression. In the chronological order, let us refer to some related
papers as [1,4,16,19,22,23 25 27].

In order to obtain weighted approximation properties of Szasz—Mirakjan oper-
ators on R, a weighted modulus was defined in [1].

In [23], the second author, jointly with Gadjieva, introduced the following
modulus of continuity:

o<z, hj<s (14 R2)(1+ 22)
There are some papers including rates of weighted approximation with the help
of Q(f;0). (see, for instance, [3,14,17,26]).

Then the second author [16] defined the following modulus of continuity:

[f(z +h) — f(z)]

w,(f;0) = su , 6.2
o f39) ogm,\iﬁga p(r +h) (62)

where p(x) > max(1, ).

In [16], a generalization of the Gadjiev-Ibragimov operators was introduced,
which includes many well-known operators, and its rate of weighted convergence
with the help of w,(f;¢) defined in (6.2) was obtained.

Moreno [27] introduced another type of modulus of continuity in (6.2) as fol-

o e+ h) = f(a)]
— r+n)—jz
Qu(f;0) = su )
(f ) ng’“llj‘g(g 1+ (l' + h)a
Gadjiev and Aral [22] defined the following modulus of continuity:

ﬁp(f; 5) = sup |f(t) = f(2)] 7
wteRa o) —p@)<s (|p(t) — p(z)[ 4+ 1) p(2)
where p(0) = 1 and inf,>q p(z) > 1.
By choosing @ = 2, in the definition of Q,(f;6), then we obtain Qy(f;d) =
wpo(f30) for po(z) = 1+ 22, and if we choose & = 2 + X in the definition of
Q. (f;9), then we obtain

8 (f8) — [f(z+h) — f(z)|
QoA (f39) RO P ey

(see [2]).
Finally, Holhos [25] defined a more general weighted modulus of continuity as

fx) — fly
i sy M@ =10
0<e<y o) —p(@)<s P(T) + p(y)
such that, for ¢(x) = x, this modulus of continuity is equivalent to Q(f; ) defined
in (6.1).
Also, let CP(R) be the subspace of all functions in C,,(R) such that i, Hz)

p(z)
exists finitely.
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Note also that some remarkable properties about these type of modulus of
continuities can be found in [15].
In the light of these definitions, we can give the following theorem.

Theorem 6.1. Let f : [0,00) — R, be continuous. Then for all x € [0, 00),
satisfying

(n+ 1) >max{[2(1 + )", 22" (1 + 2)* 7'},
we have the following order of approzimation for the operators (3.1) to the function

f by means of the weighted modulus of continuity defined in (6.2). Then for each
feCh(Ry), we have

H (D@ ~ @) _ (14921480 +0*F o) o (i
(po(2))? > (14 22)2 0 a( )

for alln € N, where po(x) =1+ 22 and a = 2,3, .. ..

Proof. By using the properties of w,, (f;6), (see [27] ), we can write
[HM () () = f(x)]
1

< (1+ 2ot HY () (@) (FHE (00 (0) +1) (). (60

In the proof of Theorem 5.1, under the condition
(n+1)* ' >max{[2(1 +2)]* ", 222 (1 +2)* '},
we obtain
2—L 1
(14+2)" «xa

HM (,) (x) <8 —
(n+1) =

: for all n € N. (6.5)

On the other hand, since

n
n! k—1 1
x k\—/l m—R(E—DIY ik

Vo (p)a*

k=0
n—1 L
_ k=0
AW
k=0
we have
HM (e)) (z) < 2. (6.6)
So, using the inequalities (6.5) and (6.6) in (6.4) and choosing
1
0= 1_1>
(n+1) "=

the proof is completed. O
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This theorem allows us to express the following weighted uniform approxima-
tion result.

Theorem 6.2. Let f : [0,00) — Ry be continuous. Then for all x € [0,00),
satisfying
(n+ 1) >max {[2(1+2)]*", 2022 (1 +2)* '},

we have the following order of approximation for the operators (3.1) to the function
f by means of the weighted modulus of continuity defined in (6.2). Then for each
feC)(Ry), we have

1

[0 (f) (@) = f(@)]] oy < 170wy | f PRI

, (6.7)

for all n € N, where po(z) =1+ 2% and a = 2,3, . . ..

1 _1
Proof. By using the inequalities —L5 < 1, 22, < 1, 2% < 1, and 2 < 1, we

1422 = 5 1422 = 5 1422 1422
have
14 922)(1+8(1+2)* = zo
(L+97)(A+8(+a) ~xe) 7 (6.8)
(1+ 22)?
If we use (6.8) in (6.3), then we obtain the desired result. O
Remark 6.3. In [7], the order of approximation for nonlinear max-product BBH

operators was found as 1/y/n by means of modulus of continuity and the au-
thors claimed that this order of approximation cannot be improving except for
some subclasses of functions such as concave functions. So, Theorems 5.1, 6.1,
and 6.2 show that the orders of pointwise approximation, weighted approxima-

tion, and weighted uniform approximation are 1/ (n + 1)1_é . For big enough «,

1/ (n+ 1)17% tends to 1/(n +1). As a result, since 1 =1 > 1 for a =2,3,...,
this selection of v improves the order of approximation.
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