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ABSTRACT. In this paper, we investigate the boundedness of classical opera-
tors, namely the Hardy—Littlewood maximal operator, fractional integral op-
erators, and Calderén—Zygmund operators, on generalized weighted Morrey
spaces and generalized weighted weak Morrey spaces. We prove that each of
the three operators is bounded on these function spaces under some assump-
tions.

1. INTRODUCTION

We shall discuss the boundedness of three classical operators, namely the
Hardy-Littlewood maximal operator, fractional integral operators, and Calderén—
Zygmund operators, on generalized weighted Morrey spaces. Throughout this
paper, we denote by B(a,r) an open ball centered at a € R™ with radius r > 0.
For a set E in R", we denote by E° the complement of F. Moreover, if E is a
measurable set in R”, then |E| denotes the Lebesgue measure of E. The Hardy—
Littlewood maximal operator M and fractional maximal operator M,, where
0 < a < n, are defined by

M f(x) := sup !

TR |f(y)ldy, = eR",
r>0 | B(x,7)| B(z,r)
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and
—1a/ |f(y)|dy, = €R",
" JB(z,r)

for locally integrable functions f on R™. It is well known that M is bounded on
Lebesgue spaces LP = LP(R") for 1 < p < oo, and from L' to the weak Lebesgue
space WL = W LY(R"™); see, for example, [11,27,29)].

For 0 < a < n, we also know the Riesz potential or the fractional integral
operator I, which is defined by

I,.f(x) ::/R Ady, x € R",

o |z =yl

for suitable functions f on R™. The operator I, is bounded from LP to L9 for
1 <p< ooand % = % — 2 see, for example, [29]. Since from the definitions we
have

Mo f(z) < Colo(|f)(2), = €RY, (1.1)

where C), is the Lebesgue measure of the unit ball in R", it thus follows that the
operator M, is also bounded from L? to L? for 1 < p < oo and % = é -

The next operator that we discuss is the Calderén-Zygmund operator. Let
T = Tk be a linear operator from the Schwartz class § = S(R™) to §’, which is

L?*—bounded and, for each f € C°(R"), we have

Tf(z):= | K(z,y)f(y)dy, x¢supp(f),

R

where K = K(-,-) is the standard kernel defined on R"™ x R™ except for the
diagonal {(z,z) : € R"} with the following properties: There exists a constant

A > 0 for which

A
K (z,y)| < T T #y,

|n
and, for some o > 0,
Alz — 2'|°

K(z,y)— K, y)| < ,
Key) =Kol < e =y

1
=] < 5 max(|z —yl, ]2’ ~ ),

and
Aly -y

(lz =yl + [ =y
The operator T is called the Calderon—Zygmund operator, which was introduced
by Coifman and Meyer [4] in 1979. The operator is bounded on L? for 1 < p < 0o
and from L' to WL [11].

Let us now discuss about Morrey spaces that we shall work on. For 1 < p < oo
and 0 < \ < n, the classical Morrey space MP* = MPA(R"), equipped with the
following norm

1
K (2, y) — K(x,y)| < ly—v| < émaX(lx—yl, lz—y']).

1 P
1flaen = sup —(/ !f(fﬁ)\”dx) <o,
a€Rmr>0 T Bla,r)
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was first introduced in [18]. The same space may be denoted by M = MP(R"),
equipped with

' :
Wl = sup ——— < / |f($)|”dx)
a€R™,r>0 ’B(CL, r) | P q B(a,r)

—
= Sup Lr(B(a,r))s
ac®n >0 | B(a, 7|7 a

where 1 < p < ¢ < o0, as used widely in, for examples, [13,15,27]. Note that if
we set p = ¢, then M# = LP. In companion with M?, one may also define the
weak Morrey space WM?E = W MP(R") to be the set of all measurable functions
f on R™ such that

1
Hf||WMqP = sup —— v |[fllwreBarn < o0,
a€R™,r>0 |B(a r)’p q

where ||f|lwir(B@r) = supy|{z € Bla,r) : |f(x)] > 7}|"P. The last two
¥>0

definitions were used in, for example, [14].

According to [6], T"is bounded on M for 1 < p < ¢ < oo and is bounded
from M{ to WM{ for 1 < ¢ < oo. In addition, M is bounded on MY for
1 < p < g < oo and is bounded from M to WM for 1 < ¢ < oo [2]. Moreover,
I, is bounded from one Morrey space to another under certain conditions [1], [25].

In [17,21], the Morrey space M? was generalized to M}, = MY (R"), which
consists of all locally integrable functions f on R™ such that the norm

Il 2= sup (m /. \f(w)|”d:v)p < co.

Here ¢ is a function from (0,R™ X oo) to (0,00) satisfying certain conditions.
Moreover, the weak generalized Morrey space WM}, = WM (R"), where 1 <
p < oo was defined as the set of all functions f for which there exists a constant
C > 0 such that

2
Sl e B @l >} <C
for every ball B = B(a,r) and 7 > 0. We can see that if we set ¢(B(a,r)) =
|B(a,r)|""%, where 1 < ¢ < oo, then MY, = M?. Nakai [21] investigated the
sufficient conditions on the function v to ensure the boundedness of the operator
M, T, and I, on these spaces. Similar results are obtained by Mizuhara [17],
where 1) was assumed to be a growth function satisfying doubling condition with
a doubling constant 1 < D = D(y) < 2™.

Guliyev [12] defined generalized Morrey spaces M} = MY (R") with the norm

‘B\:

-
Il = s =S lancot

a€R™ r>0 ¢
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and also defined generalized weak Morrey spaces WM, = WMZ(R") with the
norm
P = Ssu P(
e L

In contrast with Nakai’s approach, Guliyev did not use the doubling condition to
prove the boundedness of the operators M and T on these spaces. Furthermore,
Guliyev also investigated the boundedness of M and T from MY} to MY for

1 < p < o0, and from ./\/l(lz,1 to I/V./\/l(lz,2 for p = 1, for some functions ¢; and ¢5 on
R™ x (0,00). To be precise, he obtained the following theorem.

Theorem 1.1 ([12]). Let 1 < p < oo and let the functions ¢1(a,r) and ¢o(a,r)
satisfy

/ gblat—<0¢2(a7“)

for every (a,r) € R™ x (0,00), where C' > 0 does not depend on a and r. Then
M and T are bounded from le to ./\/11;’52 for 1 < p < oo and are bounded from

Mél to W./\/léz.

Let ¢ : (0,00) — (0,00) be a function and let w be a weight, that is, a
nonnegative locally integrable function taking value (0, 00) almost everywhere on
R™. For 0 < p < oo, Nakamura [22] introduced the generalized weighted Morrey
space M7 (w) to be the set of all measurable functions f for which

1Lz = s (1) (@il /Q If(x)\pw(@d:v)p < oo,

and the generalized weighted weak Morrey space, denoted by wM$(w), which is
equipped with || f[[, (), Where

1 v
||f||wM,f(w) = sup o((Q))A (@/Qx{f|>)\}($)u}(l')dl') < 0.

QEQA>0

Here Q is a set of all cubes in R™ that have sides parallel to the coordinate axis
and [(Q)) denotes the side-length of @) € Q. By the definition, notation, and the
assumption that the weight w is in Muckenhoupt class A, (defined in Section 2),
Nakamura obtained the following theorem.

Theorem 1.2 ([22, Theorems 1.3 and 1.10]). Let 1 < p < oo and let ¢ € G,
that is, @ is nondecreasing and the map t — t~"/Po(t) is nonincreasing. Assume
that w € A, and there is a positive constant C' such that for QQy € Q,

QGS%pCQOQO(Z(Q)) (%y < Cp(1(Q)) (c«f‘g(‘)))é |

where w( fQ z)dx for Q € Q. Then M and T are bounded on M7 (w) for
1 <p<oo. Moreover the operators are bounded from M3 (w) to wM7 (w).
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In Theorem 1.2, the author used a function ¢ of one variable, which satisfies
some assumptions, on the generalized weighted Morrey spaces and the weak gen-
eralized weighted Morrey spaces. Meanwhile, Guliyev used two functions ¢; and
¢o of two variables in his results, where the assumptions are different from those
in Nakamura’s.

In this paper, we use definitions for the generalized weighted Morrey spaces
and the weak generalized weighted Morrey space which are more general than the
definition introduced by Nakamura. Our aim is then to investigate the bound-
edness of M, I,, and T on the generalized weighted Morrey spaces and the weak
generalized weighted Morrey spaces. Our results, which are presented in Sec-
tions 3-5, generalize the previous results obtained by Guliyev. These results are
also different from Nakamura’s results as we use more general definitions for the
generalized weighted Morrey spaces and the weak generalized weighted Morrey
spaces.

2. Ap WEIGHTS AND GENERALIZED WEIGHTED MORREY SPACES

In this section, we discuss A, weights, weighted Lebesgue spaces, and weighted
Morrey spaces. We also present the definition of generalized weighted Morrey
spaces, generalized weighted weak Morrey spaces, and some lemmas, which we
shall use to prove the main results about the boundedness of the three classical
operators on generalized weighted Morrey spaces and generalized weighted weak
Morrey spaces.

A weight w is a nonnegative locally integrable function on R” taking values
in the interval (0,00) almost everywhere. The weight class that we use in this
article is the Muckenhoupt class A4, (see, e.g., [10]).

Definition 2.1. For 1 < p < oo, we denote by A, the set of all weights w on R"
for which there exists a constant C' > 0 such that

1 1 L p—1
1Bla. —_— " <
(|B(a,r)| B(a,r) U)(x)dx) (|B<a77n)| B(a,r) w(x) dm) - C

for every ball B(a,r) in R". For p = 1, we denote by A; the set of all weights w
for which there exists a constant C' > 0 such that

1
W/B( )w(x)dx < Cllwl| o (B(air))

for every ball B(a,r) in R™.

Remark 2.2. The last inequality is equivalent to the following equation

1 / 1
o [ )} e s <
(|B(CL,T)| B(a,r) (Bla.r)
for every ball B(a,r) in R™.
Theorem 2.3 ([10]). For each 1 < p < oo and w € A,, there exists C > 0 such

that w(B) |B| )
w®) = ¢ (@)
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for every ball B and measurable sets E C B, where w(B) = [, w(z)dx.

Associated to a weight w € A, with 1 < p < oo, the weighted Lebesgue space
Lpv = [P (R™) is the set of all measurable functions f on R™ for which

[ fllLpw = |f(2)]Pw(z)dr < .
RN

In addition, WILP* = WLP"(R") is the weighted weak Lebesgue space that
consists of all measurable functions f on R™ for which

1
[ fllwrpw = Sung({x ER":|f(2)] >~})r < o0
>

Note that if w is a constant function a.e., then we have that LP" = LP and
WLPY = WLP. We note from [10] that w € A, if and only if M is bounded on
LP¥ for 1 < p < oo and w € A; if and only if M is bounded from L'% to W L.

Related to the fractional integral operator I,,, we have another class of weights
Ap g

Definition 2.4 ([20,27]). Let 1 < p < ¢ < oo and let p satisfy 1/p+ 1/p’ = 1.
We denote by A, , the collection of all weight functions w satisfying

=y ) (e i)
_— w(z)idx _— w(x) P dx <C
(|B<a,r>| e ) Bla)] Jour

for every (a,r) € R™ x (0,00), where C'is a constant independent of a and r. For
p=1and ¢ > 1, we denote by A; 4 the collection of weight functions w for which
there exists a constant C' > 0 such that for every (a,r) € R™ x (0, 00),

( 1 1/q
—_ w(:c)qd:c) < C||lwl| Lo (B(ar))-
|B(a,r)] B(a,r) (Blar))

One may observe that w € A, if and only if w? € Ay for 1 <p < g < oo
(see [5]). Moreover, we have the following proposition.

Proposition 2.5 ([16, Theorem 3.2.2]). Let 1 <p < g < o0. If w € A,,, then
wP € A, and w! € A,.

We rewrite the following results of Muckenhoupt [19] for M, Muckenhoupt and
Wheeden [20] for I,, Coifman and Fefferman [3], Garcia-Cuerva and Rubio de
Francia [10], and Sawyer [28] for T on weighted Lebesgue spaces.

Theorem 2.6 ([10]). Let 1 < p < co. Then M is bounded on LP™ if w € A,.
Moreover, M is bounded from LY to WL ifw € A;.

Theorem 2.7 ([20]). Let 0 < o < n,1 < p < n/a,1/q = 1/p — a/n, and
w € A,,. Then, the operator I, is bounded from LP*" to L9™". Moreover, if
w € Ay, with 1/qg =1— «/n, then I, is bounded from L** to W L9™".

Theorem 2.8 ([3,10,28]). Let 1 < p < oco. Then, T is bounded on LP" if w € A,
and 1 < p < co. Moreover, T is bounded from LY to WL if w € A;.
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We now present the definition of the generalized weighted Morrey spaces and
the generalized weighted weak Morrey spaces, which will become the spaces of
our interest in this article.

Definition 2.9. Let 1 < p < 00, let w € A, and let ¢ be a positive function on

R™ x (0,00). The generalized weighted Morrey space My;" = My;"(R") is the set
of all functions f € Li’Y such that

1 1 » 1/p
Hf”./\/ifbw = aeﬁ&g,lr)>0 w(aﬂ‘) (IU(B(O,, ?”)) /B(aﬂn) ’f(aj)‘ w(x)dx)

1
= sup | fll Lo (Blary) < 00
a€R™ r>0 w<a7 T) ’LU(B((J,, T))% (Blar))

Definition 2.10. Let 1 < p < oo, let w € A,, and let 9 be a positive function
defined on R™ x (0, 00). The generalized weighted weak Morrey space WMZ;“’ =
WM (R™) is the set of all functions f € Li;¢ such that

loc

1 Y n 1
Ifllwawe = sup  sup rw({z e R": [f(x)] >~})
a€R™,r>0 v>0 77[)((1, T) w(B(a, T))p
1 1
= sup T ||f||WLP’”(B(a,T)) < 00.

a€R™,r>0 Y(a,r) w(B(a, r))p

Remark 2.11. There are some other variations of generalized weighted Morrey
spaces and generalized weighted weak Morrey spaces and their specific conditions,
as well as their relations with some classical operators such as in [7-9,23,24].

With Definitions 2.9 and 2.10, we shall investigate the boundedness of the clas-
sical operators: the Hardy—Littlewood maximal operator, the fractional integral
operators, the fractional maximal operators, and the Calderéon—Zygmund opera-
tors on those spaces in the next section. We end this section with lemmas, which
will be used later in proving our main theorems.

Lemma 2.12. Let ¢ be a nonnegative function on R™ x (0, 00) such that the map
r+— @(a,r) is increasing for each a € R™. Let w € A,, where 1 < p < co. Then,
for every ball B(a,r), we have

o(a,r) < Cw(B(a, r))% sup !

r<s<oo w(B(a7 3))% SO(a’ 8)

and

3=

elar) < CuBam)? [ eta ),

where C' > 0 is independent of the function ¢, a € R™ and r > 0.
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Proof. Let a € R™ and let » > 0. By Theorem 2.3 and the fact that the map
s+ ¢(a, s) is increasing for each a € R™, we have

1 1 w(B(a,r))

w(B(a,r))r su ~p(a,s) = su f (a,s)
r<s<poo w(B(a’ 3))5¢ r<s<poo w(B(a, 3))590

Moreover,

1 [ 1 ds “w(B(a,r v ds
wBlan)t [Tl = [T B
r w(B(a,s))? S w(Ba,s))r 5
= |B(a,7)| ds
> -
- OBl P
rogn ds
= Cy(a,r).
Therefore,
pla.r) < Cu(Bla.r))} sup ———p(a,s)
r<s<oo w(B(a7 3))5
and
pla) £ CulBlan)? [T — a9
r w(B(a,s))r s
which proves the lemma. O

Lemma 2.13. Let 1 < p < oo and let w € A,. Then, there is a constant C > 0
such that for each (a,s) € R™ x (0, 00),

1 C
BT fWldy < ————flrwas), [ € L
|B((J,,S)’ B(a,s) w(B(a, S)); (Bl 1

Proof. First, we assume that 1 < p < co. Thus, by using Holder’s inequality, we
have for every a € R" and s > 0,

1
_ d
|B(CL,S>| B(a,s) |f(y)| Y

_u(Beo): 1 wiy)?
— |B(a, s)] w(B(a,s))% /B(a,s) 1f(y)] dy

)) ;

wl(géz’i)‘ U)(B(clz,s))i (/B(a,s) f (y>’pw(y)dy)p ( /B (a’s)w(y)idyy.

3 =
~|

From the previous inequality and using the assumption that w € A,, we have
the following inequality:
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(a,s) |/ B(a,s) v)ldy
=<m - <y>dy)p(m/3<a,s) o5 ty)’
- m (/ y FPul)dn)

< ﬁ (f y |f<y>rpw<y>dy)’l’

C
= ———— [ fllzrw s
w(B(a,s))

This proves the case for 1 < p < oo. For p = 1, by using Holder’s inequality and
the assumption that w € Ay, we get

/ y)ldy
Bl(a, s | 5)

w(B(a, w(y)

B, s)\ w(B(a5)) L<a,s) @)™
e By oo O T i
1 1

Blas)| w(B
= d -1 o a,s NN
Bl 1 S N e 0 )

1
Y

—_

_

—~

/B W)y

= w1 e

as desired. 0

Corollary 2.14. For each 1 < p < oo and w € A, there exists C' > 0 such that
for every a € R™ and r > 0, we have
f > _1 ds
/R O g <o 7 wiBa, ) |l ooy~ f € Li.

n\ B(a,r) ’a - y’n

Proof. Let a € R™ and let » > 0. By Fubini’s theorem,

fy) * 1ds
/ ﬁdy: ’ (W)l _n_d

R”\ B(a,r) |CL y| la—yl S

1 ds

/ / \dy—n—

(a,s \B a,r) s* 8

< C’/ / |dy—.
r Cl s | B(a,s) S
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Hence, by Lemma 2.13,

[ ey ey S
R"\B(a,r) |(I - y|n r CL S | B(a,s)

e ds
SC/ —1||f||szBa,s —,
+ w(Ba,s))s e

as claimed. O

3. HARDY-LITTLEWOOD MAXIMAL OPERATOR ON GENERALIZED WEIGHTED
MORREY SPACES

In this section, we prove the boundedness of the Hardy-Littlewood operator
M on generalized weighted Morrey spaces and generalized weighted weak Morrey
spaces. Keeping in mind Theorem 2.6, we have the following results.

Theorem 3.1. Let 1 <p < oo let w € A,. Then, for every a € R" and r > 0,

IM fllzrw By < Crw(Bla,r))r sup w(B(a,t)) 7 || fllrwp@y, € Lge

r<t<oo

for1l <p< oo, and

IM fllw ooy < Cow(Bla,r)) sup w(B(a,t)) | flzrwp@s, f € L

r<t<oo

where Cy and Cy are positive constants that do not depend on f,a, and r.

Proof. Let a € R™ and let r > 0, and write f in the form of f := f; 4+ f5, where
fi == f - Xp(az2r). Assume that 1 < p < co. Since w € A,, M is bounded on L.
Thus,

M fl Lo (Bar)) < M fill oo B(ar) + 1M follorw @)
and
| M fill Lo (B(ary) < M fillzew < Cl filloow < C||fllzewBa2r)-

We can see that the map 7 — || f|| Lr.w(B(a,2r)) 18 increasing for each a € R™. Then,
by Theorem 2.3 and Lemma 2.12,
1 1
| M fill e (B < Cw(B(a,r))? sup —1||f||mw
r<t<oo w(B(a

Let © € B(a,r). If y € B(z,t)NB(a,2r)¢, then r = 2r —r < [y —a| — |a — 2| <
ly — x| < t. In other words,

/ Fldy =0, t<r
B(z,t)NB(a,2r)c

Moreover, |y — a| < |y — 2| + | — a| < t + r < 2t, which implies that B(x,t) N
B(a,2r)° C B(a,2t). It then follows that
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M fa()
1
=sup ———— d
: / )
= max | su )|dy, su d
(t>§ o / 1l s e [y
< sup—/ |f(y)|dy
t>r ’B(.Z',t)‘ B(z,t)NB(a,2r)c
1
< sup—/ | f(v)|dy
t>r | B(a,2t)

=(Csu / )|d
t>%?«|Bat| ey

< C'sup

| £l 2o (B(a,t)
w<B<a,t>>%

and

M fy(x) < C sup w(B(a,t))” P||f||pr B(at), & € Bl(a,r). (3.1)

r<t<oo
Hence,

1

1 _1
| M fol| Low(B(ary) < Cw(B(a,r))r sup w(B(a,t))" 7| fllewBag,

r<t<oo

and so we conclude that

1 _1
| M f|zow(B(agyy < Crw(B(a,r))r sup w(B(a,t))” 7| fllzewBa-

r<t<oo

Assume now that p = 1. Thus,

M fllwirwBan) <2 (1M fillwiiesar) + 1M f2llwiiesarn)) -

Since M is bounded from L'* to W L%, we have

| M fillwrieBary) < M fillweie < Ol fillpue = CllfllzieBa2m)-

Theorem 2.3 and Lemma 2.12 then imply that

M fillwrre By < Cw(Bla,r)) sup w(B(a,t)) " flliwpn-

r<t<oo

On the other hand, we can see that 3.1 also holds for p = 1, which implies the
following estimates.
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| M follwrtw(Bar) = SHISWU({%‘ € B(a,r) : [M fo(x)| > ~})
y>

= sup -y w(x)dx

>0 /{a:eB(a,r):Mf2($)|>’7}
g/' (M fo(a) w(w)da
B(a,r)

<c [ s wBa) s
B(a,r)

r<t<oo
= Cu(Bla,n) sup w(B(a,) |z
Therefore,
I3 a0 < CowBla,r) sup w(Bla, )]l oiosn,
and this proves Theorem 3.1. O

The following theorem is one of our main results.

Theorem 3.2. Let 1 < p < oo, let w € Ay, and let M be the Hardy-Littlewood
maximal operator. Suppose that 11 and s are two positive functions on R™ X
(0,00) satisfying

sup ¢1(a,t) < Ca(a,r)

r<t<oo

for every (a,r) € R" x (0,00), where C is a positive constant that does not depend
on a and r. Then

(1) M is bounded from MY" to MY for 1 <p < oc.
(2) M is bounded from M:pf; to W/\/lllp:}

Proof. First, assuming that 1 < p < oo, let f € My;”. By using Theorem 3.1 and
the hypothesis about 1y and 5, we get

1 1
M pw =  SU w(B(a,r)) »||M w(Blar
M gy = s (Bl r) M ey

1 .
<C sup sup w(B(a,t)) » wB(g
aeRn >0 Y2(a,T) r<t<oo (Bla, )7 1 flle» B(a.t)
1 ¢1 aat) _1
=C sup sup ( w(B(a,t)” 7| fllLrw(Bar)

a€R™ r>0 ¢2(aa T) r<t<oo 1/]1(0,, t)

<C sup

sup a,t pw
a€R” r>0 ¢2(a7 7") r<t<oo ¢1( ’ )||f||Mwl

=C pw Sl su a,t) < C pow,
gy s s sup wa(ant) < Ol

Therefore, we conclude that M is bounded from MY to M. Next, we as-

sume that p = 1, and let f € M}ﬁw By using Theorem 3.1 and the hypothesis
concerning 1, and vy, we get
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1 _
M fllypw = sup w(B(a,r) M fllwriwsam)
b2 a€R™ r>0 1/}2( )
1 _
<C sup sup w(B(a,t)) IHfHLl,wB(a’t)

a€R™ r>0 w2( ) r<t<oo

<C swp sup ()]
a€R” r>0 w2( ) r<t<oo
=C w  SU su a,t
||f||M111’1 aE]R"12>O ¢2( ) r<t<poo ¢1< )
< Ol ll gy
Therefore, M is bounded from /\/l to WJ\/lw , and this completes the proof of
the theorem. H
Consider the function (a,t) — t1(a,t) on R" x (0,00) by ¢1(a,t) = n, where

t = 1/n for some n € N and 1 (a,t) = te™* for otherwise. We also consider the
function (a,t) — ¥s(a,t) by ¥a(a,t) = e " for every a € R™ and ¢t > 0. We can

see that o
/%@t? Va(a,r)

for every (a,r) € R" x (0,00), but there is no C' > 0 such that
sSup ¢1(a7t> < 1/12(% T)v ((I, ’l“) € R" x (07 OO)

r<t<oo

Moreover, we also consider the constant functions (a,t) +— 1(a,t) and (a,t) —
a(a,t), where 19(a,t) = 2¢4(a,t) ;== 2 for a € R™ and ¢ > 0. It is easy to see
that

sup Y(a,t) < o(a,r), r >0,

r<t<oo

but there is no C > 0 such that
o0 dt
/ Una,0)5 < Cvala,r), >0,

since the left-hand side is not convergent. Hence, we also investigate the condition

/Oo (. t)% < Csla,r), (a,r) € R” x (0, 00)

for the boundedness of the Hardy—Littlewood maximal operator and obtain the
following results.

Theorem 3.3. Let 1 < p < oo and let w € A,. Suppose that ¢ and 1y are
positive functions on R™ x (0, 00) satisfying

| e < cvtan

for every (a,r) € R" x (0,00), where C is a positive constant that does not depend
on a and r. Then
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(1) M is bounded from MY" to MY for 1 < p < oc.

(2) M is bounded from M:Dlw to WM;;”
Before we present the proof of Theorem 3.3, we prove the following theorem.

Theorem 3.4. Let 1 < p < oo and let w € A,. Then, for every a € R" and
r >0,

1 [ _1 ds w
[M f o (B0 < Crw(B (aﬂ“))P/ w(B(a, ) 7 fllreB@sy— [ € Lige

for 1 <p< oo, and

e B ds
| M fllwLiw(Ban) SCzw(B(a,T))/ w(B(a,s)) 1||f||LLw(B<a,s));> feLy,

where C7 and Cy are positive constants that are independent of f, a, and r.

Proof. Given a € R" and r > 0, we write f := fi + fo, where f1 := f - Xp(a,2r)-
Then, by Theorems 2.3 and 2.6 and Lemma 2.12,

”Mfl”LP’w(B(a,r)) < CHfHLP’W(B(a,r))
1 o0 dS
< Cu(Bla) [ wBlas) I s

for 1 < p < co. Meanwhile, for p = 1, we have
||Mf1||WL1’w(B(a,r)) < C”f”Ll’w(B(a,r))
ds

< Cu(Bla,n) [ wB(a.s) Il s

Regarding fs, for every z € B(a,r), we have

M fo(z) < C’sup @20 / y)|dy,
B(a,2t)

t>r

so that we get

Mfg(:v)ngup|Bat‘/ ) y)|dy.
B(a,t

t>2r
Hence,
1
M fy(z) < Csup—lllfllmw B(a.1))
>r w(B(a,t))?
for 1 < p < oco. Therefore,
& ds
M) < Csup [ w(Blas) I miminn s
t>r Jt S

> _1 ds
< [ wlBla.s) I lumwiaenn’
for every x € B(a,r). It thus follows that

1 [ ds
IM ol starn < CuBlasr)¥ [ w(Bla, ) llnotamn
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for 1 < p < oo and

& ds
HMfQHWLL“’(B(a,r))§C2w(B(avr))/ w(B(a,s)) | fllLiws Blas) -

This proves Theorem 3.4. 0

Now, we are ready to prove Theorem 3.3.

Proof of Theorem 3.5. First, we assume that 1 < p < oo. Given f € MU, By
using Theorem 3.4 and the assumption concerning ¢y and 5, we get

M fl gz = sup w(B(a,r)) " # [M [ rw(sar)

acR™,r>0 iﬁz ( )

1 ee _1
<C sw / w(B(a, 9)) ¥ || f] e
a€R™ r>0 wZ( ) r

1 oow a,s) _1 ds
—C sup ) (B, ) et

ds

a€R™ r>0 ¢2(G r r (aa 3)
ds
< C sup / wlas||f||Mpw—
a€R™ r>0 wZ S

1 (a, s)
acR™,r>0 ¢2 / '
< Ol fllparye-

= ||l sup

Therefore, we conclude that M is bounded from MJ® to M®. Next, we as-

sume that p = 1. Given f € ./\/lllplw By using Theorem 3.4 and the assumption
concerning 1, and ¥y, we get

-1
M g = S0 (B, ) Ml sty
1 & ds
< C su / w w(B(a,s
<C s s [ B s S
1 < 1y (a, s) 1 ds
=(C su w Lw(B(a,s
aeRnE>0¢2(a 7”) r %(G S) ( ( )) HfHL Vs S
< (' su / a, s 1w
aeRg w2 ¢1 |f”/v1 s
ds
=C w  SU / a,s)
HfHM‘l”l aER”12>O ¢2 a, 7" ¢1
< Ol
1

Therefore, we conclude that M is bounded from /\/lllbz” to W/\/lilb;” This completes
the proof of Theorem 3.3. O
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4. FRACTIONAL INTEGRAL AND FRACTIONAL MAXIMAL OPERATORS ON
GENERALIZED WEIGHTED MORREY SPACES

In this section, we prove the boundedness of the fractional integral operator
1., on generalized weighted Morrey spaces and generalized weighted weak Morrey
spaces. The results then imply the boundedness of the fractional maximal oper-
ators on those spaces. As an application of Theorem 2.7, we have the following
results.

Theorem 4.1. Let 0 < o < n,1 < p < n/a,1/qg=1/p—a/n, and w € A,,.
Then

¢ O 1 ds
Mo fllzaws (pary < Crw(Bla,r))e [ w(Bla, s)) " | fllowr (3a,s

for everya € R r >0, and f € LY, where 1 < p < oo, and

loc 7

ds

1 [ _1
||IOéf||Wquwq(B(a,7")) S Czwq(B(a, T))q / wq(B(aa S)) K ||f||L17w(B(a,s))?,

or every a € R" r > 0, and f € LY. The constants Cy and Cs are positive
Y

loc
constants that do not depend on f,a, and 7.

Proof. Given a € R™ and r > 0, we decompose the function f as f := fi1 + fo,
where f, := fXp(q,2r), such that

]ozf(x) - L)zfl(m) + Iaf2(*r)'
First, we assume that 1 < p < n/a. By Theorem 2.7, I, is bounded from LP*"

to L. Hence,

||IOéf1||L‘1a“’q(B(a,r)) < ||]ozf1||quwq < C”fl”mw” = C“fHLvap(B(a,Qr))'

Since w € A,,, it follows from Proposition 2.5 that w? € A,. We see that the
map 7+ || f|| Lpwr (Ba,2r)) I8 increasing for each a € R™, and so by Theorem 2.3
and Lemma 2.12, we have

1 [ 1 ds
Feillnes < Cu(Bla )t [ w(Bla ) s oy =

Next, we obtain the same estimate for I, fo. For this, we observe that

Lo fo(x)] < / /()]

B(a,2r)c [T — y’n—a

dy.

The inequalities |a — x| < r and |z — y| > 2r imply
1 3
sla—yl<lz—yl < Fla—yl.

Then

| o fa(z)| < C/ Mdy, x € B(a,r).

B(a,2r)c ’a - y’nia
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By Fubini’s theorem,

L fola |<C/ N @l

a — |na

—C/ |f(y)] ——dy
B(a,2r)¢ Ja— y\S s

ds
—c["] )y
B(a, s)\B(a » | B(a, 5)|1 s

ds
= | (y)ldy—.
/r |B(a, 5)| ey /B(aaS)

Next, by the Hélder’s inequality and the assumption that w € A, ,, we have
.
|f(y)|dy
|B(a7 5)|1+%_% B(a,s)
1 / \f(y)lw(y)dy
» J B(a,s) U)(y)
([ wwrsera) ([ ww )
P B(a,s) B(a,s)
= 0B ) W arr o ( Ty L 90 0)

1

(B 07

1
< Cw'(B(a, 8))”" || fllLowr (B(a,5)) -

Hence,

> _1 ds
[Lafa(z)] < C/ w?(B(a,s)) ||f||LP’wp(B(a,s))?7 z € B(a,r),
and this implies that

1 [ ds
”]a.fQHLq’“’q(B(a,r))Scwq(B(aaT))q/ w(B(a, s))” ||f||prp B(as)) g

Therefore,

1 [ 1 ds
HfafHLq»wq(B(a,r)) Sclwq(B(a,T))q/ w!(B(a, s)) quHLP’“’p(B(a,s))_

Next, we assume p = 1. Note that

1o f lwraws Bar) < 2 (Hafillwrawt ) + Hafollwpow (ary)) -
By Theorem 2.7, we have

Hafillwraws o) < Hafillwrows < Clllafillpie = Clllaf || e (saar)-

279
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Since w € Ay, it follows from Proposition 2.5 that w? € A,. By the same
argument as for the case p > 1, we obtain

1 [ ds
o frllwawt (o)) SC’wq(B(a,'f’))Q/ wl(B(a,s))” ‘1||fHL1w(B(as)>—

Since

| 1o fa(x)] < C/ Mdy, x € B(a,r),

B(a,2r)c ’CL - y’n “

by Fubini’s theorem, the following estimates hold:

L folz)| < C / £ (y)]

R"\ B(a,2r) la — y|n—

& 1 ds
:c/ o[ —=Zay
a27‘)5 la—y| S §

ds
B(as\B(ar) |B(a 8)\1”| W)y

:/r \B(a,s)y% /B(as Iy ”dy_

By Hoélder’s inequality combined with the assumption w € A, , and the fact that
q > 1, we obtain

1
P — d
S / el
1
1 —=d
= Bl /B(a,s> )

1 _
<1 ( / |f(y)|w(y)dy) o™ 2 (e
Bla,s)+ s

1
_1 1 ¢
:wq(B(a, S)) qu“Ll’w(B(a,S)) (m /B( )w(y)qdy) ||w 1||L°°(B(a,s))
_1
< Cw(B(a,s)) || fll1w(Bas)-

Hence, for x € B(a,r),

ds
L fola / / F(w)ldy
|B a, S B(a,s)

ds
C [ (Bl ) S a5

| /\
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and
[ Lo follw Lawt (B(a)) = sup yw!({z € Bla,r) : [Iafa(x)] > 7})e
Y
1
—ow ( w(e)rds )
>0 {z€B(a,r):| I f2(x)|>v}
< sup (/ Uaf2(y)|qw(y)qdy)
v>0 {z€B(a,r):[Ia fo(z)[>7}
([ sy
B(a,r)
. 1 o0 q 1 ds
< Cw'(Bla,r))s [ w(Bla,)) 7| fllore s
Therefore,
. 1 o0 q 1 ds
Mo f lwrows (Bam) < Cow'(Bla,r))e [ wi(Bla,s))" v || fll v -

The following theorem is our main results concerning the boundedness of
the fractional integrals on generalized weighted Morrey spaces and generalized
weighted weak Morrey spaces.

Theorem 4.2. Let 0 < a < n,1 <p <n/a,1/¢=1/p—a/n,w e A,,, and
let 1, be the fractional integral operator. Suppose that 1 and 1y are nonnegative
functions on R™ x (0,00) satisfying

o 0% < Cunla,1)

for every (a,r) € R" x (0,00), where C is a positive constant that does not depend
on a and r. Then

(1) I, is bounded from ./\/li’lwp to Mj’;’ﬂ for 1 <p < occ.
(2) 1, is bounded from Milw to W./\/lfp’;”q.
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Proof. First, we assume that 1 < p < n/a, and let f € ./\/lfp’lwp. By using Theorem
4.1 and the assumption on /; and 5, we get

1 1 4 4
leflaggr = o0 s (g o Mo @utaa )

_1
w(B(a,r))" H[OlfHLq’wq(B(a,r))

T achnnso Uala,T)

<0 s s [ B ) Ul
—caeﬂséggw%(f” [ Bl ) S s
S o e

- C”fHMZ'fw ae]?%gl::>0 @/)2 a, 7” / % e %%

< ClfN yqer-
¥

Therefore, we conclude that I, is bounded from ./\/llewp to ./\/lz)’;"q. Next, we assume
that p =1, and let f € prf” By using Theorem 4.1 and the assumption on
and 19, we get

1 1
1, awl = SU wi(B(a,r)) |1, Lw(Blar
| f”WMwQ S ) (B(a, )" [ Lo f lwrrtwBar))
1 < ds
<C sup w!(B(a,s))” q||fHL1w(B(a5))
a€eR™ r>0 ¢2(
w(B(a,s)) "« . ds
<C su / a,s) ’ o —
>~ aeRnIr)>0 wz ,lvbl B((Z,S)) 1 ||f||,/\/[11ﬂ1 s
_w(B(a,s)) ds
| “M U1 geRn,r>0 @Dz 1 wi(B(a, 3))% s
< w.
< C||f||/vz;1
Hence, I, is bounded from ./\/lllzjlw to W./\/lfp’;”q, which completes the proof. O

The relation (1.1) and Theorem 4.2 imply the following corollary for M,

Corollary 4.3. Let 0 < a <n,1 <p <n/a,1/¢g=1/p—a/n, and w € A,,.
Suppose that 1y and e are nonnegative functions on R™ x (0,00) satisfying

/°° w?(B(a, 1))
r wi(B(a,s))

U (a, 5)% < Cho(a,r)

Q| VI
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for every (a,r) € R" x (0,00), where C is a positive constant that does not depend
on a and r. Then, M, is bounded from MZ’lwp to ./\/lfp’;"q for 1 <p < oo and M,

is bounded from Mi:" to W./\/lfp’;”q.

5. CALDERON-ZYGMUND OPERATORS ON GENERALIZED WEIGHTED MORREY
SPACES

In this section, we prove the boundedness of the Calderéon—Zygmund operators
T = Tk on generalized weighted Morrey spaces and generalized weighted weak
Morrey spaces. As stated earlier, we have Theorem 2.8 about the boundedness
of the Calderén-Zygmund operators on weighted Lebesgue spaces and weighted
weak Lebesgue spaces. This means that the Calderén-Zygmund operator, which
is initially defined on S, can be extended to LP* for 1 < p < oo and w € A,,.
In general, the generalized weighted Morrey space Mﬁ;w is not equal to L”" as
in the case of the classical Morrey space. Therefore, it is a need to define the
Calderén—Zygmund 7 on M. To do so, we refer to the method as in [27].

Definition 5.1 ([27, Definition 95]). Let T be a Calderén-Zymgund operator.
Define T" as

Tf(l’) = T[f : XQB](‘T) + 2By K(I, y)f(y>dya S Bv (51)

for f € L}, for which the left-hand side converges for every ball B.

Remark 5.2. Using [11, Poposition 8.2.2], the operator T defined in the definition
is consistent to the original Calderén-Zygmund operator.

The definition is well-defined, in the sense that the definition of T f is indepen-
dent of the choice of the ball B containing x [27, Proposition 399]. Moreover, the
right-hand side of (5.1) converges for every ball B using the properties of Kernel
K, Theorem 2.8, and Corollary 2.13. We use the definition 5.1 for Calderén—
Zygmund operator T' on generalized weighted Morrey spaces. As the result, we
have the following theorem.

Theorem 5.3. Let 1 < p < oo,w € Ay, and f € LY. Then, for every a € R"
andr >0,
F _1 ds
T o Bary < Crw(Bla,r))r [ w(Bla, )7 | fllrwsasn
where 1 < p < 00, and
o _ ds
T fllwriwBar) < CQUJ(B(G,T))/ w(B(a, s)) 1\|f|\L1»w(B(a,s));7

where C7 and Cy are positive constants that do not depend on f,a, and r.

Proof. Write f as f := fi + f2, where fi := f - Xp(,2r). As in the definition 5.1,
we have

Tf(x) =ThH(x)+ | Ky f(y)dy :=Tfi(x) +T(f)(z), =€ Ba,r).

Rn
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First, we consider the case where 1 < p < co. Then, since w € A,, we know that
T is bounded on LP*. Thus, for every a € R" and r > 0, we have

1T f Nl o (Bary) < T SilleewBary) + 1T2f e san)
and
\T fill oo (Bary) < T fillzew < Ol fillzew < C| fllrw(Ba2r)-
By Theorem 2.3 and Lemma 2.12,

1 [ 1 ds
1T fill v (B(aiy) < Cw(B(a, 7“))”/ ——— [fllzreBasy —
r o w(B(a,s))r s
Note that for z € B(a,r), we have
/()]

%ﬂMSC/

B(a,2r)c ":C - y’n

On other hand, the inequalities |a — x| < r and |z — y| > 2r imply that
1 3
sla—yl<lz—yl < Fla—yl.

Then, by using Lemma 2.13,

fy > 1 ds
miwi<e | DL g < o (™ w(Bla, ) 1l am -
B(a,2r)c |a y! T s

Hence,

1 [ ds
||T2fHLP’w(B(a,r))SCUJ(B(G;T))”/ w(B(a,8)) 77 || | o (Blas) — .

Therefore, we conclude that

1 [ 1 ds
T f | o (Bary) < Crw(B (a,?"))P/ w(B(a, s)) PHfHW(B(a,s»;-

Next, for the case where p = 1, we have

\T fllwerwsary <2007 fillwirw By + | TofllwireBar))
and
\T fillwrreary) < NTfillpee < Cllfillpie < Ol fllove sz
for every a € R" and r > 0. By the boundedness of T from L'* to WL, we
have
T fillwere @) < 1T fillweee < C| fillpee < C| flloiesazn)-
By Theorem 2.3 and Lemma 2.12,
o0 ds
1T fillwrrwBar) < Cw(B(a,T))/ w(B(a, ) | fll e (Ba,s)— .

As we do before, for x € B(a,r), we have

ds
2f(0) < € [ w(Ba.9) I lwison
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Thus,
I Tof lwrrw(Barm = sup yw({z € Bla,r) : [T fa(x)] >})
v

SLWﬂWEQWM@M

00 B ds
< Cu(Bla,n) [ wBla.s) 1l

Therefore,

oo _ ds
HTfHWLLw(B(a,r)) < Czw(B(a,T))/ w(B(a, s)) IHfHlew(B(ms))?,

and this proves Theorem 5.3. O]

The following theorem is our main result concerning the boundedness of the
Calderon—Zygmund operators on generalized weighted Morrey spaces and gener-
alized weighted weak Morrey spaces.

Theorem 5.4. Let 1 < p < oo, let w € A,, and let T be the Calderon-Zygmund
operator. Suppose that 1 and 1y are functions on R™ x (0, 00) satisfying

| wian$ < cuan

for every (a,r) € R" x (0,00), where C is a positive constant that does not depend
on a and r. Then

(1) T is bounded from M" to MY for 1 < p < oc.
(2) T is bounded from ./\/l:b’1 to W/\/l e

Proof. First, we assume that 1 < p < oo. Let f € M}”. By using Theorem 5.3
and the assumption concerning v, and v, we get

1T f gz = sup w(B(a,r))"# [Tl rw(sar)

a€R™ r>0 wQ ( )

1 ds

el BRI P
<C sup

ds
/ Yi(a, s HfHMPw—
ackn >0 V2 (a

ds
=Wﬁw;sw | (e <Ol

a€R" >0 wz a,r)

<C sup
a€R™ r>0 %(
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Therefore, T is bounded from Milw to Mf;;” Next, we assume that p = 1, and
let f € Mqlpfu By using Theorem 5.3 and the assumption on t; and v, we get

1
T pyw — - B ! T W a,r
1T fllw S Q(GJ)w( (@, 7)) I fllwrre (B

1 e ds
<(C su —/ w(B(a,s))™" Lw(B(a,s))

aER",I3>0 @DQ(Q,T) r ( ( )) ||f||L (Bla.s) S
ds

1 x
< C'sup W/r ¢1(aa3)||f||Mj¢;;U 5

a€eR”
1

o ds
== 1,w I EEEE— —_— < 1Law.
Cllflag s s [ tn(9)5 <l

1 ageR?r>0 ¥2

Therefore, T" is bounded from lemw to W/\/lllbgw, and this completes the proof. [J

Remark 5.5. By using the results in [26], we can extend Theorem 5.4 by replac-
ing 7" with 6-type Calderon-Zygmund operators Ty. The definition of #-type
Calderon-Zygmund Operator Ty may be found in [31]. Accordingly, one can
obtain a result that is more general than [30].
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