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ABSTRACT. Let ¥ be the class of meromorphic functions f of the form f(z) =
% 4+ ag + a1z + --- that are analytic in the punctured disk Uy. For f € 3,
operators D"f with n € Z = {...,-1,0,1,...} are introduced. Applying
differential subordinations for analytic functions in the open unit disc U, some

interesting properties of f € ¥ with D™ f are discussed, and argument problems
of D™ f are given. Also, we consider some simple problems for our results.

1. INTRODUCTION

Let X be the class of meromorphic functions f of the form
1 — &
f(z) = ~ + ; ayz

that are analytic in the punctured disk Uy = {z € C: 0 < |z] < 1}. For f € X,
Giiney, Breaz, and Owa [1] introduced

Df(z) = f(2),

o0

D'f(2) = Df(z) = - (2F(2) = - + D (k + 2ast,
Df(2) = D(DF(2)) = - + Dk + e
k=0
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and
D () = D(D" () = =+ 3k + 2t
k=0

forn € N={1,2,3,...}. On the other hand, Giiney, Breaz, and Owa [1] consid-
ered

_ 1 [?  — 1
D lf(z) = ;/0 tf(t)dt = Z + kzz% (l{,‘——|—2) akzk,
D2f(z) = DD () = L4 S (#) .
2 = k+ 2 e

and

1 1 \"
D7) = D7 (D7) =+ Y (15) o
for n € N. With the above definitions, we say that

1 oo
D"f(z)=-+ k+ 2)"az" 1.1
(@)= S+ (k) (11)
forneZ=4{..,-2,-1,0,1,2,...}.

Let F and G be analytic in the open unit disc U = {z € C : |z| < 1}. Then
F' is said to be subordinate to G, written F' < @, if there exists a function
w in U such that w(0) = 0, |w(z)| < 1 (2 € U), and F(z) = G(w(z)) for all
z € U. If G is univalent in U, then F < G if and only if F(0) = G(0) and
F(U) € G(U) (see [6,7]). In the present paper, we would like to discuss some
interesting problems for differential subordinations of our operator D" f.

In this paper, we introduce the operators D"f withn € Z ={...,—1,0,1,...}
for f € ¥. Applying differential subordinations for analytic functions in the open
unit disc U, we discuss some interesting properties of f € ¥ with D"f and
give argument problems of D" f. Also, we consider some simple problems for our
results.

2. PROBLEMS FOR DIFFERENTIAL SUBORDINATIONS

To discuss our problems, we first introduce the following lemma proved by
Suffridge [8].

Lemma 2.1. If a function p is analytic in U with p(0) = 1 satisfying
2p'(2) < h(z) (z € U)
for some starlike function h, then

p(2) < /O @dt (zc ).

With the above lemma, we have the following theorem.
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Theorem 2.2. Let D" f be given by (1.1) for n € Z. Then
1 1-2
2D f(2) — 2D f(2) < ~tuz )z <1 0)z
—z
satisfies

. z
zD" f(z) < log (W) )
where 0 < o < 1.
Proof. We consider the functions p(z) = zD" f(z) and
1 1-2
hz) = L1200z
1—2z

Then p is analytic in U with p(0) = 1, and h is starlike of order « in U. It follows
W(2) = 2 (2D f(2)) = 2D f(2) — 2D f(2)

I A e K G

Therefore, applying Lemma 2.1, we prove the theorem. O

Taking o = % in Theorem 2.2, we have the following corollary.

Corollary 2.3. Let D™ f be given by (1.1) for n € Z. Then
1
1—2

2D f(2) — 2D " f(2) <
satisfies

z
D" <1 — .
0" (2) <o (1=
Making n = 0 in Theorem 2.2, we have the following corollary.

Corollary 2.4. If f € ¥ satisfies

2f(2) + 22 (2) < w, (2.1)
then
2f(z) < log (ﬁ) : (2.2)

where 0 < o < 1.

Example 2.5. We consider a function f € 3 given by

z 14+ (1-2a)
1—2 11—z

Then
2f(2) +2°f () =1+ 2(1 - a)
Thus f satisfies (2.1) and (2.2).

In 1975, Hallenbeck and Ruscheweyh [3] gave the following lemma.



SUBORDINATION PROBLEMS FOR CERTAIN MEROMORPHIC FUNCTIONS 303

Lemma 2.6. If a function p is analytic in U with p(0) = 1 satisfying
p(2) + 2p'(2) < h(2)

for some convex function h, then

p(z) < 1/OZ @dt.

Z t

Applying the above lemma, we derive the following theorem.

Theorem 2.7. Let D" f be given by (1.1) for n € Z. Then

2D™ f(2) < log (U—?Zm) (2.3)

satisfies

2D"f(z) < log <

where 0 < o < 1.

+ 2= o) log(1 —z) + (1 — 2a),

z
(1 — z)2(-a) P

Proof. Consider a function p given by p(z) = zD"f(z). Then p is analytic in U
and p(0) = 1. It follows that

p(2) + 2p/(2) = 2D" f(2) + 2 (D" f(2) + 2(D" f(2))') = 2D"* f(2).

Furthermore, we know that
z
h(z) = IOg (m) (Z < U)

1+ (1—2a)z
B 1—2z
Since zh' is starlike of order « in U, h is convex in U. Therefore, applying Lemma
2.6, we say that if f satisfies the subordination (2.3), then

2D () < é/o (log (W)) dt

— %/ (logt —2(1 — &) log(1 — t)) dt

satisfies
zh/(2)

= log <(1 — ;;2(1—04)) + 20 -a) log(l —z) 4+ (1 — 2a) (z € ).

z
0

Taking o = % in Theorem 2.7, we have the following corollary.

Corollary 2.8. Let D™ f be given by (1.1) for n € Z. Then

zD" f(2) < log (1—22>

satisfies

2D"f(z) < log <1Lz) + élog(l —2).



304 H.O. GUNEY, S. OWA

Next, we have the following theorem.

Theorem 2.9. Let D" f be given by (1.1) for n € Z. Then

1+ 2
1—2z

2D"f(z) < %log <1 i z) — 1.

Proof. We consider functions p(z) = zD" f(z) and

D" f(2) <

satisfies

142
h(z) = .
(2) = 17—
Then p is analytic in U with p(0) = 1, and h is a convex function in U. Noting
that
1 14+t
. / / Tl
z 1-1
= —1 -1
(1) -1
we completes the proof by Lemma 2.6. O

Letting n = 0 in Theorem 2.9, we have the following corollary.

Corollary 2.10. If f € ¥ satisfies

A1)+ 2 (7)) < T
then
zf(z)%%log(liz> -1 (2.4)

Example 2.11. We consider a function f given by

£(z) = é (2 log (i) - z) |

Then f satisfies the subordination (2.4). Also, we have

A21(2) + 27 () = 1

Therefore, f is the function satisfying Corollary 2.10.

(z € D).

3. APPLICATIONS OF MILLER AND MOCANU LEMMA

We need to introduce the following lemma for differential subordinations by
Miller and Mocanu [5].
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Lemma 3.1. Let By = 1.21872... be the solution of fm = %7‘(‘ —tan~! B and let

a=a(f)=p3+2tan"? (g) for 0 < B < Bo. If p is analytic in U with p(0) = 1,

then . N
/ +z
)+ /() < (1)

p(z) < (ii)ﬂ

Remark 3.2. If § =1 in Lemma 3.1, then o = (1) = 2. Thus Lemma 3.1 says

that if p satisfies
3
1+2)\?2
s+ < (1)

implies that

11—z
then
(2)< 14z
p 1—2z

Viewing the proof of Lemma 3.1 done by Miller and Mocanu, we say the fol-
lowing result.

Lemma 3.3. Let 3y = 1.21872... be the solution of fm = %W —tan~!' B and let

a=a(B)=8+2tan"! (g) for 0 < B < By. If p is analytic in U with p(0) = 1,

then
1+ (1—- 27)z)a

)+ /() < (FEE

p(2) < (1+(1—2’y)z>5’

implies that

1—2
where 0 < v < 1.

Remark 3.4. Let us take v = % in Lemma 3.3. If p satisfies

P+ /() < (2 )

1—=z2

p(z) < (1:2)6,

where o and 3 are given in Lemma 3.3.

Theorem 3.5. Let Sy = 1.21872... be the solution of B = %7? —tan~! 8 and let
a=a(f)=p8+2tan"? (g) for 0 < B < Bo. If p is analytic in U with p(0) = 1,

then
14+(1- 27)z>a

then

p(z)+zp'(z)<5+(1—5)( T

implies that

PRI
p(z)<5+(1—5)<m) ,

where 0 <y <1land 0<9 < 1.
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Proof. We consider a function F' given by

p(z) =6
1—90

Then F is analytic in U with F/(0) = 1 and

F(z) =

(z € ).

2F'(2) = ipf?.

Using Lemma 3.3, we know that

F(z) + 2F(z) = PR T2 =0 (w)a (zel)  (3.1)

1—90 1—=z2
implies that

z) — —27)2\"
F(z)zp(l)_(sé < (%) . (3.2)

From the subordinations (3.1) and (3.2), we have
1+(1-2 “
p(=) + 20/(2) < 6+ (1— ) (%)
implies that

1+ (1-2y)2\"
1—2 '

p(z)-<5+(1—5)<

Taking v = % in Theorem 3.5, we have the following corollary.

Corollary 3.6. Let a and S be defined in Theorem 3.5. If p is analytic in U with
p(0) =1, then

—Z

p(z) + 2p/(2) < 5+ (1= ) (1 ! )a

implies that

pe) <+ 0-0) (1)

—z
where 0 < § < 1.

Remark 3.7. If we take v = 0 in Theorem 3.5, then we have the result proved by
Giiney,Breaz and Owa [2].

Corollary 3.8. Let D"f be given by (1.1) for n € Z. Let o and 5 be as in
Theorem 3.5. If f satisfies

2D F(2) < 6+ (1— ) (#)a ,

then
1+ (1— 27)z>ﬂ

zD"f(z)<6+(1—5)( T

where 0 <y <1land0<9 < 1.

Furthermore, taking n = 1 in Corollary 3.8, we see the following corollary.
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Corollary 3.9. Let a and 3 be as in Theorem 3.5. If f € ¥ satisfies

22f(2) + 2f'(2)) < 6+ (1 0) (#)a ,

then
2f(2) < 3+ (1—0) (@)B
where 0 <y <1land0<9 < 1.
Letting 8 = 1 in Theorem 3.5, we have the following corollary.

Corollary 3.10. If p is analytic in U with p(0) = 1, and

)+ /() <0+ (1= ) (FHEEEE)

then
I+ (1 =2(y+6—70))z
1—=2

p(z) <
and

Rep(z) >~y +d—7¢ (z € 1),
where 0 <y <1land0<H < 1.

Taking p(z) = zD" f(z) in Corollary 3.10, we obtain the following corollary.
Corollary 3.11. Let D™ f be given by (1.1) for n € Z. If f € ¥ satisfies

1—1—(1—27)2)3

ZD"+1f(z)—<5—l—(1—5)( T

then
1+(1—=2(y+6—79))z

11—z

2D" f(z) <

and
Re(2D"f(2)) >~v+d —~9 (z e l),
where 0 <y <1land 0<6 < 1.

Next, we introduce the following lemma due to Miller and Mocanu [6] (also,
due to Jack [1]).

Lemma 3.12. Let w be analytic in U with w(0) = 0. If |w(z)| attains its mazimum
value on the circle |z| =r <1 at a point zy € U, then

zow' (29) = muw(zo)

2
Re (1—1— M) >m,

w'(20)

and

where m > 1.
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Theorem 3.13. Let D" f be given by (1.1) forn € Z. If f € ¥ satisfies

a(l+2)
D" _ 3.3
: f(z)_<0z+(2—a)z (3:3)
for some real o > 1, then
! e
D" — =< =
This means that
0 < Re(zD"f(2)) < « (z € U).
Proof. We consider a function w defined by
1
D () = — U wz) (z € D). (3.4)

a+ (2 —a)w(z)

Then w is analytic in U with w(0) = 0 and |w(z)| < 1 by (3.3). It follows from
(3.4) that

a(zD"f(z) - 1)
a—(2—a)zD"f(2)

w(z)] = <1 (z€D).

This gives us that
212D f(2) — o <zD"f(z) + zD"f(z)) <0 (zeD)

and that N N
2D f(z) — —‘ <2 (e,
2 2
O
Taking n = 0 in Theorem 3.13, we have the following result.
Corollary 3.14. If f € ¥ satisfies
a(l+ z)
=) = a+(2—a)z
for some real o > 1, then
a !
‘zf(z) ——| < =.
2
Theorem 3.15. Let D" f be given by (1.1) for n € Z. If f € ¥ satisfies
DL f(2) a—1
Re | ————~= 1 U 3.5
e( D7 r () ) <1+ (z € U) (3.5)
for some real v (1 < < 2) or
Dn—i—lf(z) 1
Re | —————= 14+ —— U 3.6
(Frtr) < taamy eV 39
for some real a (o« > 2), then
)(zD"f<z))5 - % < % (z € U) (3.7)

where 0 < § < 1.
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Proof. Let us consider a function w by
a(l+w(z))

(D" (2))" = a+ (2 —a)w(z)

(z € U) (3.8)
for some 0 < 0 < 1. Then we see that w is analytic in U and w(0) = 0. It follows
from (3.8) that
D f(z) L aw'(z) [ w(z) (2 — Juw(z)
Drf(z) Coow(zx) \1+w(z) a+@2-aw())
We suppose that there exists a point zg € U such that

MaX|:|<|z[|w(2)] = [w(zo] = 1.
Then, using Lemma 3.12, we say that
20w (29) = muw(zp) (m>1)

and w(zp) = € (0 < § < 27). This implies that

Re(M):lJr@( e (2 — a)e )

D" f(z) 5 \1+e® a4+ (2—a)e?
_q.m 1 (¢ —2)(2—a+ acosb)
B d\2 a?+(2—a)?+2a(2—a)cost )’

Let a function g be defined by

2—a+at
a2+ (2—-a)?+2a(2—-a)t

g(t) = (t = cos?).

Then we have
4 -1
g(t) = Ao 1) ;>0
(@2 + (2= a)?+2a(2 — a)t)

for a > 1. Thus we obtain that

D" f(z0) m (1l «a-—2 a—1
Re(m)21+g(§+ 5 >21+ 2(,)_ (39)
for 1 < o < 2 and that
D™ f(2) m (1 a—2 1
Re (—an(zo) ) 214-?(5——2(05_1)) Zl‘Fm (3.10)

for « > 2. The inequalities (3.9) and (3.10) contradict our conditions (3.5) and
(3.6). Therefore there is no w such that w(0) = 0 and |w(z)| = 1 for 2y € U.
This means that |w(z)| < 1 for all z € U and that

a((zD"f(2))’ - 1)
= 1 U).
N P e e ] I
This gives that the inequality (3.7) is satisfied for f € . O

Making § = 1 in Theorem 3.15, we obtain the following corollary.
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Corollary 3.16. Let D" f be given by (1.1) forn € Z. If f € ¥ satisfies

W(B) g ew

for some real a (1 < v < 2) or

DL f(2) 200 — 1
we () <macy eV

for some real o (o« > 2), then

(6% o

2D f(z)

Letting 6 = % in Theorem 3.15, we obtain the following corollary.

Corollary 3.17. Let D" f be given by (1.1) forn € Z. If f € ¥ satisfies

D ()
&(wa

for some real o (1 < < 2) or

n(f) st oo

for some real o (av > 2), then

VDR -S| <5 e

)<a (z € U)

4. ARGUMENT PROBLEMS

In this section, we consider argument problems for f € ..

Theorem 4.1. Let D" f be given by (1.1) for n € Z. If f € ¥ satisfies

DL f(2) 1+ 8z
’ Drf(2) l1—=z )

for some real o (0 < < 1) and for some real B (8 # —1), then

—1‘<%Re( (z € V)

arg(:D"f()| <5 (z€D).

Proof. Let us define a function p by p(z) = 2D™ f(z). Then p is analytic in U with
p(0) = 1 and satisfies

@) _ D)
) D)

— 1.
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For such p, we have

|arg p(2)| = [Im(log p(2))]

z T/ 0
%M/P@ﬁ:@jwwﬂw@
o Dp(t) o Dp(pei?)
r / 0 T / 6
S/Imcwzwﬁm‘/’MmJ
0 p(pe®) —r | p(pe®)
21 | 1 0 2T 10,/ 60
o [y 1 e,
2 Jo | p(re?) 2 Jo p(ret)
1 27 Dn—i—lf(,r,ezﬂ) o 27 1 4 67’67;9
| < [ (F2)
2 o 2
_ g/ ﬂ 4 1+ 75 1—7r J0 — a
4 /, 2 2 1+7r2—2rcosf 2

using Poisson integral given by
1 2T 1 — 2
— g =1.
2 Jo 1412 —2rcosf

Therefore, we have

argp(z)| = |arg(:D"f(2))| < 5 (2 € ).

Example 4.2. We consider a function f € ¥ given by

dﬁﬂ@z( 2)M (z € 1)

2—z

for 0 < a < 1. Note that

2
w(z) = 2—2z
satisfies
4 2
and
largw(z)| < — (z € U)
Then we have
Dn+1f(2) z
—— 1| =3a|—| <3 U).
o R ECCEL
Therefore, considering 3 such that g < —11, we see that
D™ f(2) al—p) a, (1+pz
— -1 < ——2 <= —_— U).
D77 (2) <3a < 1 <2Re T (z € U)

Taking n = 0 in Theorem 4.1, we have the following corollary.
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Corollary 4.3. If f € ¥ satisfies
zf'(z) « 1+ 8z
8 —1‘<§Re(1_z) (z € U)

for some real a (0 < v < 1) and for some real 5 (8 # —1), then

a
larg(zf ()| <5 (2 €0
Now, we derive the following theorem.

Theorem 4.4. Let D" f be given by (1.1) for n € Z. If f € ¥ satisfies

DY) DY) e (148
S - e <5 (7E)  eew
for some real o (0 < o < 1) and for some real B (8 # —1), then
Dn+1
arg (W](CS))‘ < % (z € U).
Proof. We consider a function p by

D f(2)
PO =)

Then p is analytic in U with p(0) = 1. It follows from (4.1) that
w(z) _ 2(D"f(R) (D" f(2)

(4.1)

p(z) — D"f(2) D f(z)
_ Dn+2f(z) Dn+1f(z)
S DIf(E) Df(z)
For such p, we have
|arg p(z)| = [Im(log p(z))]
" (0e”) ' " 1P (pe”)
< |in [ Elgayetan) < | |
t 27 p/(rezﬂ) 1 2m T,eiﬁpl(,rezﬂ)
B 2/0 plrey | = 2/0 p(re?) “
1 Dn+2f(7”€i9) B Dn+1f(7”€i9)

do

21
- 5/0 Dt f (reif) D f(reif)

27 10
Q@ 1+ fBre T
- Re| —— | df = —a.
<4/0 e(l—rew) 2

arg (%{S))‘ <% (z € ).

This shows us that

|arg p(z)] =
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Example 4.5. We consider a function f € 3 given by

S - (a5) e

2
arg | ——
& 2—z

(s )

for 0 < o < 1. Since

I
6

we have

Also, we see that
Dn+2f(2) D”+1f(z)
D1f(z)  Dnf(2)

z
=
<3&§M<%Re(l+ﬁz> (z € U)

1—=z2

for g < —11.
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