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COMPOSITION OPERATORS ON WEIGHTED
BERGMAN-NEVANLINNA SPACES WITH ADMISSIBLE
WEIGHTS

A.K. SHARMA! * AND E. SUBHADARSINI!

Communicated by A.K. Mirmostafaee

ABSTRACT. A non-negative, non-increasing integrable function w is an ad-
missible weight if w(r)/(1 — 7)!*7 is non-decreasing for some v > 0 and
lim, ; w(r) = 0. In this paper, we characterize boundedness and compact-
ness of composition operators on weighted Bergman-Nevanlinna spaces with
admissible weights.

1. INTRODUCTION AND PRELIMINARIES

Let D be the open unit disk in the complex plane, H(ID) the space of all
holomorphic functions on D. Let w be a non-negative, non-increasing integrable
function such that w(r)(1 — 7)~07) is nondecreasing for some v > 0 and and
lim,_,; w(r) = 0. We extend w on D by setting w(z) = w(|z]), z € D, and call it

a weight. We assume that our weights are normalized so that [ w(z)dA(z) =1,
D

1 .
where dA(z) = —dzdy = —rdrdf, (z =z +iy = re”) stands for normalized area

measure on ID. Such a weight function is called an admissible weight. Of course
the classical weights w(r) = (1 —r?)?; a > —1 are admissible weights.

The notation a < b means that there is a positive constant C' such that a < Cb.
Moreover, if a < b and b < a, then we write a < b.
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For w an admissible weight, the weighted Bergman-Nevanlinna space is the
space of functions f € H(D) such that

1, = / log* |(2)|w(2)dA(z) < oo,

where
logxe ifz>1
+ _ -
log x_{o if <1

Note that despite the norm notation, || f||.4o fails to satisfy the properties of norm.
However, (f,g) = ||f — glla0 defines a translation invariant metric on A, that
turns A into a complete metric space. The space A? can be viewed as the limit
as p — 0 of the weighted Bergman space AP, defined by

Az = {1 € HO): e = ([ IroPo@EaE) " < o)

in the sense that

. tP—1
lim = logt, 0<t<oo.
p—0 p
The Bergman-Nevanlinna space A’ contains all the Bergman spaces A?, for all p,

0 < p < oco. Obviously, the inequalities
logtz <log(l+z)<1+logtz, x>0,
imply that
171lae = [ tog(1 + £ ()wlHAR) < oo (11)

Let ¢ be a holomorphic self-map of . The composition operator C,, induced by
¢ is defined by C,f = foy for f € H (D). This type of operator has gained
increasing attention during the last three decades, mainly due to the fact that it
provide a link between classical function theory, functional analysis and operator
theory. For general background on composition operators, we refer to [3,5] and
references therein. Recently, several authors have considered composition opera-
tors between different spaces of holomorphic functions, including Nevanlinna type
spaces, see for example [1,2] and [6-12].

Let X and Y be topological vector spaces whose topologies are induced by
translation-invariant metrics dx and dy, respectively. Then a linear operator
T : X — Y is called metrically bounded if there exists a positive constant K such
that

dY(Tfa O) S KdX<f7 0)7

for all f € X. When X and Y are Banach spaces, the notation of metric bound-
edness co-insides with that of boundedness. An operator T': X — Y is said to
be metrically compact if it takes every metric ball in X into a relatively compact
set in Y. In this paper, we consider metric boundedness and metric compactness
of C, on weighted Bergman-Nevanlinna spaces A. From now on metrically or
metric will be dropped since there is no danger of confusion.
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2. MAIN RESULTS

In this section, we characterize boundedness and compactness of composition
operators on weighted Bergman-Nevanlinna spaces with admissible weight.
In what follows, we make use of the Carleson measure, so we first give a short
introduction to Carleson sets and Carleson measures.

The arcs in the unit circle 0D are sets of the form

I={2€0D:6, <argz < b},
where 01, 6, € [0,27) and 0; < #5. Normalized length of an arc I will be denoted

by |I|, that is,
1
1= [ 1dzl
T Jr

Let I be an arc in 0D and let S(/) be the Carleson sets defined by
S(I)={zeD:1—-|I| <|z| <1,2/|z| € I}.
A positive Borel measure p on D is called an w-Carleson measure if

w(S(1)
w= SUp —F s <0
el = swp S P

and a vanishing w-Carleson measure if
L u(sw)
=0 w(l = [I])[1]?

Recall that for a and z in D, the pseudohyperbolic distance d between a and z is
defined by

=0.

a—z

d(a, z) = |oa(2)| =

1—az
For r € (0,1) and a € D, denote by D(a,r), the pseudohyperbolic disk whose
pseudohyperbolic center is a and whose pseudohyperbolic radius is r, that is

D(a,r) = {z eD:d(a,z) < r}.

Since o, is a linear fractional transformation, the pseudohyperbolic disk D(a,r)
is also a Euclidean disk. Except for the special case when D(a,r) = rD, the
Euclidean center and Euclidean radius of D(a,r) do not coincide with pseudohy-
perbolic center and pseudohyperbolic radius. The Euclidean center and Euclidean
radius of D(a,r) are
1—r? q 1—|al?
1—r2|a|2a ol 1 —r2|al?

respectively. Moreover, for 0 < r < 1/3, there exists a positive integer M and
a sequence (zn)pneny C D such that inf, 4, |0, (zm)| > 0, U2, D(2,,7) = D and
every point in D belongs to at most M sets in the family {D(z,,3r)},en. We
denote by A(D(a,r)) the area of D(a,r). It is well-known that

A(D(a,r)) < |1 —az)* < (1 —la*)? < (1 — |2]*)* < A(D(z,7)) (2.1)



204 A K. SHARMA, E. SUBHADARSINI

for z € D(a,r).

The next can be found in [, Lemma 2.4].

Lemma 2.1. Let w be an admissible weight and let a € D. Then there is some
v > 0 such that

G wla)
f e =

Lemma 2.2. Let v > 0. Let w be an admissible weight and let a € D. Then
there is some v > 0 such that

() = exp{ (1 — |al?)>T7 } (2.2)

w(a)(l —az)4+2

is in A2 for every a € D. Moreover, sup,ep || falla0 < 1.

Proof. Let a € D and f, be as in (2.2). Then by Lemma 2.1, we have that
£l = [ Tog* a2 el2)dA()
D
(1 _ |a|2)2+2’y
- | R dA
(o s 14t

/D wEi)|_1|i| 6)2;12760(2)@4(2)
1.

IN

N

Thus we have that f, € A2 and sup,cp || fa]|a0 S 1. O

Theorem 2.3. Let w be an admissible weight. Then the following statements are
equivalent:

(a) p is an w-Carleson measure on D.
(b) There is a constant C'(w, p) > 0 such that

[ o8+ 1)) < Ol

Proof. Suppose that (b) holds. Let I be and arc in 9D such that 0 < |I] < 1 and
a = (1—1I)e?. Then a € D and |a] = 1 — |I|. Consider the function f, as in
(2.2), where a = (1 — |I])e”. Then by Lemma 2.1, sup,ep || fall40 < 1. Thus by
(b), we have

/D log(1 + | £u(=))dp(2) < Clw, ).
That is,

(1 _ |a|2)2+27

Clw 2 [ toa™ I(e)anz) = | R (o),
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Now

(stoa) s (1))

s (025 )

(1 — la)*=

w(a)(1 = [af)**+>"

—_

vV

it ze SW).

So we have that

(1 —Jaf?)>** 1
%<W(a)(1—az)4+2v) 2’ w(l_“‘)u‘Z, ZES(I)

Therefore,

| )
CW”ZAMMAmWW” S DIE

Thus p is an w-Carleson measure on D.

Conversely, suppose that (a) holds, that is, p is an w-Carleson measure. Let {a,}
be a sequence in D inf,, 4, ]aan(am)| > 0, U2 D(ay,,r) =D and every point in D
belongs to at most M sets in the family {D(an, 37) }nen. For each a,, € D, and a
fixed r € (0,1/3) there is an arc [,, such that 0 < |I,| < 1, D(an,r) € S(I,,) and
|I,| =1 — |a,|. Using (2.2) and the fact that w is an admissible weight, we get

[ ox(1+ 17z <Z/ log(1+ |£(2))du=)

D(an,r)

<Zu (2.7)) sup log(L+|7(2))

zED(an r)

(Dl
<CZ %M—WHLWJMHV@W@M@

= O; W(l - |[n|)|In|2 /D(an,?)r)l g(l " |f( )|) ( )dA( )

< C!Iu!lw/log(l +f(2)w(z)dA(2).
D
Thus by (2.1), (b) holds. For w an admissible weight, let
dv,(2) = w(z)dA(z), z € D.
U

Theorem 2.4. Let w be an admissible weight and ¢ be a holomorphic self-map
of D. Then C, : A2 — A° is bounded if and only if the pull-back measure
oo = Vi © ™1 0f 1, induced by ¢ is an w-Carleson measure.
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Proof. Let f € A°. Then

1Cofllag = /Dlog(l +(f o @) (2))w(2)dA(z2) = /Dlog(l +1(f(2)))dpts o (2)-

Thus in view of Theorem 2.3, we have that C, is bounded on A? if and only if
e is an w-Carleson measure. O

To prove the main result of this section, we need the following lemma which
follows on similar lines as the proof of |6, Lemma 2.1]. We omit the details.

Lemma 2.5. Let w be an admissible weight and @ be a holomorphic self-map of
D. Then Cy, : A2 — A? is compact if and only for every sequence {f,} which is
bounded in A° and converges to zero uniformly on compact subsets of D, we have
that ||Cy fal| a0 — 0.

Theorem 2.6. Let w be an admissible weight and ¢ be a holomorphic self-map
of D. Then C, : AY — A° is compact if and only if the pull-back measure
Py = Vy 0 @ 1 of v, induced by ¢ is a vanishing w-Carleson measure, where
dv,(z) = w(z)dA(z).

Proof. First suppose that C,, : A2 — A° is compact. Let {,} be a sequence of
arc in 0D such that 0 < |I,| < 1/2 for all n and |I,,| — 0 as n — oo. Consider
the family of functions

(1 — lan)*** }

o) = (U= fanstonyexp { — el

where v > 0 is as in Lemma 2.1 and a,, = (1 —|L,|)e?. Clearly, f,, — 0 uniformly
on compact subsets of D as n — oo. By Lemma 2.2, there exists a positive
constant C' such that sup,, ||fn||40 < 1. Again as in the proof of Theorem 2.3, if
z € S(1,), then

(1 Ja )2+ |
%(w@n)a - —>> R DA LDLE

and so

o (2 2 o { (1 = onl e xp {0 — Ll L
> tog” {olt = I e { e |

Therefore,

g {1 = Lo { O b ts()

< / log™ [ (2)|dpteol2)
S(In)

< / log™ | £ (i2(2))|w(2)dA(2)
—1Co fullao.
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By Lemma 2.5, the compactness of C, : A} — AY, forces ||Cyfyllag — 0 as
n — o0o. Thus we have that

i o {1 = L1 { s bt =o

[In]|—0
But
lim w(1 — |L,|)| 1| log™ { w(1 — |L|)|1.|* exp ¢
|Inl =0 w(l = [Ln]) n?
=1l ! log™ ! Ct
= tggoz 0g EGXP{ ¥
.1
= lim —{Ct — logt}
t—oo ¢
=C>0.
Therefore, it follows that
im UWM(S(In)) — 0
=0 W(L = [In]) 1 ?
Hence p,,, is a vanishing w-Carleson measure on . OJ
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