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ABSTRACT. In the present paper, the notion of generalized beta (r, g)-preinvex
function is applied for establish some new generalizations of Ostrowski type
inequalities via fractional integral operators. These results not only extend the
results appeared in the literature [43] but also provide new estimates on these
type. At the end, some applications to special means are given.

1. INTRODUCTION

The following notations are used throughout this paper. We use I to denote
an interval on the real line R = (—o00, +00) and I° to denote the interior of /. For
any subset K C R", K° is used to denote the interior of K. R" is used to denote
an n-dimensional vector space. The set of integrable functions on the interval
[a, b] is denoted by L1[a, b].

The following result is known in the literature as the Ostrowski inequality [20]
and the references cited therein, which gives an upper bound for the approxima-

1 b
/ f(t)dt by the value f(z) at point z € [a, b].
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Theorem 1.1. Let f : I — R, where I C R, be a mapping differentiable in I°
and let a,b € I° with a < b. If |f'(x)| < M for all x € [a,b], then

— /abf(t)dt =%

1 2
17 T bap

For other recent results concerning Ostrowski type inequalities, see [2]-[6],[8],
[10]-[13],[15],[17]-[19],[21],[24],[25],[28]-[30],[33]-[35],[37],[38],[40],[41],[43],[44], and
the references cited therein. Ostrowski inequality is playing a very important role
in all the fields of mathematics, especially in the theory of approximations. Thus
such inequalities were studied extensively by many researches and numerous gen-
eralizations, extensions and variants of them for various kind of functions like
bounded variation, synchronous, Lipschitzian, monotonic, absolutely, continuous
and n-times differentiable mappings etc. appeared in a number of papers, see
[10],[11],[13]. In recent years, one more dimension has been added to this studies,
by introducing a number of integral inequalities involving various fractional opera-
tors like Riemann-Liouville, Erdelyi-Kober, Katugampola, conformable fractional
integral operators etc. by many authors, see [1],[22],][23],[32],[38],[39]. Riemann-
Liouville fractional integral operators are the most central between these frac-
tional operators.

Fractional calculus, see [27] and the references cited therein, was introduced
at the end of the nineteenth century by Liouville and Riemann, the subject of
which has become a rapidly growing area and has found applications in diverse
fields ranging from physical sciences and engineering to biological sciences and
€Cconomics.

fz) = < M(b—a)

], Vo € [a,b].  (1.1)

Definition 1.2. Let f € Ly[a, b]. The Riemann-Liouville integrals J¢, f and J;* f
of order aw > 0 with a > 0 are defined by

IS @) = g [ @ =0 @ 2> a
and , ,
BI@) = e [ =@ b,
+o0
where I'(a) = e “u®"'du. Here JO, f(z) = J)_f(x) = f(z).

0
In the case of a = 1, the fractional integral reduces to the classical integral.

Due to the wide application of fractional integrals, some authors extended to
study fractional Ostrowski type inequalities for functions of different classes, see
[27] and the references cited therein. In [36], Raina introduced a class of functions
defined formally by

<~ (k)

FgA(m) _ IZ&O),U(l),...(m) _ Z -

——— 2% (p,A>0;|z| <R), (1.2)
T (pk+A)

where the coefficients (o(k),k € NU{0}) is a bounded sequence of positive real
numbers. With the help of (1.2), Raina [36] and Agarwal et al. [2] defined the
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following left-sided and right-sided fractional integral operators respectively, as
follows:

(jp‘f,\,aJr;wgp) () = /x(m - t)A_l]:;/\[w(.:E —t)lpt)dt (x>a>0), (1.3)

b
(jffk’b_;wcp) (x) = / (t — x)’\_lf;)\[w(t —x)le(t)dt (0 <z <b), (1.4)

where A\,p > 0, w € R and ¢(t) is such that the integral on the right side
exits. It is easy to verify that J7, ,,.,¢(z) and J7, ;. ¢(z) are bounded integral
operators on Lq(a,b), if

R = F) qlw(b—a)] < oo
In fact, for ¢ € Ly(a,b), we have
1755 s (@)l < R0 — a)*leo]ls

and

1T b (@)l < R = a)* [l

lell o= ([ b |¢<t>|ﬁdt)‘l’ .

The importance of these operators stems indeed from their generality. Many
useful fractional integral operators can be obtained by specializing the coefficient
o(k). For instance the classical Riemann-Liouville fractional integrals JZ, and
Jg of order a follow easily by setting A = «, 0(0) = 1 and w = 0 in (1.3) and
(1.4).

Next, let us evoke some definitions.

where

Definition 1.3. [16] A function f : [0, +00) — R is said to be s-convex in the
second sense, if

fOz+ (1= Ny) <N f(z) + (1= A)f(y) (1.5)
for all z,y € [0,+00), A € [0,1] and s € (0, 1].

It is clear that a 1-convex function must be convex on [0, +00) as usual. The
s-convex functions in the second sense have been investigated in [16].

Definition 1.4. [7] A set K C R" is said to be invex with respect to the mapping
n:KxK-—R" ifz+tn(y,z) € K for every z,y € K and ¢ € [0, 1].

Notice that every convex set is invex with respect to the mapping n(y,z) =
y — x, but the converse is not necessarily true, see [7],[12] and the references
therein.

Definition 1.5. [31] The function f defined on the invex set K C R™ is said to
be preinvex with respect 7, if for every z,y € K and t € [0, 1], we have that

[+ in(y,z)) < (1 =1)f(x) +1f(y).
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The concept of preinvexity is more general than convexity since every convex
function is preinvex with respect to the mapping n(y, z) = y — x, but the converse
is not true.

The aim of this paper is to establish some generalizations of Ostrowski type in-
equalities using new identity given in Section 2 for generalized beta (7, g)-preinvex
functions via generalized fractional integral operators. In Section 3, some appli-
cations to special means are obtain. In Section 4, some conclusions and future
research are given. These results not only extend the results appeared in the
literature [43] but also provide new estimates on these type.

2. MAIN RESULTS

Definition 2.1. [14] A set K C R" is said to be m-invex with respect to the
mapping n : K x K x (0, 1] — R for some fixed m € (0, 1], if mz+tn(y, mz) € K
holds for each z,y € K and any ¢ € [0, 1].

Remark 2.2. In Definition 2.1, under certain conditions, the mapping n(y, mx)
could reduce to n(y, x). For example when m = 1, then the m-invex set degener-
ates an invex set on K.

We next give new definition, to be referred as generalized beta (r, g)-preinvex
function.

Definition 2.3. Let K C R be an open nonempty m-invex set with respect to
n:KxKx (0,1 — R, g:[0,1] — [0,1] be a differentiable function and
¢ : I — K is a continuous function. The function f : K — (0, +00) is said to
be generalized beta (r, g)-preinvex with respect to 7, if

f(mep(z) + g(t)n(e(y), p(x),m)) < M.(f(p(@)), f(p(y),m,p,q;9(t)  (2.1)
holds for some fixed m € (0, 1], for any fixed p,q > —1 and for all z,y € I,t €
[0, 1], where
M, (f(e(2)), f(ey), m,p, ¢ 9(t))

[mg”()(1 — g(0)?f"(p(x)) + g"(t) (1 — g()" [ (0(y))] " 7 #0;

[f(go(x))}mgp(t)(l_g(t))q [f(cp(y))}gq(t)(l_g(t))p =0
is the weighted power mean of order r for positive numbers f(¢(x)) and f(p(y)).

Remark 2.4. In Definition 2.3, it is worthwhile to note that the class of generalized
beta (r, g)-preinvex function is a generalization of the class of s-convex in the
second sense function given in Definition 1.3. For p = 0, ¢ = s and ¢g(t) = t,
we get the notion of generalized (r;s,m,¢)-preinvex function [20]. Also, for
r=1,p=0,qg = s, 9(t) =t and p(x) = z, Vx € I, we get the notion of
generalized (s, m)-preinvex function [14].

Throughout this paper we denote a* = 2omp(a) _ and

¢(b),p(a),m)

vagﬂ%sé’(x; /\7 p,w,m,a, b)
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= @) F [0 (o), la) g (o) L S IED) 22
—gM(0)F S p iy [wn (0(b), p(a), m)g”(0)] f(mw(a)nzrwg(l()()),) Z((igf)zv;;[)(a)j &

=g D) [0 (0), pla), m) 1 -g 1)) L2 G D £L2). )

n(e(d), p(a),m
—(1 = g Fgyir [wn’(@(b), (a), m)(1 — g(a*))”]
S me(a) +g(a”)n(p(b), p(a).m)) A
n(e(d), (a),m) M e(b), p(a), m)

mep(a)+g(a™)n(e(b),p(a),m) N
< | (@ = mp(@) F (e — mpla)))f (2)da
mep(a)+g(0)n(p(b)p(a),m)

mep(a)+g(1)n(p(b),p(a),m)
+

(me(a) + n(p((d), e(a),m) — )
mp(a)+g(a*)n(e(b),p(a),m)

x Foalw(me(a) +1(e(b), o(a), m) — w)p]f(x)dﬂf}- (2.2)

In this section, in order to prove our main results regarding some generalizations
of Ostrowski type inequalities for generalized beta (r,g)-preinvex functions via
generalized fractional integral operators, we need the following new interesting
lemma.

Lemma 2.5. Let ¢ : I — K be a continuous function and g : [0,1] — [0, 1] be
a differentiable function. Suppose K C R be an open nonempty m-invexr subset
with respect to n : K x K x (0,1] — R for some fited m € (0,1] and let
n(p(d), p(a),m) > 0. Assume that f : K — R is a differentiable function on K°.
If f" € Lilmp(a), me(a) + n(e((b), ¢(a), m)], then we have the following identity
imwvolving generalized fractional integral operators:

It gme(T; A, pyw,m,a,b) = /0 04(t) f'(mp(a)+g()n(p(b), v(a), m))dlg(t)] (2-3)
for each t € [0,1], where X\, p >0, w € R and
{ I OF i [wn? (0 (D), p(a), m)g° (¢)], tel0,a%);
(1= g Foyalwn’(o(b), p(a), m)(1 = g(t))F], te€ [ 1].

Proof. Integrating by parts, we get

/0 0,(t)f (mepla) + g(t)(p(b), e(a), m))dlg(t)]

04(t) =

= /0 a 9 OFaia[wir’ (p(0). p(a), m)g” ()] f (mp(a)+9()n(p(b), p(a), m))d[g(t)]

+/ (1= g(0) " Fp s [wi (9 (b), p(a), m)(1 - g(t))’]

*

x f'(myp(a) + g(t)n(p(b), w(a), m))dlg(t)]
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f(mp(a) +tn(p(b), p(a),m))

= F] [’ (p(0), ¢(a), m)t’]

T e oyt d (2(@) + (e (b), 9 (a), m))
I e v U
g(1)
L= 0Tl (o0),pla) m(1 = o) T G 2. )
’ g9(a*)

= M) F a1 [wn’ (0(b), (a), m)g”(a*)

—gM0)FZ s iq [wn’ (o(b), ¢(a), m)g?(0)]

e o Fmp(a) + g(Dn(e(b). ela),m)
(1= 9(0") Fps [ (o(0). ola). m)(1 — g(0"))]

>

 Jme(a) +g(a”)n(p(b), p(a).m))
n(p(b), p(a), m) M+ (e(b), ¢(a), m)

me(a)+g(a*)n(e(b),p(a),m) N
< / (& — mip(a)) "V F2\w(a — mp(a))?]f (2)da

mep(a)+g(0)n(p(b)p(a),m)
mep(a)+g(1)n(p(b),p(a),m)
-

(me(a) + n(p((b), p(a),m) — )"
mep(a)+g(a*)n(p(b),p(a),m)

< F7[w(mp(a) + n(p(b), p(a), m) — w)ﬂ]f(x)dx}.

This completes the proof of the lemma. O
Remark 2.6. Under the same conditions as in Lemma 2.5 for ¢g(t) = t, we get
Ipno(x; A, p,w,m,a,b)
_ [(:c — mp(a) Ty [w(z — my(a))’]
1 (e(b), p(a), m)
a) +1(e(b), p(a), m) — fff)p]]

N (me(a) +n(e(b), w(a),m) — ) F7,, [wlime
1 (p(b), p(a), m
A
M (e(b), ¢(a), m)
<[ (Tnau) (mp(@) + (T ) (@) + 1(0(0). p(a). )|

()

(
)
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- / 6(t) 1 (mepl(a) + tn(ip(b), (a), m))dt, (2.4)
where
AT [wn? (p(b), p(a), m)te], te[0,a");
0(t) =
(1 - t))\F;)\+1[wnp(@(b)v 90(a>7 m)<1 - t)p]’ le [O./*, 1]'

By using Lemma 2.5, one can extend to the following results.

Theorem 2.7. Let ¢ : [ — A be a continuous function and g : [0,1] — [0,1] a
differentiable function. Suppose A C R be an open nonempty m-invexr subset with
respect ton : Ax Ax(0,1] — R for some fixzed m € (0, 1], for any fized p,q > —1
and let n(p(b), p(a),m) > 0. Assume that f : A — (0,4+00) is a differentiable
function on A°. If 0 < r < 1 and f’ is generalized beta (r, g)-preinvex function
on [mep(a), me(a)+n(e(b), p(a), m)], then the following inequality for generalized
fractional integral operators holds:

’If,g,nvw("lc? A, pyw,m, a, b)| < f,ﬁfx+1[|w|77p(90(b), cp(a),m)]

X

T P q
{mf'(<p(a)) Bi(ary ()‘ + pk + - +1, - + 1)

3=

r T q p
) By (At ok + 141, 11) }

p
.,

+{mf’(90(a))r

By (2+1.A+pk+1+1)

T

- (7; + 1A+ pk + % +1)

d
.

+f (b))

By (2 + 1,2+ pk+2+1)

}] 2.5
g(x)

By (a,b) := / 11— t)*7 .
9(0)

Proof. Let 0 < r < 1. From Lemma 2.5, generalized beta (r, g)-preinvexity of f’,
Minkowski inequality and properties of modulus, we have

— By <g+1,A+pk+§+1)

where \,p >0, we R, k=0,1,2,..., and

|[f797777%0<x; /\7 p, W, m,a, b)‘

*

< / P OF ol (b, ola), m)g?(1)]
x f'(mep(a) + g(t)n(p(b), ¢(a), m))d[g(t)]
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= O sl o0 @) Ol = g
< (i) + gl (B). o). m)dlg ()
< [ P OFllola? (o0). 00, e 0)
<[mg?()(1 — gD (el@) + g1 — g0 F (o0)] dlg()
0 0P Fpalll 0 o0 (1~ g0

1

x [mg”(t)(1 = g())"f (v(a))” + g*(t)(1 — g(t))" f'(12(6))"] " dlg (t)]
< {mf’(w(a))T[/oa gL~ g(0)”

X Foanllwn®(e(b), o(a), m)gp(t)]d[g(t)]]

1

P ( [ 00 - g0 Fllule o) so(a%m)gp(t)]d[g(t)]) }
+{mf’(so(a))’” [ [ st - gy
< T el (o(8), @), m) (1 — g<t>>ﬂ]d[g<t>]]

+ (b)) [ [ ot =g

X Foapllwln’(e(b), p(a), m)(1 — g(t))”]d[g(t)]] }
= Foanllwln’ (), o(a), m)]

/ T T p q
X {mf (¢(a))" Byan ()\ + pk + - +1, . + 1)

1

r T q p
£ (P(0)) Byoey (A + ok + Sl 1) }

+{mf’(s0(a))T

Byy (2 + 10+ pk+ 2 +1)

~Byary (24 104 pk+ 2 41)
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+f'(p(b))" | By1y (g + 1, A + pk + ];9 + 1)
By (2104 ph+ 2 41) } ]
r r
So, the proof of this theorem is complete. O

Corollary 2.8. Under the same conditions as in Theorem 2.7, if we choose

p=0,m=q=1,n(pb),p(a),m) = pb) —mp(a), g(t) =t and p(z) = =, we
get

(x — ' Flynlw(e = a) + (b —2)* 7, yfw(d — 2]
H (b — a) ! ]f()

_ﬁ [( oaa—suf) (@) + (Tr o) <b>}

< {f’(ar (Friallwlo = a) + oy (Fhalvle a)ﬂ])r}T

+{f’(a)’" (Frhallwlo = 21) " + ror (Fialulo am)r} . (26)

where
‘Q;' J—

a;(k):a(k)ﬁ(b_z A+ pk + 1, 1+1>

o — g\ M 1
U;(M:U(k)(b—a) )\—i-pk—f—l—i—l;
. b— AE41 1
03(k):0(k)<b—a> Atpk+I+1

o (k) = o(k)A (Z_—Z Nt pk £ 1 1+1)

Corollary 2.9. If we choose r = c(0) = 1,w = 0 in Corollary 2.8, the inequality
(2.6) reduces to inequality (2.1) of ([13], Theorem 2.1).

Theorem 2.10. Let ¢ : I — A be a continuous function and g : [0,1] — [0, 1]
a differentiable function. Suppose A C R be an open nonempty m-invex subset
with respect ton : A x A x (0,1] — R for some fized m € (0, 1], for any fived
v,s > —1 and let n(p(b),p(a),m) > 0. Assume that f : A — (0,400) is a
differentiable function on A°. If 0 < r < 1 and f"? is generalized beta (r,g)-
preinvez function on [me(a), me(a) + n(e),¢(a),m)], ¢ > 1, pt +¢ ' =1,
then the following inequality for generalized fractional integral operators holds:

‘If’gﬂ%@(m;)‘apawan%aa b)| < ‘FU/\+1[|w|T] ( (b),(p(a),m)]
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1
x{ (g(k+pk)p+1(a*> _ g(Aerk)erl(O)) P

1
rq

x [mf’( (@) Byay (41,2 +1) + F/(2()) By (= + 1,2 +1)

+ ((1 — g(a*))(Mpk)pH —(1- g(l))(Hpk)pH)%

s S
X [mf’(gp(a))rq (Bg(l) <% +1, . + 1) — By(av (g +1, . + 1))

' } (2.7)

T

IO (B (7417 41) = By (31,7 +1))

where \,p >0, we R, k=0,1,2,..., and

o* (k) = o (k) (m); |

Proof. Suppose that ¢ > 1 and 0 < r < 1. From Lemma 2.5, generalized beta
(r, g)-preinvexity of f'?, Holder inequality, Minkowski inequality and properties
of modulus, we have

|]fﬁgm,<p($§ A, p,w,m,a, b)‘
< [ POFlwl (o0), pla). ma (O (m(a) o (i), a),m)lg(e)

/ 11— g Foallwin® (o), ola), m)|1 — g(t)|’]
x f'(me(a) + g(t)n(p(b), p(a), m))d[g(t
,m>x{

w(a), m) )
|wwwwwwxww> e ’
| (A g0 <w&ma0
), a),m

—+00

Pﬂ

pare F(A+pk+1

1
q

X (/Oa (f'(mep(a) + g(t)n(p(b), p(a),m))) d[g(t)]>
+(A}”‘Mm“wwﬁ);

x(/Luwm¢m»+mwm¢wx¢mxm»fﬂww0q}

k) w) Zpii,iblf)(a%m) o { (/Oa g(A+pk)P(t)d[g(t)]>p

—+00

Pﬂ

k=0

x (/Oa [mg”(£)(1 = g(1))"f'(¢(a))™ + " () (1 — g())" £ (¢ (b))"] id[g(lf)])

1
q
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1

+ ([0 gyeeraginn)’

x (/ [mg?()(1 = g()"f'(9(a))™ + g°()(1 = g())"f'((6))"]

FA+ pk+1)

TTM

T

Y [mf’(w(a))” (/ - o(0)?dlo )

oy ([ " w0 - g(t))l’d[gu)])TI

w ([ a-go o)

x [mf’(w(a))"q ([ o0 - a0yidon)

r

}

3=

+£(p(b) (/ g (t)(1 - g(t))zd[g(t)o ]
= Fallw|n’(p(b), p(a), m))

1
X{ (g(/\—i-pk)p-i-l (a*> . g(A—i-pk)p-i-l (O))p

1

o)

+00 |w|k77pk(gp(b),gp(a),m) " { </Oa* g(,\+pk)p(t)d[g(t)]>p

x [mf’( (@) Byay (41,2 +1) + £/(0(b)) By (= + 1,2 + 1)

+ ((1 _ g(a*))()\—‘rpk)p—l-l —(1- g(1>>(>\+pk)p+1)%

r v $ il
X [mf’(w(a)) ! (Bgu) (; +1,-+ 1) — Byar) (; +1,-

- S0 s 10
+f'(p(0))™ (Bgu) (; +1 o+ 1) — By(a) (; +1+ 1)

So, the proof of this theorem is complete.

“ 1))

i

1

]

49

1
rq
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Corollary 2.11. Under the same conditions as in Theorem 2.10, if we choose

v =0,m=s=1n(pb),ela),m) = ¢b) —me(a), g(t) =t and p(x) = x, we
get

(z — a) Forlwlz —a)’] + (b — ) Fy o [w(b — 2)7] )
” (b — a)M1 ]f()

_m [ ( paﬁﬂ»‘—;wf) (a) + ( pf/\,a:+;wf) (b)}

T . 1
S A2 41
r+1 (b—a) +7ate

x { [6=a) ™ = (b =2)7"]) () + (z — ) f (0)]

x(z = a)* " Fyy llwl(x — a)’]

|6 =22 @)+ [0 - ) = (@ = a) ] )]
< (b= 2) S [wl(b — xm}. (2:8)

Theorem 2.12. Let p : I — A be a continuous function and g : [0,1] — [0, 1]
a differentiable function. Suppose A C R be an open nonempty m-invexr subset
with respect ton : A x A x (0,1] — R for any fixed m € (0, 1], for any fized
7,8 > —1 and let n(p(b),p(a),m) > 0. Assume that f : A — (0,+00) is a
differentiable function on A°. If 0 < r < 1 and f'9 is generalized beta (r,g)-
preinvez function on [me(a), me(a)+n(e(d), p(a),m)], g > 1, then the following
inequality for generalized fractional integral operators holds:

|[f,g,77,(p<l'; )\7 107 w7 m7 a; b)‘
o** . 17l
< Foaallwln’(p(0), o(a), m)]{ [9" ! (@) — g1 (0)] T
X |mf (@) By (g + ph+ L +1,2 +1)
g(a*) r ) r

1
rq

+1'(9(0))" " By </\q + pk + ; +1, % + 1)

= glare - (1 - gy

+|mf'(p(a))™ | By (7 +1,Aq + pk + ; + 1)

r

T

S
—Byar) (% FLAG+pk+ o 1)
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+/(0(b)™

S
By <;+1,)\q—|—pk+%+1)

] } 29

S
— Byary (S + L Ag+pk+ 1 +1)

where \,p >0, we R, k=0,1,2,..., and

o (k) = o (k) (pki 1)1_;.

Proof. Suppose that ¢ > 1 and 0 < r < 1. From Lemma 2.5, generalized beta
(r, g)-preinvexity of f'4, the well-known power mean inequality, Minkowski in-
equality and properties of modulus, we have

|Ifﬁgm,<p(x; A\, p,w,m, a, b)‘
< /  POF el (ob), $(a), m)g (1)
x f'(me(a) + g(t)n(p(b), (a), m))dlg(t)]
/ 11— g F s llwin®(e(b), ola), m)|1 — g(t)|’]
x f'(me(a) + g(t)n(p(b), (a), m))dlg(t)]

< ( [ f;Mmep@(b),¢<a>,m>gp<t>]d[g<t>])

y [ [ POl o) pta).mig )

1—

Q=

q

x (f'(me(a) + g(t)n(p(b), p(a),m)))’ d[g(t)]]

1
q

" (/ Fo il (p(b), p(a), m)(1 - 9<t>>p]d[9“”> 7

x [ [0 9O F sl (olb) pla),m)(1 ~ g(0))

Q=

x (f'(mep(a) + g(t)n(e(b), e(a), m)))! d[g(t)]]

(G [

1—1
q

= o (k)[w*n* ((b), p(a), m)
X [Z T(A+ pk +1)

k=0
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<[ o) [ 00 - g0 (ola))

1
1 q

+g° (01— g()" 1 (o ()] Td[g<t>]]

1
q

k

(EsResee fo-orao)

w— o (k)|[w[*n?* (o (b), p(a), m)
% [Z T(A+ pk + 1)

k=0

< [ g g (01 - 9(0) S (e(@))

1

x +g°(t)(1 — g(t))”f'(w(b))”’} Td[g(t)]]
< Foamllwln?(e(b), o(a), m)]{ g7 (a") — g1 (0)]

X [mf’( (@) " Byar) ()\q + pk + % +1, ; + 1)

3l

/ b”quQ k+241 7 1)
+f<90()) g(a*) q+p +7’+’7’+

-

gl — (1= gn]

S
+|mf (@) | By (£ + LAg+ pk+ > +1)

T

S
— By (% FLAG+pk+ o 1)

S
PO By (241, 0q+ ph+ L+ 1)

J)

_Bg(oc*) (; + 1, )\q + ,Ok + % + 1)

So, the proof of this theorem is complete.
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Corollary 2.13. Under the same conditions as in Theorem 2.12, if we choose

v =0,r=m=s=1n(eb),p(a),m) =b) —mpa), g(t) =t and p(x) =z,
we get

(@ = aPFyylwle — V) + (b= aPFywb - 2]
H (b — a) ! ]f()

_m [ ( Pavkaw—;wf) (a) + ( pf/\,a:+;wf) (b)}

1—1

< (Fiallle - o)1)

1

)| S (@I F R lwl(b = )] + O Fyiallwl@ - )]

+ (Fllel—ay])

1

X | £ (@ F ol = 2)7) + F O FS lwl(b - )], (2.10)

where

o0 =0 (7=2)

xr —

oy(k) = o(k)p (b_Z;Aqupk‘H,?) ;

Aqg+2
Tr—a 1

~(k)=o(k R

73 (k) UU(b—a) Mg+ pk + 2

i) =o) (=2 ) o

pk:—i-l;

b— )\t 1
(k) = ok —
73 (k) J()<b—a> A+ pk+ 2’

oi(k) = (k) (Z:—z Ag+ pk + 1, 2) .

Corollary 2.14. If we choose (0) = 1,w = 0 in Corollary 2.13, the inequality
(2.10) reduces to inequality (2.4) of ([43], Theorem 2.3). Also, under the same
conditions as in Theorem 2.12 for ¢ = 1, we get Theorem 2.7.
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3. APPLICATIONS TO SPECIAL MEANS

Definition 3.1. [9] A function M : R — R, is called a Mean function if it

has the following properties:
1) Homogeneity: M (ax,ay) = aM(z,y), for all a > 0,
Symmetry: M(z,y) = M(y, z),

Reflexivity: M (x,z) = z,
Monotonicity: If z < 2" and y <%/, then M(x,y) < M(2',y'),

Internality: min{z,y} < M(z,y) < max{z,y}.

We consider some means for arbitrary positive real numbers «, 8 (o # ().

(
(2)
(3)
(4)
(5)

(1) The arithmetic mean:

(2) The geometric mean:

(3) The harmonic mean:

(4) The power mean:

1(82 :
I:=1(a, ) = e<w>’a%@
Q, a=0
(6) The logarithmic mean:
g —a«

(7) The generalized log-mean:
Brtl _ gt

p+D)B—a)| peR\{-1,0}.

|
kS

L,:=L,(a,p) =

(8) The weighted p-power mean:
1
n P
ap, g, -+ ,0pn o P
M, ( Uy, Uz, o, Un ) - (Z;a,ui>

where 0 < a; <1,u; >0 (1 =1,2,...,n) with > a; = 1.
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It is well known that L, is monotonic nondecreasing over p € R with L_; := L
and Lo := I. In particular, we have the following inequality H < G < L < I < A.
Now, let a and b be positive real numbers such that a < b. Consider the function
M = M(p(a), (b)) : [9(a), p(a)+n((b), 9(a))] x [(a), pla)+n(p(8), p(a))] —
R, , which is one of the above mentioned means and ¢ : I — A be a continuous
function and g : [0, 1] — [0, 1] a differentiable function. Therefore one can ob-
tain various inequalities using the results of Section 2 for these means as follows:
By replacing n(¢(y), ¢(x), m) with n(e(y),¢(x)) and setting n(p(a), p(b)) =
M(p(a), (b)) for value m = 1 in (2.5), (2.7) and (2.9), one can obtain the
following interesting inequalities involving means:

[ pg (@A pow, 1,a,b)| < F2o o [[w]MP(e(a), o(b))]

x [{f’(ap(a))r ) (A + pk + § 41, g + 1)

S =

+1'(¢(b)" Bya </\+p/<:+ +1, —+1>}
+{f’(so(a))’” (B (B+ 12+ ok + 24 1) = Byay (B4 10+ ok + L4 1) )

@ ®) By (£ + 1.2+ pk+ 2+ 1)

}] )

< FoaallwlM?(p(a), ¢(0))]

1
X{ (g(A—i-pk)p-H (Off) . g()\—i-pk)p—i-l(O))p

q p
—Bg(oq) <;+1,)\+pk¢+;+1>

where

(
Ing( (:L‘Apvwalv 7b)

1
q

' "B X s ! rq gr i 7
x [f (0(@) " Byagy (L + 1.+ 1) + £(0(0)) By (- +1. 2 +1)
+ (1= glap) e = (1 (1))

r Y S Y s r
X [f/(gp(a)) ? (Bg(l) <; + 1, ; + 1> — Bg(aa{) (; + 1’ ; + 1>>
1

+ f'((b))™ (Bg(l) (; +1, % + 1) — By(ay) (; +L % i 1))1 ”’ } (3:2)

‘Ing oz A pyw, 1, a, b)|
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1—1

< Foyillw] M (p(a), 90(6))]{ [9"H (a) — g™ (0)]

s
X [f’(go(a))rqu(aI) ()\q + pk + % +1, - + 1>

1

rq

S
L (O) " Byayy (Mgt ok + 2 +1, 2 +1)

1

=gttt — (1 - gy

£ @) By (241,20 + ph+ 2 +1)

T

¥ S
_BQ(CVT) (; + 1, )\q + pk -+ ; + 1>

S
+F () | By (5 + LAg + pk+ L +1)

1

]} 53

Letting M(¢(a), ¢(b)) == A,G,H,P.,I,L,L,, M, in (3.1), (3.2) and (3.3), we
get the inequalities involving means for a particular choice of a differentiable
generalized beta (7, g)-preinvex functions f. The details are left to the interested
reader.

s v
— Byar) <;+1,)\q+pk¢+;+1)

4. CONCLUSION

In the present paper, the notion of generalized beta (r, g)-preinvex function
was applied for established some new generalizations of Ostrowski type inequal-
ities via fractional integral operators. These results not only extend the results
appeared in the literature [43] but also provide new estimates on these type. At
the end, some applications to special means are obtained. Motivated by this new
interesting class of generalized beta (r, g)-preinvex functions we can indeed see
to be vital for fellow researchers and scientists working in the same domain. We
conclude that our methods considered here may be a stimulant for further inves-
tigations concerning Hermite-Hadamard, Ostrowski and Simpson type integral
inequalities for various kinds of preinvex functions involving classical integrals,
Riemann-Liouville fractional integrals, k-fractional integrals, local fractional inte-
grals, fractional integral operators, g-calculus, (p, ¢)-calculus, time scale calculus
and conformable fractional integrals.

Acknowledgement. We thank anonymous referee for their valuable suggestions
regarding the manuscript.
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