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ABSTRACT. In this work, a new subclass of univalent function was defined
using the Salagean differential operator involving the modified sigmoid function
and the Chebyshev polynomials. The coefficient bounds and the Fekete-Szego
functional of this class were obtained using subordination principle. The results
obtained agree and extend some earlier results.

1. INTRODUCTION AND PRELIMINARIES

Special functions play an important role in geometric function theory. Example
of special function is activation function. The most popular activation function in
the hardware implementation of Artificial Neural Network (ANN) is the sigmoid
function.The sigmoid function increases the size of the hypothesis space that the
network can represent. Neural networks can be used for complex learning tasks.
It is therefore necessary to investigate the role of sigmoid function in geometric
function theory.

The sigmoid function

h(s)= ——  §>0
(S) 1—‘—675 S_ Y

is a bounded differentiable function and has the following properties:

(1) It outputs real numbers between 0 and 1.
(2) It maps a very large output domain to a small range of inputs.
(3) It never looses information because it is a one-to-one function.
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(4) It increases monotonically.

Let A be the class of functions of the form
flz)=z+ Zakzk
k=2

that are analytic in the unit disk D = {z: 2 € C and |z| < 1}

Salagean[10] introduced the differential operator D"f,n € Ny = 0,1,2,... for
functions f(z) belonging to class A of analytic functions in the unit disk D as
follows:

D"f(z) =z+ Zk"akzk; n € Np.
k=2

Let f(z) and g(z) be analyticin D = {|z| < 1}. We say that f(z) is subordinate
to g(z) if there exists a function w(z) analytic (not necessarily univalent) in D
satisfying w(0) = 0 and |w(z)| < 1 such that

f(z) =gw(z)) (2 <1)
(see [7]).

Fadipe-Joseph et al studied the modified sigmoid function

2
Gle) = 1+e 7

and obtained another series of the modified sigmoid function as

- (S5 (55))

(see [6]).

The Chebyshev polynomials are a sequence of orthogonal polynomials which
are related to De’Moivre’s formula and which are defined recursively. The role
of Chebyshev polynomials in numerical analysis is increased in both theoretical
and practical points of view. There are four kinds of Chebyshev polynomials.
The majority of books and research papers dealing with specific orthogonal poly-
nomials of Chebyshev family, contain mainly results of Chebyshev polynomials
of first and second kinds 7,,(t) and U,(¢) and their numerous uses in different
applications, for example, see [1],[2].

The Chebyshev polynomials of the first and second kind are defined as:

T, (t) = cos na te(—1,1),
sin(n + 1)a
Unlt) = — te(=1,1),

where n denotes the degree of the polynomial and ¢ = cos a.
The Chebyshev polynomials of the first kind 7},(¢), ¢ € [—1, 1] have the generating
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function of the form

> 1—1tz
T7,t)" = ————— D
nZ:o (t)z 1 — 2tz 4+ 22 (€ D)

and that of second kind is:

[e.9]

1 sin(n + 1)«
Hzt)= ——=1 —_— 2" D | < 1.
(z,%) 1— 2tz + 22 +Z sina (z € D) for |t
Note that if ¢t = cosa, a € (_?’T, %), then
1

H(z,t) =

1 — 2cosaz + 22

g Z sin(n + )ozzn'

o sino
Thus
H(z,t) = 1+ 2cosaz + (3cos’a — sin*a)2® + ...
Following [11], we write
H(z,t) =1+ U (t)z + Us(t)2* + ... (z€D,t € (~1,1)),
where

sin(n arcost)

V=122

are the Chebyshev polynomials of the second kind. It is also known that
Un(t) = 2tU,_1(t) — U,_2o(t),

U,-1 = (TL € N)

so that
Ur(t) =2t, Us(t) =4t> —1, Us(t) = 8t° — 4t,

Lemma 1.1. [3] Ifw(z) = biz+bgz?+- -, by # 0 is analytic and satisfy |w(z)| < 1
in the unit disk D, then for each 0 <r < 1,|w'(2)| <1 and |w(re?)| < 1 unless
w(z) = €9z for some real number o.

Lemma 1.2. [1] Let w e Q ={w € A : |w(z)| < |z| z € D}.

IfweQuwz)=>"" 2" (2 € D), then

n=1
el <1 n=1,2--, e <1—|ey)? (1.1)
and
o0 — | < maz {1, pf} (s € C). (1.2
The result is sharp. The functions
zZ+a
= W(2) = D,la| <1
w(z) =2, w.(z) i (z€D,la| <1)

are extremal functions.
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Salagean Differential Operator Involving Modified Sigmoid Function
Consider the function

fy(2) =2+ Zv(s)akzk, (1.3)
k=2
where
(s) = 2 $s>0
M= s 7=

Functions of the form (1.3) belong to the class A, where A; = A.
Let D" f.,(z);n € Ny denote the Salagean differential operator involving modified
sigmoid function, then

Df,(2) = f(2)
D' f,(2) = v(s)2f3(2)

D"f,(z) = D(D""' fy(2)) = v(s)2(D" " f(2)) (1.4)

when v(s) = 1, we have the Salagean differential operator in [10]. For the details,
see [5].
Ramachandran and Dhanalakshmi [8] obtained the coefficient estimates for a
class of spirallike functions in the space of sigmoid function. Furthermore, the
Fekete-Szego functional for a subclass of analytic functions related to sigmoid
function was obtained in [9].

2. MAIN RESULTS

Motivated by the work of Altinkaya and Yalcin [1], Bulut and Magesh [2] we
have the following results:

Definition 2.1. A function f,(z) € A, is said to be in the class H,(n, 1, A),
0<A<1l, u>0, (s = lﬁ,s s >0, n €Ny if the following subordina-
tion holds

D H D p—1
(1—=2X) <#> +Af(2) <%(Z)) < H(z,1), (2.1)
where, D" f, (%) is the Salagean differential operator involving modified sigmoid
function defined as follows:

D (2) = fr(2) = 2+ > _Y(s)ar2",

D'fy(2) = Dfy(2) = A(s)z + 3 kr(s)anz",
D'fy(z) = D(D" ' £,(2) = "(s)2 + Sk (s)aneh. (22)
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Theorem 2.2. If f(z) belongs to the class H,(n, u, \) : n € Ny,

pw>1, 0< A<, then
2t

L —
jaa] < (A+B)
2t + (4¢2 — 1) 4*(D + E)

<
“I= 5By T Bpa By

8t34-8t2—2t—2 + (F+G) (482 +2t(442-1))
< (D!+E") (A+B)(A'+B')(D'+E")
|as| < 8t3(D+E)(F+Q) 4 (F+Gn8t
(A+B)3(A'+B")(D'+E") © (A+B)3(D'+E)

|a | < 16t 42413 —10t—4 + (H'+1")(16t* +16¢3 —4t% —4t)
51 = (H+1) (A+B)(D'+E")(H+I)
+ (F+G)(H'+1")(16t*4-8t3 —4t2) 16t*(D+E)(F+G)(H'+1")
(A+B)2(A'+B"(D'+E")(H+I) " (A+B)*(A’+B")(D'+E")(H+I)
+ 16t (F'+G")(H'+1") (16t*—412+1)(J+K)
(A+B)*(D'+E")(H+I) (A"+B"2(H+I) ’
+(D+E)(J+K)(32t4+16t378t2) + (D+E)?(J+K)2t* n (J'+K')(2t3—4t)
(A+B)2(A/+B')2(H+I)4 (A+B)Y(A’+B"N2(H+I) " (A+B)2(A’+B")(H+I)
16t4(D+E)(J'+K') + (L+M)16t*
(

+ AT BT A+ B (D) A+B)A(H+1)
where
A= (1= 02"y (s),
B = Xy () (2" (= 1) + 2),
A= (1= 03"y (s),
B' = Xy 0 ()(3" (- 1) + 3),
-1
D — _(1 . A)22nlu<:u2' )ryn,u,—i-Q(S)’
B = i) (VT g y).
D' = —(1 = N4y (s),
E = =" () (4" (= 1) + 4),
—1
F= -yt gD )
—1)(p—2
G =~y D+ ) (“‘ ;f“ Lot gy (- 1)(2 3" 43 2”)) ,
=1 (p—2) ,
Fr=—(1-X)2 al 7(s),
I yn(p—1)+3 (=D =2)(r=3) 3 , (L= —=2) s
G = —-\"" (s) < a0 2°" 4 o 2 )

H = (1-N)5"uy" " (s),
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[ =Xy () (5" (p — 1) +5),

1= —(1 -zl o 1)7"’”2(3),
I'= )y DH2() ((’“‘ - 1)25“ =2y +(u—1)4"-2+4- 2")) :
7= (- xge )
K — _)\,yn(,u,—l)—i—2(s) ((M - 1)2§/J - 2)32n + 3n+1(M . 1)) 7

—1 -2
J = —(1 — /\)2271 . 3"+1H<'u 3)'(N )’YWH_S(S),

M 212" 4 220 . 3n)
K Y (p—1)43 3! ( 7
’}/ (8) < +(,u 1)( (4 6" 43 - 24n)

L —(1— gttt = 1)(#4!— W =3) metag).

» (p=1)(1—2)(p—3) (u— 4)24n
M = =\y™ (3)( 4l 1)(u42)(u 3) 93n-+1 )

Proof. It f(z) € Hy(n,u, ) , then from (2.1)
(1- N (M) () (%7(2)) < H(=1)

z

where v(s) as given in (1.3). From (2.2), we have

D" f(2) _
= E"y" (s ! 2.3
SREUCEDY it 23
:7”(8)+2n’yn+1(8)a22—|—3n’yn+2(8)a322—|—4n’yn+3(8)a423+5n’yn+4(8)a5z4—‘r---

Hence

n M
S H(s) 2y ()
I <3nlu,yn,u+1(8)a3 1o u(ﬁ;!—l),ynuw(s)ag) 2

N ( 4nlu,yn,u+1 (S)a4 4+ on. 3n22n 2#(;—1) ,yn,u+2 (S)agag ) 23
+23n M(M—l)!(M—Q) 7n,u+3 (s)a%

5nu,ynu+1(s)a5 + u(;;!—l ’y”“+2(s)(22”+1a2a4 + 32na§)

=+ 4921 . 3n+1M(M—g)'(u—2),ynu+3<3)aga3 A
n V(=2 (u=3) _n
494 plp— )(/jl' ) (p— )’y “+4(s)a§
(2.4)
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Also,
n :U‘_l
(EL)” = 7D (s) + 20 (= 1)U (s)agz
+ <3n([1, _ 1)7n(u71)+1(8)a3 + 92n (M‘%EN‘Q) ,yn(,ufl)JrQ(S)a%) 2
4 (= 1)y =D (s)ay
+ | +49n.3no2m 2(“_1),(“_2)’y”(“_l)“(s)agag 53
493 (ufl)(u;ﬁ'(u%)7n(g—1)+3(8)a§
5" (1 — 1)y =D+ (s)as
N +(H—l)QS,u—Q)vn(u71)+2(8)(22n+1a2a4 + 32na§) Z4
4920 . gntl (u—l)(u?;2)(u—3),yn(yfl)+3(8)a%a3
n (=) (u=2) (4i—3) (u—4) _n(pu—
404 (p=1)(p 31(!/1 ) (e )’Y (1 1)+4(8)a421
(2.5)
4+
Differentiating (1.3) with respect to z, we have
F(2) = 14+ 7(s)(2a22 + 3a32” + 4a42® + Sasz* + - - ). (2.6)
Multiplying (2.5) and (2.6), we have
n .U‘_l
1) (FR2)T =m0 (s) 440D ()20 (n — 1) 4 Day
DR ($)(3% (4 — 1) + B)ag 2
+ +7n(u—1)+2 (22n (ufl)Q(!uﬂ) + 2n+1(ﬂ . 1)) a% <
YR () (4" (= 1) + 4)ay
4 +7n(u71)+2(8) <2n+1 . 3n (u—lé(!u—2) + (,u N 1)(271 .34+92. Sn)) oz .3
+7n(u—1)+3(8) (23n (ufl)(u;2)(uf3) + 22n+1(//«*1)2(!/$*2)> ag
BT () (5" (1 — 1) + B)as
(p=1)(1—2) 53n+1 _ n., . on >
iz ( =2 g3n+1 g () — 1)(47 -2+ 4-27) ) agay
+ (—(“_1)2(,”_2)32” + 3 — 1)) a? .
* L=1G=23) (92041 gn | g2 g7) :
A A =JAE ) n . + n ., an
L1 43 (g EN a2a
! (5 el (gn42 gn 4 3. 92n) 2
+fyn(u—1)+4(s) ((u—l)(u—Zigu—3)(u—4) odn | (u—l)(u;2)(u—3) 23n+1> azzl
+ N
H(z,t) =1+ Uy (t)z + Usy(t)2* + Us(t) 2 + Up(t)2* + - -- (2.7)
H(w(z,t) =1+ Ui(t)w(2) + Us(H)w(2)? + Us(t)w(2)* + Ug(t)w(z)* +--- (2.8)
OJ(Z) =1z + 0222 + 0323 + C4Z4 + c5z5 4+ (2_9)
wW(2) = 322+ 2c1002° + (2c103 + c2) 2 + (creqg + 2c063)2° + -+ (2.10)
w?(2) = 2% + 3oz + (3cies + 3c1c3) 2" + -+ -, (2.11)
wh(z) = cf2t + 4’ + - W () =B (2.12)



POLYNOMIAL BOUNDS FOR A CLASS OF UNIVALENT FUNCTION 95

Substituting (2.9),(2.10), (2.11) and (2.12) into (2.8), we have
H(w(z,t)) =1+ Ul(t)clz + (CQUI(t) + C%Ug(t))ZQ + (C3U1<t> + 20102U2(t)
AU3(t))2% + (caUy (1) + (2c103 + ) Us(t) + (3c3co)Us(t) + cfUs(t))2* + - -+
(2.13)
Thus,

GZéEU“+A(ﬂLﬂ(9¥%ﬁYL1—(93?2yv=:ﬂ+Awm%ﬂ+ka1%$

(1= X)2" ™ (s) + My =¥ () (27 (1 — 1) + 2))agz
<1 3www“<>+xyﬁjﬂ%@@%u—1»+am3
)\)22nu n—= ,.Yn,u-i—Q( ) 22
2
<+)\7n(u 1+2 8) <(u 1)( u -2) 22n+2n+1(M 1) a3
(L= A4 pym 1 (s) + W‘“‘ D () (4™ (1 = 1) + 4))ay
( )2n+1 3nNN 1)7nu+2( )
T gy Ut gt g az;
n(p— 2!
+ I <8)<+(u 1)(2- 3n+3-2n)>
(1— )\)2371,#(# 1)(# 2),Yn,u+3(8) \
+ +)\fyn(u—1)+3( )(( 1)(#3 2)(# 3)23n+ (#*1);#*2)227%1—1) as
(1= XN)5"puy™ 1 (s) + MW= DH () (5™ (1 = 1) + 5))as
(1= X)gir s M ymet(s) 4 Xyl (s)
+ ((M 1)2('u 1)23n+1 + (M _ 1)(4n 24+ 4. 2n)> 204

(1 _ )\)32n#(l‘2—1),}/nu+2( )
2
+ D2 () ((ul)Tulg% 43 (- 1)> a3
+ (1 o )\)2271 . 3n+1 anu—%(s) + ,yn(u—l)—i—?)(S) z
+ (H‘U(H;Q)(#—@ (22n+1 .3n 4 22n 3n) a§a3
+(#—1;$H—Q) (2n+2 .34+ 3. 22n)
_ y\odn pu=1)(n=2)(p=3) _ nu+4
(1 = At
(4134 (p=1){p— 224(11 3)(u—4) 94n a%
o (s) ( +(u 1)(u 2)(u 3) 93n+1 )

+

(2.14)
_|_ [N
Equating (2.13) and (2.14) and comparing the coefficients, we have

(1= X)2muy™ 1 (s) + M= DH () (27 (= 1) + 2))azz = Ui (t)er,

(1= N3y (5) 4+ XD (5) (3" (4 — 1) + 3) g
(1= 2ol a2 () 4 pynin+2(s) (L=2g2n 1 gni(y — 1)) ) o3
= CQUI(t) + C%UQ(T/),
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(1= X" ™ (s) + M= DH () (47 (1 — 1) + 4))ag
(1— /\)2n+1 3nu(u 1)7nu+2(8)
n(# 1) +2 (p=1)(p=2) N 2) 2n+1 3" 4 (M _ 1)(2 .3" 4+ 3. 2”)) Q203

)\)2371## 1( N 2)771;14-3( )
3
+)\,yn(lt 1) +3 <(M 1)( u 2 u 3)23n+ (p— )2§u—2)22n+1> )aQ

+ 26102U2(t) + ClUg( )

(1= X)5" ™ (s) + My DH () (5" (1 — 1) + 5))as
(1 )\)23n+1#(ﬂ 1) n;ﬁ- (S

)
+ < +)\’y”(“_1)+2(5) (( )zs )23n+1 + ( 1)(471 244 2n>> A4

) (1 . )\)32nu(u 1)’Yn“+2( ) p
—l—)\’y”(“_1)+2(8) <(u 1)291 1)32n _{_3n+1(#_ 1)) 3
(1 /\)22n 3n+1M(M )(# 2),yn,u+3(s)
+ +7n(u_1)+3(5) (n— )(N Q)W 3) (22n+1 3n+22n 3n) a%ag
JFW(W2 3"+ 3. 22)
(1— )\)24nM(N 1)(/j1 2)(p— 3)’}/n“+4( )
(p=1){(p=2)(u=3) (p— 4) 94n > a§

+ n(p—1)+4
+ (=0 (S)( +(u 1)(#32)(# 3) 93n+1

= C4U1(t) + (20103 + C%)UQ(t) + 3C%CQU3( ) + CZiLU4( )

Simplifying the above equations, we have

2tcy

a2 = A+ By’
_ ca(2)+c2(42-1) c24t?(D+E)
az = (A7+B) (A+B)2(A’+B’)’

_c32(t)+2c1co(4t2—1)+c3 (83 —4t) (F+G)(c1co4t?+c3(2t) (412 1))
a4 = D'+E) + (A+B)(A{ B)(D'+E)
+ c38t3(D+E)(F+G) + (F'+G")8tc3 )
(A+B)3(A’+B’)(D'+E') (D'+E"(A+B)3

ca2(t)+(2c1cg+c2) (482 —1)+3c2co (83 —4t)+cf (1614 —12¢2—1)

(2.15)

)

- H+1
+C3c14t2+c§@16t3—4t+c1 16t*—8t2(H'+1")
(A+B)(D'+E")(H+I)
+c%028t3+c‘1116t4—4t2(F+G)(H/+I’) __cll6t(D+E)(F+G)(H'+1")
(A+B)2(A’+B")(D'+E")(H+I) (A+B)*(A’+B")(D'+E")(H+I)
ct16t(F'+G')(H'+1') 342 +cf (42 -1)2(J+K)

(A+B)4(D'+E’2(H+I) (A’+B')2(H+I)
(16t3c2co+32t4ct —8t2c]) (D+E)(J+ K) 2t4c}(D+E)?(J+K)
+ (A+B) A"+ B"2(H+I) (A+B)4(A’+B')2(H+I)
c2cp8t34-c316t3—4t)(J'+K') ct16t*(D+E)(J'+K')

(A+B)2(A’+B')(H+I) (A+B)*(A'+B")(H+I)

+ 16t*c}(L+M)
(A+B)*(H+I)
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where

Ui(t) = 2t,
Us(t) = 4t* — 1,
Us(t) = 8t° — 4t,
Uy(t) = 16t* — 12¢* — 1.
Then, from Lemma 1.1, we have

2t
> [A+B)’

|as| = ‘(Zf&;)

|a ’ | ea(2t)+c2(4t2-1) (c2)4t2(D+E))
31— (A’+B) (A+B)2(A’+B")
< 2t+(4t2—1) 4t2(D+E)
) (A’+B’) (A+B)2(A’+B/)’

c32(t)+2c1c2 (462 —1)+c3 (8t —4t) (F+G)(c1codt?+c22t(4t2 1))
(D'+E' + (A+B)(A'+-B')(D'+F') +
(c3)8t3(D+E)(F+G) (F'+G")8t(c3)
(A+B)3(A’+B")(D'+E") " (D'+E"(A+B)3
8t3+8t2—2¢—2 4 (F4+G) (482 +2t(4£2-1)) )

< (D'+E) (A+B)(A’+B")(D'+FE')
= 4 8t3(D+E)(F+G) + (F'+G")8t
(A+B)3(A’+B)(D'+E") " (D'+E")(A+B)3

|ay| =

ca2(t)+(2c1c3+c2) (442 —1)+3c2ca (83 —4t)+ct (16t —12¢2—1)
(H+I)
+ 63014t2+C%CQ 16t% —4t+c1 16t*—8t2(H'+1")
(A+B)(D'+E")(H+I)
4 c2co8t®+c16t* —4t2(F+G)(H'+1")
(A+B)2(A’+B')(D'+E"(H+I)
__al6td(D+E)(F+G)(H'+1")
(A+B)*(A’+B')(D'+E")(H+I)
+c§116t4(F'+G')(H'+I’) c24t24ct (42 -1)2(J+K)
(A+B)4(D'+E2(H+I) (A"+B)2(H+I)
(16t3c2ca+32t%c1—8t2c}) (D+E)(J+K) 2t ctH(D+E)2(J+K)
(A+B)2(A’+B")2(H+I) (A+B)*(A’+B")2(H+I)
_|_c§028t3+c:{’16t3f4t)(J’+K’) 4 ci16t*(D+E)(J'+K') 16t4ct(L+M)
(A+B)2(A’+B")(H+I) (A+B)*(A’+B")(H+I) (A+B)*(H+I)

|las| =

< 16t44-243 —10t—4 + (H'+1')(16t*+16t3—4t% —4t)

(H+T) (A+B)(D'+E")(H+I)
+ (F4+G)(H'+1I")(16t*+8t3 —4t2) 16t*(D+E)(F+G)(H'+1I')
(A¥B)2(A+B)(D'+ENH+I) " (A+B)*(A+B"(D'+E)(H+I)
16t4(F'+G")(H'+1") (16t*—4t2+1) (J+K)
(A+B)3(D’'+E")(H+I) (A¥B)2(H+I)
+(D+E)(J+K)(32t4+16t378t2) (D+E)?(J+K)2t*
(A+B)2(A’+B)2(H+I) (A+B)A(A7+BN2(H+I)
(J'+K")(2t3—4t) 16t*(D+E)(J'+K') (L+M)16t*

A+ B (A+BYHAD T~ (ArBA(A+B)HE+D) T (A+B) (HLD)

Corollary 2.3. If f(z) belongs to the class H,(0,1,0), then

2t
las| < —

v(s)’

97

. (2.16)
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2t + (4t — 1)
(s)
8t® + 8t* — 2t — 2
(s)
16t* + 24¢3 — 10t — 4
(s) '
Proof. Setting n =0, g =1 and A =0 in (2.16), the result follows.

las| <

Y

lag| <

las| <

Corollary 2.4. If f(z) belongs to the class H1(0,1,0), then
las| < 2t,
las| < 2t + (4¢% — 1),
lag| < 8%+ 8t — 2t — 2,
|las| < 16t* + 24t — 10t — 4.
Proof. Setting y =1, n =0, g =1 and A =0 in (2.16), the result follows.

Corollary 2.5. If f(z) belongs to the class H,(0,1,1), then

2t
las| < ——,
27(s)

2t + (42 — 1)
3y(s)
8t 4 812 — 2t — 2
4y(s)
16t* + 2413 — 10t — 4
57(s)
Proof. Setting n =0, p=1and A =1 in (2.16), the result follows.
Corollary 2.6. If f(z) belongs to the class H,(1,1,0), then

2t
‘aQ‘ < YRR
29%(s)

|as| <

lag| <

las| <

2t + (4t — 1)
3 (s)
8t% + 8t* — 2t — 2
4r%(s)
16t 4 24¢% — 10t — 4
572(s) '
Proof. Setting n =1, p =1 and A =0 in (2.16), the result follows.

las| <

lag| <

las| <
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Corollary 2.7. If f(z) belongs to the class H,(1,1,1), then

las] < 2t
as
2y(s)’
2t + (412 — 1
g < 2E D)
37(s)
8t3 + 82 — 2t — 2
|CL4| S 9
4y(s)
16t* + 24t* — 10t — 4
las| <
57(s)
Proof. Settingn =1, g =1 and A =1 in (2.16), the result follows. O
Corollary 2.8. If f(z) belongs to the class Hy(0, 1, \), then
0] < 2t
a —7
= (A+B)

2t + (412 — 1)  2t2(A' + B)(1 — p)
(A’ + B') (A+ B)2(A'+ B’
834812 —2t—2 _ (1-—p)(42+2t(4t>-1)) | 4*(1-p)® _ (=p+3pu—2)4t
—(pu+3)) (1) (u+2X) (utA)3 3(pt+A)3 ’
16t4424t3-10t—4 |, (1—p)(16t*4+-16t3 —4t2—4¢)
|a ‘ < AX+p + (A+p)—(u+3X)
_ (I—p)(16tt48t3—4t2)  8tt(1— u)2 8t4(—p?+3u—2)(1—p) + (16t64—4t24+1)(1—p)
f+,\;2 2>\+u) (n+A)* 3(u+A)* 2(2/\+u22
(1—p)? (8t*4-4t (2A+p)(1—p)?(1—p)t* A3 =182 A+4TuA—30\—3 13 +9u° —6u(2t3 —4t)
(u+A)? (2>\+u) 2(u+A) 4 (224p)? 6(u+A)2 (uA2X) (u+4X)
+4t (1—p) (AP =182 A+4ATuA—30A -3 4912 —64) + (A=) (—pB+6u2 —11u+6)2t
3(utA) 4 (u+4A) 3(u+A)% (n+4X)

\G3| =

lag| <

Proof. Setting n = 0, and v = 1 in (2.16), the result agrees with |as| and |as| in
Bulut and Magesh [2]. O

Theorem 2.9. If f(2) belongs to the class H,(n, u, \). then

| 2 < (AE:B'); p € [p1, p2]
az — paa| = 2 A'+B) :
2 (A’%:B’) 4t2t 1 - (ﬂ’ - 1 + 2p) ((A_:_B)2 7 p ¢ [pl pQ]

where
l—p (A+B)? 4> -2t —1

= Tya+p) ©
1—p  (A+B)? 424+2t—1
= Taa By e

and
A= (1= X)2"uy™*(s),
B = Mt (6) (2 (1 — 1) + 2),
A= (1= N)3" ™ (s),
B' = Mt (6) (3 (1 — 1) + 3),

D=—(1- )\)22’1%7”’”2(3),
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E = —\yn=D+2(g) ((“ — 1)2(!“ ~2gon o1y — 1)) .

Proof. From (2.15),

a4 — 2tCl
2 — (A + B))
. c2(2t) + A (482 — 1) cj4t*(D + E)
s (A" + B (A+ B)2(A' + B'Y’

then it follows that
2t
(A + B)

From Lemma 1.2, we have

2t
|ag — pa3| < ———<max {1,
1T (A +B)

Since t > 0, we have

2
_ < _
la5 = pas| < (A+ B)? 2t (A+ B)?

) (th(A’ +B) 4t*—1 2D+ E)) ‘

Co —

200A'+ B') —4t*—1 2(D+E)

P A+ B) 2t (A4 B)?

20(A'+B) -4 -1 2(D+E) -1
PT(A+ B) 2t (A+B)E|=
42 -1  2t(D+ E) 2t(A"+ B') 42 -1  2t(D+ E)
— —1<p——7’<1 :
< ST (A+ B)? =7 (A+ B)? — Ty (A+ B)?

< p < p < pa
O

2.1. Conclusion. The results agree and extend the work in Bulut and Magesh
Acknowledgement. The Abdus Salam International Centre for Theoretical
Physics (ICTP), Italy is appreciated for the support given to the first author
which benefits other authors.
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