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ABSTRACT. Let R be a commutative ring with identity, let I be a proper ideal
of R, and let n > 1 be a positive integer. In this paper, we introduce a class of
ideals that is closely related to the class of I-prime ideals. A proper ideal P of
R is called an n-absorbing I-ideal if a1, ag, ..., apy1 € R with ajas...ap41 €
P — IP, then ajas...a;—1ai+1 ...apny1 € P for some i € {1, 2, ..., n+1}.
Among many results, we show that every proper ideal of a ring R is an n-
absorbing I-ideal if and only if every quotient of R is a product of (n+ 1)-fields.

1. INTRODUCTION

Throughout this article, R denotes a commutative ring with identity and
Maz(R) denotes the set of all maximal ideals of R. The notion of prime ideal
plays a main role in the theory of commutative algebra and it has been widely
studied and recently many generalizations were introduced by many authors. Re-
call from [4] that a prime ideal of R is a proper ideal P with the property that
for a,b € R, ab € P implies a € P or b € P. The concept of I-prime ideals
was defined and investigated in [1]. For a fixed ideal I of R, a proper ideal P
of R is I-prime if a,b € R with ab € P — I P implies either a € P or b € P.
The concept of 2-absorbing ideals was introduced and studied in [5]. Let n be a
positive integer. A proper ideal P of a ring R is called an n-absorbing ideal if
whenever z;...x,.1 € P for xy,..., 2,1 € R, then there are n of the x;’s whose
product is in P. Equivalently, a proper ideal P of R is an n-absorbing ideal if
and only if whenever z---x,, € P for x1,...,2, € R with m > n, then there
are n of the x;’s whose product is in P; see [3].
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Let n > 2 and let ¢ : S(R) — S(R) U {¢} be a map, where S(R) is the set
of ideals of R. A proper ideal P of R is called (n — 1,n)-¢-prime if whenever
ai, ag, ..., a, € Rwith ayas...a, € P— ¢(P), then the product of n — 1 of the
a;’s is in P (see [6]).

In this article, we introduce a class of ideals that is closely related to the class
of I-Prime ideals. Let I be a proper ideal of R and let n > 1. A proper ideal

P of R is called an n-absorbing I-prime ideal of R if ay, as, ..., ani1 € R
with ajay...a,0.1 € P — IP, then ajas...a; 1a;11...a,41 € P for some i €
{1, 2, ..., n+1}. Thus a I-absorbing I-ideal is just an I-prime ideal. If we set

¢(P) = IP for every P in S(R), then the ideas of this paper are a special case
of the paper [6]. Some properties of the n-absorbing I-prime ideals are discussed
and studied.

2. MAIN RESULTS

Let I be a fixed ideal of a ring R and let n > 1 be a positive integer. A
proper ideal P of R is called an n-absorbing I-ideal if ay, as, ..., apni1 €
R with a;...a,41 € P — IP, then ay...a; 1a;41...a,41 € P for some i €
{1, 2, ..., n+1}. It is clear that a proper ideal P is an n-absorbing I-ideal
of R if and only if whenever the product of (n + 1)-elements of R/P is 0, then
the product of some n of these elements is 0 in R/P. Not all n-absorbing I-ideals
are (n — 1)-absorbing I-ideal. The following example illustrates this fact.

k(lz, y]]
<xn7 y", xr2n an7 $2n+1y2n++1> )
is a field and n > 1 is a positive integer. Put the fixed ideal I to be zero ideal of
R. Then the proper ideal P = (z",y", z*" — y*", 2" T1y?" 1) of Ris a (2n + 1)-
absorbing I-ideal but not a 2n-absorbing I-ideal, since " € P and z?"~! ¢ P.

Example 2.1. Consider the ring R = where k

The proof of the following lemma comes directly from the definition so it is
omitted.

Lemma 2.2. A proper ideal P of a ring R is an n-absorbing I-ideal if and only

if — 1is an n-absorbing 0-ideal.

1P

Proposition 2.3. Let P be an n-absorbing I-ideal of a ring R and let S C R be a
multiplicative closed set of R such that PNS = ¢. Then S™'P is an n-absorbing
S—1I-ideal of ST'R.

Proof. Suppose %,..., % ¢ STIR with 42wl ¢ §71p — §7I[S7IP =

7 Sp+1 2...8n+1

S=Y(P — IP). Then uajas...a,,1 € PP for some u € S. By taking ua;
as one element, either as...a,4.1 € P or way---a; 1041 apyq € P for ¢ =

ag...a a — uay...a;—10a; A
2,3,...,n + 1. Hence Rwfnil _ a2, il o G-lp op UAGici@iple ol
$2...8n41 S9 Sn41 US1...8i—18i41---Sn

., Gis1 e At e §-1 P which means that STP is an n-absorbing S™I-
S1 Si—1 Si41 Sn+1

ideal of ST'R. O

Theorem 2.4. Let P be a proper ideal of a commutative ring R. If P is an
n-absorbing I-ideal that is not an n-absorbing ideal, then P"*! C IP.
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Proof. Assume that P" ¢ IP. We have to show that P is an n-absorbing ideal.

Let x1xy... ¢y € P for xy, o, ..., Ty € R If zy29... 2,01 ¢ [P, then
the n-absorbing I-ideal P gives that P is an n-absorbing ideal. Now, for the case
1Ty ... Tpe1 € TP, we have 2129 ... 2p 1y P¥ CIP for k=1, 2, ..., n, since
otherwise, we obtain x1xs . . . Zy1_kP1D2 - - . px & I P for py, pa, ..., pr € P and so
1T .. Tpi1—k (Tpgok +01) - (Tny1 +px) € P—1IP. As P is an n-absorbing I-
ideal, x1x9 ... X; 1% ... Tpyq € P, forsomei = {1, 2, ..., n+1}. Similarly, we
can assume that for all 41,49, ... 4,011 C{1, 2, ..., n+ 1}, a; ... aiankPk C

IP with 1 < k < n+ 1. Since P"** ¢ IP, there exist r1,72,...,741 € P
with ri79... 141 ¢ IP. Then (x; + 7r)(z2 + r2) ... (Tps1 + Thy1) € P — IP.
Thus being P n-absorbing I-ideal gives us x1xs ... x; 111 ...%,1 € P for some
ie{l, 2, ..., n+1}. Therefore P is an n-absorbing ideal.

|

We conclude from Theorem 2.4 that an n-absorbing I-ideal P with P ¢ IP
is an n-absorbing ideal.

Corollary 2.5. Let R be a ring and let P be a proper ideal of R. If P is an
n-absorbing 0-ideal that is not an n-absorbing ideal, then P"! = 0.

Corollary 2.6. Let P be an n-absorbing I-ideal with (IP) C P""2. Then P is
an n-absorbing N2, P'—ideal (n > 1).

Proof. If P is an n-absorbing ideal, then P is an n-absorbing I-ideal and so is
an n-absorbing N2, P'-ideal. Suppose that P is not an n-absorbing ideal, then
Theorem 2.4 gives us P"*! C IP C P"*2. Hence IP = P* for each k > n+ 1
and hence N2, P* = [ P. Thus P is an n-absorbing N2, P'-ideal. O

Let R and S be two rings. If P is an n-absorbing 0-ideal of R. Then P x S need
not be an n-absorbing 0-ideal of R x S. For a particularly case see [2, Theorem
7]. However, P x S is an n-absorbing I-ideal for each I with N, (P x S)" C
I(PxS)CPxS.

Theorem 2.7. (1) Let R and S be two rings and let P be an n-absorbing 0-ideal
of R. Then J = P x S is an n-absorbing I-ideal of R x S, for each I with
NP, (PxS)CI(PxS)CPxS.

(2) Let R be a commutative ring and let J be a finitely generated proper ideal of
R. Suppose that J is an n-absorbing I-ideal, where IP C J""2. Then either
J is an n-absorbing 0-ideal or J"™' # 0 is idempotent and R decomposes
as T x S, where S = J"* and J = P x S, where P is an n-absorbing 0-ideal.
Hence J is an n-absorbing I-ideal for each I with N2, J* C 1J C J.

Proof. (1) Let R and S be two rings and let P be an n-absorbing 0-ideal of R.
Then P x S need not be an n-absorbing 0-ideal of R x S. In fact, P x S is an
n-absorbing 0-ideal if and only if P x S is a prime ideal. However, P x S is an n-
absorbing I-ideal for each I with N2, (P x S)"' C I(P x S). If P is an n-absorbing
ideal, then P x S is an n-absorbing ideal and thus is an n-absorbing I-ideal.
Assume that P is not an n-absorbing ideal. Then P"' = 0 and (P x S)""" =
0x S. Hence N, (P x S)' =N, P x S=0xS. Thus P xS —NX, (P x S) =
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PxS—-0xS=(P—-0)xS. Since P is an n-absorbing 0-ideal, P x S is an
n-absorbing N2, (P x S)'-ideal and as NZ, (P x S)" C I(P x S), P x S is an
n-absorbing I-ideal.

(2) If J is an n-absorbing ideal, then J is an n-absorbing 0-ideal. So, we can
assume that J is not an n-absorbing ideal. Then J"™! C IP and hence J"! C
IP C J"2 so J*" = J"*2 Hence J"™! is idempotent. Since J"*! is finitely
generated, J"™ = (e) for some idempotent ¢ € R. Suppose J"*' = 0. Then
IP = 0, and hence J is an n-absorbing 0-ideal. Assume that J"*! £ 0, and put
S=J""'=Reand T = R(1 —e), so R decomposes T' x S. Let P = J (1 —¢);
soJ = P xS, where P""' = (J(1—e))""' = J" (1 —e)"™ = (e) (1 —e) = 0.
We claim that P is an n-absorbing 0-ideal. Let x1, zo, ..., 2,11 € R and let
0 # z123...2541 € P. Then (z1, 0)(22,0)...(zpy1, 0) = (v122... 2551, 0) €
PxS—(Px8S)"™ =PxS—-0x8 C P—1IP,since I[P C J"?2 which
implies that [P C J"2? = (P x S)"™ = 0 x S. Hence J — J™! C J — IP.
As J is an n-absorbing I-ideal, (x123...2; 1%iy1 ... Tp1, 0) € P x S = J, for
some i = {1, 2, ...,n+ 1}. Thus 129 ... 2, 1211 ... Tpy1 € P. Hence P is an
n-absorbing 0-ideal. 0J

Corollary 2.8. Let R be an indecomposable ring and let P be a finitely generated
n-absorbing I-ideal of R, where IP C P""2. Then P is an n-absorbing 0-ideal.
Furthermore, if R is an integral domain, then P is actually an n-absorbing ideal.

Corollary 2.9. A proper ideal P of a Noetherian integral domain R is an n-
absorbing ideal if and only if P is an n-absorbing P"-ideal for (n > 2).

In what follows, we characterize an n-absorbing I-ideals.

Theorem 2.10. Let P be a proper ideal of a ring R. Then the following condi-
tions are equivalent.

(1) P is an n-absorbing I-ideal.

(2) For xy,z9,...,0, € R— P:

(PI l‘le...I’n):U;Lzl(PIxle....ﬁUi,I.fCiJrl...l’n)U([PZl‘le...I‘n).

Proof. (1) = (2) Suppose x1,Z2,...,2, € R— P and y € (P : z122...1,).
Then xix9... 2,y € P. If myzg... 2y ¢ 1P, then zy2o. .. 2 12441 ... Ty €
P, for some i € {1, 2, ..., n}, and soy € (P : 1Z2...Ti_1Tiy1...Tp). If
X1y ... xpy € [P, theny € (IP: x129...x,). Hence

(P: mzwy...xy) CUL (P :x2e .. T 1Tip1 - - Tp) U(IP 2129 ... 2y, .
The other containment always holds.
(2) = (1) Suppose z123...Tpy1 € P —IP. If xy29... 2, € P, then there is
nothing to prove. Assume that zyx5 ...z, ¢ P. Thus
(P: mxg...xy) =UL (P x1Ze . T 1Tip1 - Tp) U (Pt 2129 ... 2y)

Since 12y ... Tpy1 € P, xpy1 € ( P x129...2,) and the fact 129 ... 241 ¢ IP
gives us T,41 ¢ ( [P : x119...27,). Hence x,41 € (P : x1Tg. .. i 1Tiq1 ... Tp),
for some i € {1, 2, ..., n}, that is, x129... 2 12;11 ... 2431 € P. Thus P is an
n-absorbing I-ideal. O
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It was shown by Anderson and Smith [2, Theorem 8] that every proper ideal
of R is weakly prime if and only if R is a direct product of two fields or (R, m) is
quasi-local with M? = 0. Next we generalize this result to an n-absorbing I-ideals
but first we need the following lemma.

Lemma 2.11. Let R = Ry X Ry X -+ X Ry,y1, where R; is a ring, for i €
{1,2,....,n+ 1}. If P is an n-absorbing I-ideal of R, then either P = IP or
P=P XPyx-+xP_1XR; X Piyq XX P,y for someiec{l,2,...,n+1}
and if P; # R; for j # j, then P; is an n-absorbing ideal in R,;.

Proof. Let P = Py X Py X -+ x P,y1 be an n-absorbing I-ideal of R. Then there
exists (1, xs,...,2Ty11) € P— IP, and so

(:El,l,...,l)(l,l'g,l,...,1)...(1,1,...,1’n+1) = ($1,$2,...,$n+1> e P.

As P is an n-absorbing I-ideal, we have (z1,x9, ..., 21,1, Tix1,...,Tpy1) € P
for some ¢ € {1,2,...,n+ 1}. Thus (0,0,...,0,1,0,...,0) € P and hence P =
Py X Pyx--x Py xR X Piyy x---xP,y. If Pj# R;for j # 1, then we have
to prove P; is an n-absorbing ideal in R;. Let ¢« < j and let y192 ... yn41 € P;.
Then

(0,0,...,0,1,0,...,0,%192 - - - Yn,0,...,0)
=(0,0,...,1,0,...,91,...,0)(0,0,...,1,0,...,99,...,0)
...(0,0,...,1,0,...,Yyps1,...,0) € P—1IP
and the n-absorbing [-ideal P give that

(0,0,...,0,1,0,...70,y1y2...yk_lyk_H...yn+1,0,...,0) epP

forsome k € {1,2,...,n+1}. Thus yiys ... Yk—1Yk+1 - - - Yn+1 € P; and hence P; is
an n-absorbing ideal in R;. We can do the same arguments for the case j <. [0

Theorem 2.12. Let R be a ring and let |Max(R)| > n+ 1 > 2. Every proper
ideal of R is an n-absorbing I-ideal if and only if every quotient of R is a product
of (n+ 1)-fields.

Proof. (<): Let P be a proper ideal of R. Then % > [y X Fy X --- x F,.1 and

55 2 P X Py X -+- X Pyyq, where P is an ideal of F;, i = 1,2,...,n+ 1. If

P = IP, then there is nothing to prove, otherwise we have P; = 0 for at least one

je{1,2,...,n+ 1}, since % is proper. Therefore % is an n-absorbing 0-ideal
of % and P is an n-absorbing I-ideal of R.
(=): Let my,ma,...,myy1 be distinct maximal ideals of R. Then m =

miMs ... My is an n-absorbing I-ideal of R. We want to show that m is not an
n-absorbing ideal. First to show that m; € U;,m; for all i € {1,2,...,n+ 1},
we suppose the contrary that m; C Ujxm;. Then there exists m; with m; C m;
by prime avoidance lemma, which contradicts the fact that m;, ¢ =1,2,...,n+1
are distinct maximal ideals. Hence there exists x; € m; — U?%lzlmj and so
X1, T, ..., Ty € m. If there exists j € {1,2,...,n+ 1} with

T1Ty...Tj_1Tj41...Tnp1 € m C my, then x; € m;, for some 7 # j, a contra-
diction. Hence m is not an n-absorbing ideal and so m"*! = I'm. Thus by the
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Chinese remainder theorem, % &~ ,ﬁl X mf+1 X - m"+1 Put F; = m”+1 If F;

is not field, then it has a nonzero proper 1deal K and so 0><O>< XOX K X0%---x0
is an n-absorbing 0-ideal of ]};. Thus by Lemma 2.11, we have K = F; or K =0,
which is impossible. Hence F; is a field. Il

Corollary 2.13. Let R be a ring and let |Max(R)| > n+ 1> 2. Every proper
ideal of R is an n-absorbing 0-ideal if and only if R = F} X Fy X --- X F,, 11, where
Fi Fy, .. Fyyq are fields.

In what follows, we characterize rings with the property that every proper ideal
is an n-absorbing 0-ideal.

Corollary 2.14. Let P be an n-absorbing I-ideal of a ring R, where IP C P2,
Then P is an n-absorbing N2, P'-ideal (n > 2).

Proof. If P be an n-absorbing ideal, then P is an n-absorbing I-ideal and so is
an n-absorbing N, P'-ideal. Suppose that P is not an n-absorbing ideal. Then
Theorem 2.4 gives us P"*!' C IP C P2, Hence IP = P* for each k > n+ 1
and hence N2, P* = [ P. Thus P is an n-absorbing N2, P'-ideal. O
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