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METALLIC STRUCTURES ON THE TANGENT BUNDLE OF
P-SASAKIAN MANIFOLDS

SHAHROUD AZAMI!

Communicated F.H. Ghane

ABSTRACT. In this article, we introduce some metallic structures on the tan-
gent bundle of a P-Sasakian manifold by the complete lift, horizontal lift, and
vertical lift of a P-Sasakian structure (¢,7,£) on a tangent bundle. Then we
investigate the integrability and parallelity of these metallic structures.

1. INTRODUCTION

The lift of geometrical objects, vector fields, and forms, has an important role in
differential geometry. By the method of lift, we can generalize the differentiable
structure on any manifold to its tangent bundle and any other bundles on mani-
fold; see [7,8,10]. In this article, we study the metallic structures on the tangent
bundle of a P-Sasakian Riemannian manifold. The metallic structure is a gen-
eralization of the almost product structure. A metallic structure is a polynomial
structure as defined by Goldenberg et al. [2,3]. In [5,6], the authors introduced
the notation of metallic structure on a Riemannian manifold. Suppose that p and
q are two positive integers. The positive solution of the equation 2% — pxr —q = 0,
among other common characteristics, is a member of the metallic means family.

_ ph/PP g

This number is shown by ¢, , = ———, where it is a generalization of golden
proportions.

Definition 1.1. Let M be a manifold. A metallic structure on M is a (1,1)
tensor field J that satisfies the equation J? = pJ + ¢I, where p and ¢ are positive
integers and I is the identity operator on the Lie algebra X'(M) of vector fields
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on M. If g is a Riemannian metric on M, then we say that g is J-compatible
whenever
g(JX,Y)=¢g(X,JY), forall XY € X(M),
or equivalently
g(JX,JY) =pg(X,JY)+qg(X,Y), forall X,Y € X(M).
In this case, (M, J, g) is named a metallic Riemannian manifold (see [6]).

Let J be a metallic structure on M. Then the Nijenhuise tensor N; of J is a
tensor field of type (1,2) and given by

Ny(X,Y)=[JX,JY] = JJX,Y] — JIX,JY] + J*[X,Y],

for X, Y € X(M).

On the other hand, at first time, Sato in [9] introduced the P-Sasakian structure
on manifolds and studied several properties of these manifolds. An n-dimensional
smooth manifold M is called an almost paracontact manifold if it admits an almost
paracontact structure (¢, n, ), consisting of a (1, 1) tensor field ¢, a 1-form 7, and
a vector field & that satisfy the conditions

P?*=T-ne¢ nE)=1, ¢¢=0, nop=0.
Let g be a Riemannian metric compatible with (¢, 7, &), that is,
9(X,Y)=g(oX,0Y)+n(X)n(Y), foral XY € X(M),
or equivalently
9(X,0Y) =g(0X,Y), ¢(X,§) =n(X), foral X,Y € X(M),

where X'(M) is the collection of all smooth vector fields on M. Then, M is said
to be an almost paracontact Riemannian manifold.

An almost paracontact Riemannian manifold (M, g) is called a P-Sasakian man-
ifold if it satisfies

(Vxo)(Y) = —g(X,Y)§ = n(Y)X +2n(X)n(Y)E, (1.1)
where V is the Levi-Civita connection of the Riemannain manifold. We have

Vx§=0X, (Vxn)(Y)=g(eX,Y) = (Vyn)(X), forall X,Y € X(M).

1.1. Lifts of geometric structure on tangent bundle. Let (M, g) be a
smooth n-dimensional Riemannian manifold, and let T'M denote its tangent
bundle. We denote the natural projection by © : TM — M, where it defines
the natural bundle structure of T'M over M and denote the set of all ten-
sor fields of the type (k,l) in M by TF(M). For any point (z,y) € TM, let
V, = ker{m.(y) : T,(TM) — T,M} and VT'M = UyeryV,. Also, suppose that
HTM is a complement of VI'M in T'M, that is,

TTM =VTM®HTM.

Also, VI'M and HT'M are called vertical distribution and horizontal distribution,
respectively. Suppose that the space M is covered by a system of coordinate
neighborhood (U, ¢) = (U, z',22,...,2"). Then the corresponding induced local
chart on TM is (x=Y(U),z, 2%, ..., 2", y', 4% ...,4"). If in any point of x € M,
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['?.(z) is the Christoffel symbols of g, then the sets of vector fields {8%1, e %}

and {5X;,..., 5%} on 7 1(U) define local frame fields for VT'M and HTM, re-

spectively, where % = 65; — ykfﬁgia%. Note that the set {8%1-, %} defines a local

frame on TM. In the following, we recall from [7, 10] some lifts of geometrical
objects of a manifold to its tangent bundle.

1.1.1. Vertical lifts. Let f be a function on M. Then the vertical lift of f to T'M
is the function f” on T'M given by f” = f on. For any vector field X € X' (M),
we define a vector field XV in TM by X" (ww) = (w(X))", where w is an arbitrary
1-form in M, so we call XV the vertical lift of X. Note, X¥ € VIT'M, and for all
function on M, we define XV(df) = X.f. Let F be a tensor field of type (1,r) or
(0,7), > 1, on M. Then, the vertical lift of F' on T'M is defined by

Fr(X), Xy, .., X)) = (Fy(w*(Xl),w*(XQ), . ’W*(X”"»)U’

WhereXl,Xg,...,X}ETy(TM), ye T, M, x € M. Hence, for any Xq,..., X, €
X (M), we have

FU(XY, XD, XY) =0, F*(XE, XS, ... X°) = (F(Xl,Xz,...,Xr)> .

r

1.1.2. Complete lifts. 1f f is a function on M, then the complete lift of f is the
function f¢ on T'M and defined by

[z y) =df(2)(y), yeToM, z € M.
Also, the complete lift of a vector field X = X*-2 on M is defined by

- 0 0X" 0

X=X"——¢y/——.

ozt Y oxI Oy’
Therefore, we obtain (7)) = 2 and X°f¢ = (X f)¢ for any function f on M.
Suppose that w is a 1-form on M. The complete lift of w on T'M is defined by

wi(Xe) = (w(X)), w(X") = (w(X))", for each X € X(M). In general case,
the complete lift of a tensor field F' of type (1,7) or (0,7), r > 1, on M is defined
by Fe(X§,...,X¢) = (F(X1,...,X,))° for any Xq,...,X, € X(M). Then the
complete lift of a Riemannian metric ¢ is defined by

dgi;
gc — < ykailz Gij ) .
Gij 0

From [7] and [10], we have the following result.

Proposition 1.2. Let M be a manifold with a Riemannain metric g. For any
X, Y e X(M), feC®(M), and (1,1) tensor field F, we have

o Xf =0, XOfe= XfT = (X[)F, Xofe= (X"
o F(X") = (F(X))",
e ¢° is a semi-Riemannian metric and
giX"Y) = g°(X5Y") = (9(X,Y))", g%(X",Y") =0,
ge(X%Y) = (9(X, )",
e if P(x) is a polynomial in one variable z, then P(F°) = (P(F))°.
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We define the complete lift of a linear connection V to T'M as the unique linear
connection V¢ on T'M as V.Y = (VxY)° for X,Y € X(M). Therefore

P B, ork 9 0
e~ = Pk l 2] e~ =
V% O’ Y Ok Ty ox! Oyk’ vaiyi oyJ 0

0 0 0 0
Ve — = Ih — V¢ — =TF _—.
57 Oy UQyk’ " g0 Ol Y Oyk

Proposition 1.3 (see [7,10]). Let T and R be the torsion and curvature tensors
of V, respectively. Then T and R® are the torsion and curvature tensors of V¢,
respectively, and

o V is symmetric if and only if V¢ is symmetric,

o V is flat if and only if V€ is flat.

Proposition 1.4 (see [7,10]). Let F be a tensor field of type (1,7) or (0,r),
r>1, on M and let X, Y € X(M). Then

WY = (VxY), V5o = (VxY), Vi Y© = Vi’ = (VxY)",
V" = (VF), VF° = (VF)".

1.1.3. Horizontal lifts. The horizontal lift f* of a function f on M is given by
fi=fe—V,f, where V. f = v(Vf), and for any tensor field F' of type (1,r) or
(O,T), T 2 ]_, on M, ’YxF = (Fx>v and FX(le ceey Fr—l) = F(Xl, PN 7Xr—17X)~
For any vector field X = X i% on M, there exists a unique vector X" € HVM
such that 7.X" = X, that is, if X = X*.% then X" = X'.2. — ijil“éja%l.
We call X" the horizontal lift of X in the point (x,y) € TM. Let w be a 1-
form on M. Then the horizontal lift w”" of w is defined by w" = w® — V,w.
Then for any X € X(M), we have w"(X") = 0 and w"(X"?) = (w(X))". The
horizontal lift of a (1, 1) tensor field F on M is defined by F"(X") = (FX)" and
F"(X?) = (FX)*. The horizontal lifts of a Riemannian metric g is defined by
g" = g;0° @1 + giyn' @ 67, where ' = dz', n' = yjI‘;kdxk + dy'.

From [7, 10], we have the following result.

Proposition 1.5. Let M be a manifold with a Riemannain metric g. For any
X, Y e X(M), feC>®(M), and (1,1) tensor field F, we have
e " is a semi-Riemannian metric and g¢"(X°,Yh") = (9(X,Y))",
gh(Xv’ YU) = gh<Xh7 Yh) =0,
e if P(x) is a polynomial in one variable x, then P(J") = (P(J))",
o ¢" = ¢° if and only if Vg = 0,
o (X" YY]=0, [X",Y=[X,Y]", [X,Y]=[X,Y],
(X, Yh = —(VyX)Y, [X"Y"] = [X,Y])" — yR(X,Y), where R is a
curvature tensor of g and the vertical vector lift YF is defined by (vF)(y) =

(F(y))"

Let V be a linear connection on M. Then we define the horizontal lift of V to
TM as the unique linear connection V”* on TM given by

Vi Y =V, Y =0, Vi, Y" = (VxY)", Vi, Y= (VxY)"
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for X,Y € X(M). Hence ViY® = (VxY) — vR(-,X,Y), where
R(-,X,Y)Z = R(Z,X,Y).

2. METALLIC STRUCTURES ON THE TANGENT BUNDLE OF A P-SASAKIAN
MANIFOLD

In [1,4], the authors have studied some geometric structures on tangent bundle.
Let M be an n-dimensional P-Sasakian manifold with structure tensor (¢,7,¢, g).
In this part of this section, we introduce a metallic structure induced on T'M by
the complete lift of a P-Sasakian structure, and then we show that this metallic
structure is integrable.

Proposition 2.1. On the tangent bundle of a P-Sasakian manifold with structure
tensor (¢,n,&, g), there exists a metallic structure given by

T N R TS 1) 1)

Proof. From the definition of the almost paracontact structure of a P-Sasakian
manifold, we obtain the following relations:

(@) = (") =T -0 "¢,

n'(€7) =n"(€") =1, (&) =n"(§) =0,

¢°(€") = ¢°(€°) =0, n"o¢"=n0¢°=0.
Therefore, using these relations for any X € X(T'M), we have

7€) = Lie) - A2l 1 e e 1 o))

2
2 —
= Lo - (D)) + (€0)e +r(€0)E)
D v_20-paq_p c
= Je -t Le
Similarly, we get
2 —
J(e) = ¢ — =L Ler,
e S 5

J(6X) = So° K - (X =0 (R)E" = (R)E").

2
Now, we obtain

JE) = PX - 2T e g (R0 o (R)e)

2
and
- - 2) — - - - - -
PR = £I(X) = 2L (¢ X) 4" (X) T (€) +1° (X (€)) = pJ (X) +4X,
which completes the proof. O]

Proposition 2.2. If M is a P-Sasakian manifold with structure tensor (¢,n,&,g)
and J is defined by (2.1), then

G(JX,JY) = pgs(X,JY) + q¢°(X,Y), forall X,Y € X(TM).
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Proof. For any X,Y € X (M), we have

giX", YY) =0, ¢°(X",€%) = (9(X,€))" = (n(X))",
9°((¢X)",€°) = (9(0X, )) (9(X, 0€))" =0,
9°(65,€°) = (9(&: ) =

Therefore,
gC(JX”, JY”) _ _(2020#2_ p)p(nX>U<77Y)v
and
g Y) = 2T Ly )
Thus,

g (JXY, JYY) = pgt(X?, JY?) + q¢° (X", Y").
Also, using ¢¢(X",Y*) = (¢(X,Y))” and ¢°(X° Y*°) = (¢9(X,Y)), we have

2

§IX"TY) = (5 + 0)(9(X, )"

(2‘7:0 q

~ 2901 ZPR 1o x, ) — (1) ()]

and
c v c p v 20 q — D)P v v v
00,17 = Ll vy = B gy — vy
Hence,
g (JX", JYC) = pg“ (X", JY®) + qg° (X", Y°).
The other cases are similar. O

Theorem 2.3. Let M be a P-Sasakian manifold with structure tensor
(¢,n,&,9) and let J be defined by (2.1). Then the metallic structure J is in-
tegrable.

Proof. The 1-form 7 defines an (n — 1)-dimensional distribution D by
forallpe M, D,={veT,M:n(v)=0} (2.2)

and the complement of D is the 1-dimensional distribution spanned by £&. Suppose
that

N'=Nyg—2dn®¢&, N*(X,Y) = (Lyxn)Y — (Lgyn)X, N® = Leop, N* = Len.
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By Proposition 1.5, for any X, Y of C°°(M)-module of all sections of distribution
D, we have

N (X", Y") = 0,

Ny (X', Y¢) = A([Nl(X,Y)]”+N2(X,Y)§C>,

Ny (X6, Y) = A([Nl(X,Y)]C+N2(X,Y)§”),

Ny(X7) = A= (V0) + NO0E),

Ni(X76) = A([B(VI00) = NHOOE" + N2(X, ),

Ny(X7€) = A= (VX)) + (B(N*(X))" = [N'(6X) = N*(X)]€7),
Ny(X569) = A= (NP(X)" + [N'(X) + N3(X, )J¢°

Ho(N*(X)) = N(X)E),
Ni(€,€) = Nyl€%,€9) = No(€",€) =0,

where A = (2%2472)2 Tndeed the tensor N' of a P-Sasakian manifold van-
ishes. On the other hand, if N' = 0, then also N2, N®, and N* vanish. Hence
N;(X,Y)=0forall X,Y € X(TM), that is J is integrable. O]

Theorem 2.4. Let M be a P-Sasakian manifold with structure tensor
(p,m,&,9) and let J be defined by (2.1). Then the metallic structure J is never
parallel with respect to V.

Proof. We have
(Vi )€ = Vie(JE) = J (Ve
- 228 L [ ((9€)° +m(E)€" + n(E)E) — (VxE)
—(n(Vx§))"€" — (n(Vx&))€T.
Using ¢ X = V&, we get

(Vo )Ee = —%T_p[(q»()v ~ X9 £0, forall X €D\ {0},

where D is a distribution and defined by (2.2). O

Proposition 2.5. Let M be a P-Sasakian manifold with structure tensor

(90,1, €,9), let Vo = 0, and let J be defined by (2.1). Then, the fundamental
2-form ®, given by

(X, V) = g*(X,JV) - Lg'(X,¥), X,V ex(TM),
is closed if and only if
g(VyX,02)+g(VzY,0X)+9g(VxZ, oY) =0, foral X,Y,Z € X(M). (2.3)



METALLIC STRUCTURES ON THE TANGENT BUNDLE 305
Proof. The coboundary formula for d on a 2-form & is
S40(X,V.7) = XO(V,7)+VO(Z,X) + Z0(X,7)
_(I)([Xa {/]7 Z) - ®([27X]7 Y/) - CI)(DN/7 Z],X),
for any X,Y,Z € X(TM). Hence, for any X,Y,Z € X (M), we have
3d0(X°, Y, Z2Y) = X°g°(Y*©,JZY) — gXCgC(YC, Z%) +Y°ge(Z°, JX°)
_gycgc(zv7Xc) 4 Zv C(Xc ch) o gZVgC(XC,Yc)
—g°([X, Y], JZ") + 29 (X, Y] 2°) — g°([2, X]", JY™)
p C v (& (& (& Cc
+59°([2, X1, YY) — g*([Y, 2]%, T X°) + 29 “(Iy, 21", X°).
On the other hand,

Jz0 =Lz 2R () 4 (n(2)) )
and
gxe = De 2T R (X)) 4 (X)) + (n(X))E)
Therefore,
S DX Y 2% = (Xg(Y,02) + Yg(Z.6X) + Zg(X.0Y)
~g([X.Y],62) — 9(Z.X]. 6Y)
~g([v. Z).0X))"
FX(2) )]+ Y (X)) (n(2))']

(Z (n(
+2°[(n(Y))*(n(X))*] + Z°[(n(Y))“(n(X))‘]
—(n(2))"9([X,Y],£) — (n(Y))g([Z, X],£)"
—(n(X))g([Y, 2], €)".
Since V¢ = 0 and g(X, YY) = g(Y, 90 X), we get
Xg(Y,0Z) — g([X,Y],0Z) = g(Vy X, 0Z) + g(Vx Z,¢Y ).
Also, Vx& = ¢X results that

g((X.Y],6) = g(VxY,§) —g(VyX,§)
= Xg(Y,§) —g(Y,Vx§) = Yg(X,£) + g(X, VyE)
= X(n(Y)) —g(Y,0X) =Y (n(X)) + 9(X, ¢Y)
= X(n(Y)) -Y(n(X)).
Thus,
5 (XY Z) = gl X.6Z) + 9V Y 0X) + (VA Z.0V)}

+2{(n(Y))*(Xn(2))" + n(2))" (Y n(X))*
+(n(X))(Zn(Y))"} .
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Now, if X,Y,Z € D, then d®(X° Y Z") = 0 is equivalent with (2.3), where D
is a distribution and defined by (2.2). Also, if X = £ or Z = &, then we get the
same result. The other cases are reducible to (2.3). O]

Note.We recall that 51 — (M)(¢c + 7’ ® & £ n° ® &) are also metallic
structures. For these structures, we can obtain the similar results as for the
metallic structure (2.1).

In the following, we study a metallic structure on T'M induced by the horizontal

lift.

Proposition 2.6. Let M be a P-Sasakian manifold with structure tensor
(p,1m,€,9). Then there exists a metallic structure on its tangent bundle, given

by

F:gl—(Qap’é_p)(¢h+nh®§h+n”®§”)‘ (2.4)

Proof. By the definition of vertical lift and horizontal lift of the almost paracon-
tact structure of a P-Sasakian manifold M, we have

@" ) =)' =T-n"® -1 @,
(") =n"€) =1, (") =n"€") =0,
¢"(€") = ¢"(E") =0, 1o =n"0g" =0
Therefore for any X € X(T

F(e) =B - 2" Ren ieny = Der

F(¢"X) = Z¢"X -

M), we get

2004 =D
5 3

(X —i"(X)e" —n°(X)€").

20,4 —D
2
Now, we obtain

FX) = DX = 22082 (e 4o (K06
and
2/ v Py 20pq — h v h
Fi(X) = FX) - PR X) +0°(X)F(€) + " (X)F(€"))
= pF(X)+¢X,
which finishes the proof. |

Definition 2.7 (Sasakian metric). Let (M, g) be a Riemannian manifold. The
Sasakian metric on 7'M is defined as follows:

G(Xvayh) =0, G(vayv) = [g(X7 Y)]U’ G(Xhayh) = [g(Xv Y)]Ua
for any X,Y € X(M).

Proposition 2.8. Let M be a P-Sasakian manifold with structure tensor
(¢,m,&,9). If F is defined by (2.4) on TM and G is the Sasakian metric, then

G(FX,FY)=pG(X,FY)+¢G(X,Y),
for any X,Y € X(TM).
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Proof. For any X,Y € X (M), we have
n(XY) = 0" (X") =0, " X" = 9" X" = (n(X)",
¢"X" = (6X)", ¢"X" = (¢X)".
Hence,
FXU = ng _ —2"”5 —Pioxye.

Now by the definition of the Sasakian metric G, we get
v v p2 20p,q - D !
GFX", FY?) = § g+ 2)g(x,¥) = 222 =Lpg(X, 6v)

and
2004 —

(X, qu)}U-

G(X", FY") = {gg(X, Y) -

Therefore,
G(FX", FY") =pG(X°, FY"?) + qG(X",Y").

The other cases are similar.

OJ

Definition 2.9. Let (M, g) be a Riemannian manifold and let V be the Levi-
Civita connection with respect to the Riemannian metric g. Let D be a distri-
bution defined by (2.2). The connection V is called D-flat if VxY € D for all
X,Y €D.

Theorem 2.10. Let M be a P-Sasakian manifold with structure tensor (¢,n,€,9).
Then the metallic structure F' defined by (2.4) on T M is integrable if and only if
V is D-flat and

R(¢X,0Y )+ R(X,Y) — ¢{R(¢X,Y) + R(X,0Y)} =0, (2.5)
where R is a curvature tensor of M.

Proof. Let X, Y € D, let a = —s—2—, and let U € TM. Then

Np(X",Y"U = [NY(X,V)]"U + {nR(¢X,Y)U +nR(X, ¢Y)U}&"
—{R(¢X, oYU + R(X, YU — ¢R(¢X, YU
+R(X,0Y)UY 4+ N*(X,Y)E".

Also,
aNp(X",Y") = (VexoY — ¢VyxY — ¢VxoY + VxY)"
—{n(VexY) + n(VxoY )},
NF(va Yv) = 0,

aNp(X" €U = (Voxé = 6(Vx€) + o(N*(X)))"U + [nR(¢X, U]E"
H{N*(X,€) = n(VxE)}IE" + [pR(oX, E)UT",

aNp(X", U = —[N*(X)]"U + {N?*(X,€) + nR(X,U}E"
—{R(¢X, U — ¢R(X, U + p(Vyx&) — Vx&}'
—NY(X)¢,
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and
aNp(X",€") = —(VepX — ¢VeX)" +1(VeX)E"
Hence, Np = 0 if and only if (2.5) is true and

VoxdY — 0VyxY — ¢VxoY + VxY = 0. (2.6)
From (1.1), Eq. (2.6) is equivalent with n(VxY) = 0, for any X,Y € D, that is,
V is D-flat. O

Theorem 2.11. Let M be a P-Sasakian manifold with structure tensor (¢,n,&, g).
Then the metallic structure F' defined by (2.4) on T'M is never parallel with respect
to V.

Proof. We have

(Vi )" = i (") — F(Viueh) = =221 7P (65X — (X1

If X € D\ {0}, then (V,F)¢" # 0, where D is defined by (2.2). O
We define the fundamental 2-form @ by
'(X,V)=G(X,FY) - ga()?, Y), XY e€X(TM).
Proposition 2.12. Let M be a P-Sasakian manifold with structure tensor

(p,m,&,9) and let F be defined by (2.4). Then fundamental 2-form ®' is never
closed.

Proof. Let X € D be a unit vector field, that is, g(X, X) = 1, where D is defined
by (2.2). Then by a similar proof as that of Proposition 2.5, we have

6
5o VXN XNE) = =Gl X (6X)) = —9(Vxt,0X)"
= —g(X,X)"=-1
OJ
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