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ABSTRACT. Let ¢ € L>°(U,.), where U, is the upper half plane in C and let

Sy be the little Hankel operator with symbol v defined on the Bergman space

L2(U4). In this article, we show that if S, is of finite rank, then ¢ = ¢ + x,
1L

where x € (Lg (U+)> (N L>(U;) and % is a linear combination of dg, w € Uy

and some of their derivatives.

1. INTRODUCTION

Let U = {2z =2 +iy € C:y > 0} be the upper half plane in C, and let
dA = dxdy be the area measure on U,. Let L*(Uy,, dﬁ) denote the Hilbert space
of complex valued, absolutely square integrable Lebesgue measurable functions
on U, with the inner product (f,g) fU dA( ), and the corresponding

1
norm is defined by ||f|[ = (f, f)3 = [fm 1£(s) |2dA(s) 7 < 0.

Let L2(U,) be the closed subspace of L2(U,,dA) consisting of all analytic

functions in L*(U,,dA). The space L2(U,) is called the Bergman space on U,.
It is a reproducing kernel Hilbert space and K, (s) = —W(E—;)Z,, w,s € Uy, is the

reproducing kernel for the Bergman space L2(U,). The Bergman (orthogonal)
projection P, from L*(U,,dA) onto L?(Uy) is given by (Pyf)(w) = (f, Ky).
Let L>°(U,) be the space of all complex valued, essentially bounded, Lebesgue
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measurable functions on U, . Define for ¢ € L>(U, ),

¢l = ess sup |p(s)] < oo.
S€U+

The space L>*(U,) is a Banach space with respect to the essential supremum
norm. Let H*(U,) be the space of all bounded analytic functions on U,. For
¢ € L>*(U,), we define the Toeplitz operator T, on LZ(U) by T,.f = P (¢f).
The Toeplitz operator T, is bounded and ||T,|| < ||¢||e. For more details,
see [3]. The big Hankel operator H, from L2(U,) into (L2(Uy))* is defined

Hyf = —=Pu)(pf), [ € L2(U,). The little Hankel operator h,, from L2Z(U,)
mto (L2(Uy)) = {f : f € L2(U,)} is defined by h,f = P, (¢f), where P,
is the orthogonal projection operator from L2(U+,dﬁ) onto L2(U,). For ¢ €
L>(U.), define the operator Sy : L3(Uy) — LA(Uy) as Sy f = Py J(¢¥f), where
J : L*(U,,dA) — L2(Uy,dA) is defined by Jf(s) = f(—5). The operator S,
is unitarily equivalent to h, for some ¢ € L*(U,). Hence both operators h,
and S, are referred to as little Hankel operator on L2(U,). For g € L*(D),
the little Hankel operator T, : L2(D) — L2(D) with symbol g is defined by
L,f =PJ(gf), f € L2(D), where P is the orthogonal projection from L*(D, dA)
onto L2(D) and J : L*(D,dA) — L*(D,dA) is defined by Jf(z) = f(z). For
details, see [7].

Define M : Uy — D by M(s) = ZJ:; Then M is one-to-one and onto,

and M~! : D — U, is given by M~1(z )

Furthermore, M'(s) = (133)2 and (M~1)'(2) = (112;) Let W : L2(D) — LQ(U+)

be defined by (Wg)(s) = g(Ms) f((z+)s) The map W is one-to-one and onto.

Hence W1 exists and W=t : L2(U;) — L3(D) is given by (W™'G)(z) =
(20)V/TG(M ™1 (2) iz

In 1881, Kronecker [4,5] showed that the matrix L = (az‘+j)2j~:o is of finite rank
n if and only if 7(2) = apz™! + a;272 + - - -, is a rational function of z, and in
this case, n is the number of poles of r(z). That is, in the Hardy space H?*(T),
a Hankel operator, H,, is of finite rank if and only if ¢ = zuh, where u is a
finite Blaschke product and h € H*(T). In this case, the rank of S is no greater
than the number of zeros of u counted with multiplicity. Das [2] showed that if
¢ € L>(D) and the little Hankel operator Sy, is of finite rank, then ¢ = ¢ + ¥,

where x € (LQ( )) (N L>*°(D) and @ is a linear combination of the Bergman

kernels and some of its derivatives. In this article, we have extended the result
of [2] to characterize finite rank little Hankel operators defined on L2(U,).

The organization of the article is as follows. In section 2, we introduce the
elementary functions dg(s) and Dg(s) and discuss some properties of these func-
tions. We show that Dy € L>°(U,) and that S5 is a rank-one operator. We also
relate little Hankel operators defined on L2(D) and L2(U,) and prove that they
are unitarily equivalent, and the symbol correspondence is obtained. In section
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n r;—1
3 al/
3, we show that if Sz is of finite rank, then G = Z Z C’iyﬁDw—i, for some
i=1 v=0 '
constants Cj,,1 = 1,2,...,nand v =0,...,7, — 1. That is, if Sz is a finite rank

little Hankel operator, then G is a linear combination of di, w € U, and some of
their derivatives.

2. PRELIMINARIES

In this section, we introduce the elementary functions dg(s) and Dg(s) and
discuss some properties of these functions. We show that Dz € L>°(U, ) and that
S5 is a rank-one operator. We also relate little Hankel operators defined on
L2(D) and LZ(U,) and prove that they are unitarily equivalent and the symbol

correspondence is obtained.

1 ) (—22)1 1—a
For s,w € U,, define dy(s) = Tf+z(( :) 77’;210‘ Ifw:i1+g € U,, then
Tw—1 (s+w a

= Mw. That is, M~'a = w. Then

T —w
aceDanda=

1w

1 w+i(—2i)(Im w)
VIW—i (-0 +w)?
(=20) M~*a+i Imw
VT Mg — i (w—w)?
(—2i) ‘= ti  w-w

VA () i i P

1+a

de(—w) =

1 i[i=+1] 1

=

1 1+a (1+a)(1+a)

T(1+a)i[(l—-a)(l+a)+ (1—a)(l+a)

1 (1+a)?
ivr[l+a—a—la+1+a—a—lal?

1 (1+a)?

Now

(=20)w+i Imw 1 (1+a)?

VT W —i(s+w)?(2i)y/T 1 — a|?

(~2i) ( —+> ) 1 (L+ap

d(s)dm(—w) =

NZ3
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(_22) (1+a + 1) [(ZL—Z) T ( 1+a)} <1 +CL) 1 (1 + CL)2
vr = (22 +1) 2)[s(1+a) +i(l—a)? (2)y/7 1 |af?
RN O A W = R B (R A
(20 <%> [s(l+a) +i(l—a)]21— ]a\2(1+ )
:il—l—a (1+a)® 2(1—la*) (1+a)?
2rl+a(l—lal?) (1+a)(1+a)[s(l+a)+i(l—a)?

1 <1+a)2 (1+@)?
m\l+a) [i+s+a(s—1i)?

1 /1+4+a (1+a)?
:;<l+a) z—i—s—a@—s)P
1 (1+a a)?
:%<1+a) z+s (zm

_1(1+a)
m(i+s)?(1-— aMs)2
= D(s,w)
= Dy(s).
Hence, d(s) dl;((“i)) and (dg(—w))* = D(w, w). Now

1Dal? = (D, Da)
= | IPatPdAs)

_ /U D (s, w)[2dA(s)
_ / oy (—0) () [P 5)
Ut

— lda(-)* [ |dn(s)PdA(s)
Uy
= |dw(—w)|2||dﬁ||g
= |d@(—w)|2 since ||dg|]2 = 1.
Thus
||Dw|| = |dw(—w)| and |dg(s)| ||Dwl|| = |Dw(s)|. Furthermore, Dy € L*(Uy).

Lemma 2.1. I[fy € L>(U,.), then the little Hankel operator Sy defined on L(U,.)
with symbol v is unitarily equivalent to the little Hankel operator I'y defined on
L2(D) with symbol g(2) = (¢ o M~1)(2) (1—+f)2

1+z

Proof. The operator W maps 2"v/n + 1 to the function W<M8) vn+1 (ifs)z =
3—% (;Jr—z) Vn+ 1( 2 which belongs to LA(U,).
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=p (1 (s 2 (7))
=Py <¢(—5>’)2i\/”74r1 <Z+§>n (i 13)2>

NZS i— 17—
= wew (w(_s)ji%m (z i2>n (i —18)2)
=wp <<2Z'ij;¢”+ Ty (-M) (iﬁﬁi) (i —Ml—l(z))z = z>2)
— WP (~4)vn+1v (zi ;j)

i it L

i+itZ ) (i+i52)? (1+2)?
1-2\ (1-52\" -1 1

= WP (—4)\/n+1¢<¢ j)( }jj)( — )

1+ 1+ 132 1+1+§)2(1+z)2
11; <222> (_1)(122)2 {1 —:z)2>
e (v (52) o (123))

Thus Su,W = ng, where g(z) = (o M71) (2) (}%)2 Since the sequence of

vectors {v/n + 12"}%2, forms an orthonormal basis for L?(DD), this proves our
claim. Thus the little Hankel operator S, defined on L2(U,) with symbol ¢ is

unitarily equivalent to the little Hankel operator I', defined on LZ(D). O

Lemma 2.2. Let Sp— be the little Hankel operator defined on L2(U,.) with symbol
D,,. Then Sp—= Dy @ D,

Proof. Let f,g € L2(U;) and let @ = Mw € D. Also let f = Wf; and g =
Wai, fi,91 € L2(D). Then

(D ® Dw)f,9) =
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Now let g% (2) = g(%). Then for polynomials f and g in L2(U,) on w, we have

O

Lemma 2.3 (see [0]). Let f be a linear functional defined on a vector space

V', and let fi, fa,..., fn be linear functionals on V. If ker f DO mkerfi, then

=1

n
f= E Aifi, where \;’s are complex numbers.
i=1

3. CHARACTERIZATION OF FINITE RANK LITTLE HANKEL
OPERATORS

In this section, we show that if Sz is of finite rank, then

n r;—1 ay
=1 v=0
for some constants Cj,,7i = 1,2,...,nand v = 0,...,r, — 1. That is, if Sz is a

finite rank little Hankel operator, then G is a linear combination of dz, w € U,
and some of their derivatives.

Theorem 3.1. Let G € L>(U,), where G is analytic on Uy and let Sz be the
little Hankel operator defined on L2(U,) with symbol G. If Sz is of finite rank,

n r;i—1 v

Proof. The little Hankel operator Sz on L2(U.) is unitarily equivalent to the

little Hankel operator fg defined on L2(D), where g(z) = (G o M~1)(2) (}%)2

Now since Tgfg = ngZ, it follows that ker fg is an invariant subspace of T),. Since
the rank of I'; is finite, it follows from [1] that

ker fg =0L2(D) = (z —a1)" (2 —ag)™ - (2 — a,) ™" L2(D) = qL*(D),
where @ is a finite Blaschke product and a; are the zeros of € counted ac-
cording to their multiplicities r;(1 < ¢ < n) and Zri is the rank of fg and

i=1
q(z) = (z —a1)"(z — az)™--- (2 — a,)™. Define on the space P of polyno-

mials, the linear functional ngS by ¢(p) = (I'sp,1),p € P. Note that ¢P C
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{p:pla;) =0,i=1,2,...,n,p€P}.Forr € Nand f € L}(D), we have f)(a) =

(f, Ka,), where K, , = %Ka, a € D. Using this and the fact that (fmp, 1) =

(p, Ka), it follows that (2 — a)"p()

i=1
Using Lemma 2.3, we obtain

n r;—1

3= Zﬁw B ) ) —
=1 v=0 K.
day "
Since (Tgf, h*) = (Tgfh, 1), f, h, fh € L2(D), and {z" : n > 0} is dense in L2(D),
it follows g = Z BiKa; r;—1. Thus since W1SgW = fg, hence
i=1

n r;—1

G=> Y Cw@wy -

=1 v=0

OJ

Corollary 3.2. If v € L>*(U;) and Sy is a finite rank little Hankel
_\1L
operator on L2(U,), then ¥ = ¢ + x, where x € <L3(U+)) N L*(U,) and

n m;—1

P=3 3 st

i=1 v=1

SN
Proof. The result follows from the fact that S, = 0 if and only if x € (LZ(UQ)

This can be verified as follows: If S, = 0, then S,f = P, J(xf) = 0 for all
f e L2(U.). Hence J(xf) € (L2(UL))* or xf € (m)L for all f € L2(U,).
Thus (xf,g) = 0 for all g € H*(U, ). Therefore (x, fg) = 0 for all g€ € H>(U,).
Thus we get (x,h) =0 for all h € L2(U,), and hence y € (L2 (U+)) . Similarly

_\1L
one can show that if x € (Lg([[h)) () L>(U,), then S, = 0. O

Now let ¢ € L>*°(U, ) and let ¥ = ¢ + x, where

¥ e (LZ(UJr)) <L2 Uy) > ﬂLDO Uy).
Then S, = 0. Thus S, = S, where ¢ is a linear combination of dy;, and some
of its derivatives. From the proof of Theorem 3.1, it follows that WS, W =
I'z, where 0 is a linear combination of the Bergman kernels K,, and some of
its derivatives K,,,,. Note that I'; is a little Hankel operator on L2(D) with

ker 'y = GL2(DD) for some inner functions G € L2(D) and the space (GL2)*
finite-dimensional. For proof, see [2]. It thus follows that ker S, has also finite-
codimensional and the operator S, = S, is of finite rank.
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