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ORLICZ–LACUNARY CONVERGENT DOUBLE SEQUENCES
AND THEIR APPLICATIONS TO STATISTICAL

CONVERGENCE

KULDIP RAJ1*, CHARU SHARMA1 AND SWATI JASROTIA1

Communicated by J.M. Aldaz

Abstract. We introduce and study Orlicz lacunary convergent double se-
quences over n-normed spaces. We define the notion of g2-statistical conver-
gence in double sequence spaces and study some topological and algebraic
properties of these newly formed sequence spaces. Some inclusion relations are
also established in this paper. Finally, we study some applications of statistical
convergence of these sequence spaces.

1. Introduction and preliminaries

The initial work on double sequences was established by Bromwich [2]. Re-
cently, Zeltser [27] studied both the theory of topological double sequence spaces
and the theory of summability of double sequences. The double lacunary statis-
tical convergence was presented by Patterson and Savas [22]. A double sequence
x = (xij) has a Pringsheim limit L (denoted by P − limx = L) provided that for
given ϵ > 0, there exists n ∈ N such that |xij−L| < ϵ whenever i, j > n (see [18]).
We denote more briefly as P -convergent. The double sequence x = (xij) is
bounded if there exists a positive number K such that |xij| < K for all i, j.
Lorentz [14] introduced the notion of F -summability and discussed its relation to
various summability methods defined by matrices. The concept of almost conver-
gent sequences and strongly almost convergent sequences was given in [9,15]. The
concept of strongly almost convergent sequences was introduced by Maddox [16].
Recently, Kòrus [11, 12] studied Λ2-strong convergence of numerical sequences
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and uniform convergence of double sine integrals with generated monotone co-
efficients. Maddox [16] defined a generalization of strong almost convergence.
Detailed study on almost convergence can be seen in [1, 15, 26].

A double sequence x = (xij) of real numbers is said to be almost convergent to
a limit ξ if

lim
r,s→∞

sup
m,n≥0

∣∣∣∣∣ 1rs
m+r−1∑
i=m

n+s−1∑
j=n

(xij − ξ)

∣∣∣∣∣ = 0. (see [18]) (1.1)

The space of all almost convergent double sequences is denoted by F ,

F =
{
x = (xij) : lim

r,s
|hrsmn(x)− ξ| = 0, unformily in m,n

}
,

where

hrsmn(x) =
1

(r + 1)(s+ 1)

r∑
i=0

s∑
j=0

xi+m,j+n. (1.2)

The space of all strongly almost convergent double sequences is denoted by [F ].
The theory of 2-normed spaces was first developed by Gähler [7], and aspects of
n-normed spaces have been studied extensively; see [8, 10]. To know more about
the definition of Orlicz sequence spaces, one can see [13, 21].

The concept of statistical convergence was introduced independently by Fast
[6], Buck [3], and Schoenberg [25] for real and complex sequences. Later, the idea
was associated with summability theory by Connor [4], Duman and Orhan [5],
Mohiuddine [17], Mursaleen et al. [19, 20], and many others. Statistical conver-
gence is closely related to the concept of convergence in probability. As defined
by Mursaleen and Edely [19], a real double sequence x = (xij) is said to be
statistically convergent to L if for each ε > 0,

P − lim
r,s

1

rs
|{(i, j) : i < r and j < s, |xij − l| ≥ ε}| = 0.

In this case, we write S2 − lim
i,j
xij = l and the set of all statistical convergent

double sequences is denoted by S2.
The double sequence θ = {(kv, lη)} is called double lacunary if there exist two
increasing sequences of integers such that

k0 = 0, tv = kv − kv−1 → ∞ as v → ∞
and

l0 = 0, h̄η = lη − lη−1 → ∞ as η → ∞.

Let kv,η = kvlη, let tv,η = tv t̄η, and let θv,η be determined by I ′v,η = {(k, l) : kv−1 <

k ≤ kv and lη−1 < l ≤ lη}, qv = kv
kv−1

, q̄η = lη
lη−1

, and qv,η = qv q̄η (see [22]).
For more details about sequence spaces and paranormed spaces, see [23, 24] and
reference therein.

Let O = (Okl) be a Museilak–Orlicz function, let u = (ukl) be a double sequence
of positive real numbers, and let p = (pkl) be a bounded sequence of positive real
numbers. We denote the space of all sequences defined over (X, ||·, . . . , ·||) by
w(n−X). Now, we define the following sequence spaces for some ρ and for every
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nonzero z1, . . . , zn−1 ∈ X:[
O, u,F , p, ∥·, . . . , ·∥

]
={

x ∈ w(n−X) : lim
r,s→∞

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥hrsmn(x− ξ)

ρ
, y1, . . . , yn−1

∥∥∥)]pkl = 0,

uniformly in m,n ≥ 1
}
,

and[
O, u, [F ], p, ||·, . . . , ·||

]
={

x ∈ w(n−X) : lim
r,s→∞

∞,∞∑
k,l=1,1

[
uklOkl

(
hrsmn

(∥∥∥x− ξ

ρ
, y1, . . . , yn−1

∥∥∥))]pkl = 0,

uniformly in m,n ≥ 1
}
,

where hrsmn(x) is defined as in (1.2). We write
[
O, u,F , p, ∥·, . . . , ·∥

]
− limx = ξ.

Also,[
O, u, [F ], p, ∥·, . . . , ·∥

]
⊂
[
O, u,F , p, ∥·, . . . , ·∥

]
⊂
[
M,u, l∞, p, ∥·, . . . , ·∥

]
holds by the following inequality:

∥∥∥hrsmn(x− ξ)

ρ
, y1, . . . , yn−1

∥∥∥ =
∥∥∥

1
(r+1)(s+1)

r∑
i=0

s∑
j=0

(xi+p,j+q − ξ)

ρ
, y1, . . . , yn−1

∥∥∥
≤ 1

(r + 1)(s+ 1)

r∑
i=0

s∑
j=0

∥∥∥xi+m,j+n − ξ

ρ
, y1, . . . , yn−1

∥∥∥
= hrsmn

(∣∣∣∣∣∣x− ξ

ρ
, y1, . . . , yn−1

∣∣∣∣∣∣).
The spaces of lacunary almost and strongly almost convergent double sequences
in n-normed spaces are defined as follows:

[
O, u,Fθ, p, ||·, . . . , ·||

]
=
{
x = (xij) ∈ w(n−X) :

lim
v,η→∞

∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

tvη

∑
i,j∈Ivη

(xi+m,j+n − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl = 0,

uniformly in m,n ≥ 1
}

and[
O, u, [Fθ], p, ∥·, . . . , ·∥

]
=
{
x = (xij) ∈ w(n−X) :
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lim
v,η→∞

1

tvη

∑
i,j∈Ivη

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xi+m,j+n − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl = 0,

uniformly in m,n ≥ 1
}
.

1.1. Main results.
Lemma 1.1. For given ε > 0, let x = (xij) be a strongly almost convergent double
sequence. Then there exist r0, s0,m0, and n0 such that

1

rs

m+r−1∑
i=m

n+s−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl < ε

for all pkl ≥ 1, r ≥ r0, s ≥ s0, m ≥ m0, n ≥ n0 and for every nonzero
y1, . . . , yn−1 ∈ X. Then x ∈

[
O, u, [F ], p, ||·, . . . , ·||

]
.

Proof. Given ε > 0, take r′0, s′0, m0, n0 such that

1

rs

m+r−1∑
i=m

n+s−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl < ε

2
(1.3)

for all r ≥ r′0, s ≥ s′0 ,m ≥ m0, n ≥ n0. Now we have to prove only that there
exist r′′0 and s′′0 such that for r > r′′0 , s > s′′0, 0 ≤ m ≤ m0, 0 ≤ n ≤ n0,

1

rs

m+r−1∑
i=m

n+s−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl < ε. (1.4)

By choosing r0 = max(r′0, r
′′
0) and s0 = max(s′0, s

′′
0), (1.4) will holds for r ≥ r0,

s ≥ s0, and for all m, n. Let m0 and n0 be fixed. Then
m0−1∑
i=0

n0−1∑
j=0

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl = K (say). (1.5)

m0−1∑
i=m

n+s−1∑
j=n0

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl = C (say). (1.6)

m+r−1∑
i=m0

n0−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl = D (say). (1.7)

Now taking 0 ≤ m ≤ m0, 0 ≤ n ≤ n0, r > m0, and s > n0, we have
1
rs

m+r−1∑
i=m

n+s−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl
=

1

rs

(m0−1∑
i=m

+
m+r−1∑
i=m0

)( n0−1∑
j=n

+
n+s−1∑
j=n0

) ∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl
≤ K

rs
+
C

rs
+
D

rs
+

1

rs

m0+r−1∑
i=m0

n0+s−1∑
j=n0

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl
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(by (1.5), (1.6), (1.7))

≤ K

rs
+
C

rs
+
D

rs
+
ε

2
(by (1.3)).

Taking r and s sufficiently large, we can make
K

rs
+
C

rs
+
D

rs
+
ε

2
< ε,

which yields (1.4). □
Theorem 1.2. Let pkl ≥ 1 for all k, l. Then for every θ, we have[

O, u, [Fθ], p, ∥·, . . . , ·∥
]
=
[
O, u, [F ], p, ∥·, . . . , ·∥

]
.

Proof. Let {xij} ∈
[
O, u, [Fθ], p, ∥·, . . . , ·∥

]
. Then for given ε > 0, there exist

r0, s0, and ξ such that

1

tvη

m+tv−1∑
i=m

n+t̄η−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl < ε

for v ≥ v0, η ≥ η0, and m =Mv−1 + 1 + a, n = Nη−1 + 1 + a, a ≥ 0. Let r ≥ tv
and let s ≥ t̄η. Then write r = btv+ θ and s = ct̄η+ θ, where b and c are integers.
Since b, c ≥ 1, we have

1
rs

m+r−1∑
i=m

n+s−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl
≤ 1

rs

m+(c+1)tv−1∑
i=m

n+(b+1)t̄η−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl
=

1

rs

s∑
u′=0

m+(u′+1)tv−1∑
i=m+u′tv

c∑
u′=0

n+(v′+1)t̄η−1∑
j=n+vt̄η

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl
≤ (c+ 1)(b+ 1)

rs
tv t̄ηε

≤ 4cbtv t̄ηε

rs
(c, b ≥ 1).

For tv t̄η
rs

≤ 1, since cbtv t̄η
rs

≤ 1, we have

1

rs

m+r−1∑
i=m

n+s−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∣∣∣∣∣∣xij − ξ

ρ
, y1, . . . , yn−1

∣∣∣∣∣∣)]pkl ≤ 4ε.

By using Lemma 1.1,
[
O, u, [Fθ], p, ||·, . . . , ·||

]
⊆
[
O, u, [F ], p, ||·, . . . , ·||

]
. □

Lemma 1.3. Suppose for given ε > 0, there exist r0, s0, and m0, n0 such that
∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

rs

m+r−1∑
i=m

n+s−1∑
j=n

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl < ε

for all n ≥ r0, m ≥ s0, p ≥ m0, q ≥ n0, for every nonzero y1, . . . , yn−1 ∈ X, and
for some ρ > 0. Then x ∈

[
O,F , u, p, ∥·, . . . , ·∥

]
.
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Proof. For given ε > 0, take r′0, s′0, m0, n0 such that
∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

rs

m+r−1∑
i=m

n+s−1∑
j=n

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl < ε

2
(1.8)

for all r ≥ r′0, s ≥ s′0, m ≥ m0, n ≥ n0. By Lemma 1.1, it is enough to prove
that there exist r′′0 and s′′0 such that for r ≥ r′′0 , s ≥ s′′0, 0 ≤ m ≤ m0, 0 ≤ n ≤ n0,

∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

rs

p+n−1∑
i=0

q+m−1∑
j=0

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl < ε.

Since m0 and n0 are fixed, let
m0−1∑
i=0

n0−1∑
j=0

∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl = K ′ (say).

m0−1∑
i=m

n+s−1∑
j=n0

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl = C ′ (say).

m+r−1∑
i=m0

n0−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξ

ρ
, y1, . . . , yn−1

∥∥∥)]pkl = D′ (say).

Let 0 ≤ m ≤ m0, 0 ≤ n ≤ n0 and r > m0, s > n0. Then

∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

rs

m+r−1∑
i=m

n+s−1∑
j=n

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl
≤

∞,∞∑
k,l=1,l

[
uklOkl

∥∥∥ 1

rs

m0−1∑
i=m

n0−1∑
j=n

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl
+

∞,∞∑
k,l=1,l

[
uklOkl

∥∥∥ 1

rs

m0−1∑
i=m

n+s−1∑
j=n0

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl
+

∞,∞∑
k,l=1,l

[
uklOkl

∥∥∥ 1

rs

m+r−1∑
i=m0

n0−1∑
j=n

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl
+

∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

rs

m+r−1∑
i=m0

n+s−1∑
j=n0

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl
≤K

′

rs
+
C ′

rs
+
D′

rs
(1.9)

+

∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

rs

m0+r+m−m0−1∑
i=m0

n0+s+n−n0−1∑
j=n0

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl .
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Let r −m0 > r′0 and let s − n0 > s′0. Then for 0 ≤ m < m0, 0 ≤ n < n0, we
have r +m−m0 ≥ r′0 and s+ n− n0 ≥ s′0. From (1.8), we have

∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

(r +m+m0)(s+ n+ n0)

m0+r+m−m0∑
i=m0

n0+s+n−n0∑
j=n0

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl

<
ε

2
. (1.10)

From (1.9) and (1.10), we have
∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

rs

m+r−1∑
i=m

n+s−1∑
j=n

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl
≤ K ′

rs
+
C ′

rs
+
D′

rs
+

(r +m−m0)(s+ n− n0)

rs

ε

2

≤ K ′

rs
+
C ′

rs
+
D′

rs
+
ε

2
< ε,

for sufficiently large r and s. □

Theorem 1.4.
(i) For every θ,

[
O, u,Fθ, p, ||·, . . . , ·||

]
∩
[
O, u, l∞, p, ||·, . . . , ·||

]
=
[
O, u,F , p, ||·, . . . , ·||

]
.

(ii) For every θ,
[
O, u,Fθ, p, ||·, . . . , ·||

]
̸⊂
[
O, u, l∞, p, ||·, . . . , ·||

]
.

Proof. (i) Let {xij} ∈
[
O, u,Fθ, p, ||·, . . . , ·||

]
∩
[
O, u, l∞, p, ||·, . . . , ·||

]
for every ε >

0. Then there exist v0 and n0 such that
∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

tvη

m+tv−1∑
i=m

n+t̄η−1∑
j=n

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl < ε

2
(1.11)

for v, η ≥ v0, η0, m ≥ m0, n ≥ n0, m =Mv−1 + 1 + a, n = Nη−1 + 1 + a, a ≥ 0.
Let r ≥ tv, let s ≥ t̄η, and let b, c ≥ 1. Then

∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

rs

m+r−1∑
i=m

n+s−1∑
j=n

∞,∞∑
k,l=1,1

Okl

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl
≤

∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

rs

c−1∑
µ=0

m+(µ+1)tv−1∑
i=m+µtv

b−1∑
ψ=0

n+(ψ+1)t̄η−1∑
j=n+ψt̄η

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl + 1

rs

=

∞,∞∑
k,l=1,1

[
uklOkl

m+r−1∑
i=m+ctv

n+s−1∑
j=n+bt̄η

∥∥∥(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl . (1.12)

Since {xij} ∈
[
O, u, l∞, p, ∥·, . . . , ·∥

]
for all i and j, we have

∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl < K (say).
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From (1.11) and (1.12), we have
∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

rs

m+r−1∑
i=m

n+s−1∑
j=n

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl ≤ 1

rs
cb.tv t̄η

ε

2
+
Ktvη
rs

for tv t̄η
rs

≤ 1. Since cbtv t̄η
rs

≤ 1 and Ktvη
rs

can be made less than ε
2
, taking r and s

sufficiently large, so
∞,∞∑
k,l=1,1

[
uklOkl

∥∥∥ 1

rs

m+r−1∑
i=m

n+s−1∑
j=n

(xij − ξ

ρ
, y1, . . . , yn−1

)∥∥∥]pkl < ε

for v, η ≥ v0, η0, m ≥ m0, n ≥ n0. Therefore,[
O, u,Fθ, p, ||·, . . . , ·||

]
∩
[
O, u, l∞, p, ∥·, . . . , ·∥

]
⊆
[
O, u,F , p, ∥·, . . . , ·∥

]
.

(ii) Let {xij} = (−1)ij(ij)µ, where ψ is constant with 0 < ψ < 1. Then
m+tv−1∑
i=m

n+t̄η−1∑
j=n

xij, m, n ≥ 0.

Let X = Rn. It is straightforward to verify that {xij} ∈
[
O, u,Fθ, p, ∥·, . . . , ·∥

]
with ξ = 0, but {xij} is not bounded.

□
Theorem 1.5. The sequence space

[
O, u, [F ], p, ||·, . . . , ·||

]
is a linear topological

space total parnormed by

g2(x) = sup
r,s≥1, m,n≥1

0̸=y1,...,yn−1∈X

(
1

rs

m+r−1∑
i=m

n+s−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij
ρ
, y1, . . . , yn−1

∥∥∥)]pkl)

= sup
r,s≥1, m,n≥1

0 ̸=y1,...,yn−1∈X

∞,∞∑
k,l=1,1

uklOkl

[(
hrsmn

(∣∣∣∣∣∣xij
ρ
, y1, . . . , yn−1

∣∣∣∣∣∣))]pkl .
Proof. Clearly g2(x) = 0 if and only if x = 0, g2(x) = g2(−x) and g2 is subaddi-
tive.
Let (x(k)) in

[
O, u, [F ], p, ∥·, . . . , ·∥

]
such that g2(x(k) − x) → 0 as k → ∞ and let

(νkl) be any sequence of scalars such that νkl → ν as k, l → ∞. Since
g2(x

(k)) ≤ g2(x) + g2(x
(k) − x)

holds by subadditivity of g2, g2(x(k)) is bounded, we have

g2(νklx
(k) − νx)

= sup
r,s≥1, m,n≥1

0̸=y1,...,yn−1∈X

(
1

rs

m+r−1∑
i=m

n+s−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥νklx(k)ij − µxij

ρ
, y1, . . . , yn−1

∥∥∥)]pkl)

≤ |νkl − ν| sup
r,s≥1, m,n≥1

0̸=y1,...,yn−1∈X

(
1

rs

m+r−1∑
i=m

n+s−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥x(k)ij

ρ
, y1, . . . , yn−1

∥∥∥)]pkl)
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+ |ν| sup
r,s≥1, m,n≥1

0̸=y1,...,yn−1∈X

(
1

rs

m+r−1∑
i=m

n+s−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥x(k)ij − xij

ρ
, y1, . . . , yn−1

∥∥∥)]pkl)

= |νkl − ν|g2(x(k)) + |ν|g2(x(k) − x) → 0

as k, l → ∞. □

Definition 1.6. A double sequence x = (xij) is said to be strongly p-Cesàro
summable (0 < p <∞) to a limit ξ in

([
O, [F ], u, p, ∥·, . . . , ·∥

]
, g2
)

if

lim
k,l→∞

1

kl

k,l∑
i,j=1,1

(g2(xij − ξe))p = 0,

and we write it as xij → ξ[C, g2]p.

Definition 1.7. A double sequence x = (xij) is said to be statistically convergent
(or g2-statistically convergent) to a number ξ in

([
O, u, [F ], p, ∥·, . . . , ·∥

]
, g2
)

if for
each ε > 0

lim
k,l→∞

1

kl
|{i ≤ k, j ≤ l : g2(xij − ξe) ≥ ε}| = 0,

where

g2(xij − ξe)

= sup
r,s≥1, m,n≥1

0̸=y1,...,yn−1∈X

(
1

rs

m+r−1∑
i=m

n+s−1∑
j=n

∞,∞∑
k,l=1,1

[
uklOkl

(∥∥∥xij − ξe

ρ
, y1, . . . , yn−1

∥∥∥)]pkl).
By S2([

O,u,[F ],p,∥·,...,·∥
]
,g2

) we denote the set of all g2(stat)-convergent sequences

in
([
O, u, [F ], p, ∥·, . . . , ·∥

]
, g2
)
.

Definition 1.8. A double sequence x = (xij) is said to be statistically Cauchy
in
([
O, u, [F ], p, ∥·, . . . , ·∥

]
, g2
)

(or g2(stat)-Cauchy) if for every ε > 0 there exist
two numbers R = R(ε) and S = S(ε) such that

lim
r,s→∞

1

rs
|{i ≤ r, j ≤ s : g2(xij − xRS) ≥ ε}| = 0.

Theorem 1.9. If a double sequence is statistically convergent in([
O, u, [F ], p, ∥·, . . . , ·||

]
, g2
)
, then its limit is unique.

Proof. For given ε > 0, we define the following sets as

K1(ε) =
{
(i, j) ∈ N× N : g2(xij − ξ1) ≥

ε

2

}
and

K2(ε) =
{
(i, j) ∈ N× N : g2(xij − ξ2) ≥

ε

2

}
.

Suppose g2(stat)−limx = ξ1 and g2(stat)−limx = ξ2. Since g2(stat)−limx = ξ1,
we have δ2(K1(ε)) = 0. Similarly, since g2(stat)− limx = ξ2, we have δ2(K2(ε)) =



ORLICZ–LACUNARY CONVERGENT DOUBLE SEQUENCES 111

0. Now let K(ε) = K1(ε) ∪K2(ε). Then δ2(K(ε)) = 0, and therefore, Kc(ε) is a
nonempty set and δ2(K

c(ε)) = 1. If (i, j) ∈ N× N \K(ε), then

g2(ξ1 − ξ2) ≤ g2(xij − ξ1) + g2(xij − ξ2) <
ε

2
+
ε

2
= ε.

Since ε > 0 is arbitrary, we get g2(ξ1 − ξ2) = 0, and hence ξ1 = ξ2. □
Theorem 1.10. Let x = (xij) ∈

([
O, u, [F ], p, ∥·, . . . , ·∥

]
, g2
)

be statistically con-
vergent to ξ if and only if there exists a set K = {(ir, js) ∈ N×N : i1 < i2 < · · · <
ir < · · · , j1 < j2 < · · · < js < · · · } with δ2(K) = 1 such that g2(xirjs − ξ) → 0
as ir, js → ∞.

Proof. Let g2(stat)− limx = ξ. Now write for v = 1, 2, . . . ,

Ks(ε) =
{
(r, s) ∈ N× N : g2(xirjs − ξ) ≤ 1 +

1

v

}
and

Mv(ε) =
{
(r, s) ∈ N× N : g2(xirjs − ξ) >

1

v

}
.

Then δ2(Ks) = 0. Also
M1 ⊃M2 ⊃ · · · ⊃Mi ⊃Mi+1 ⊃ · · · (1.13)

and
δ2(Mv) = 1, v = 1, 2, . . . . (1.14)

As we know, {xirjs} is g2-convergent to ξ. Assume that {xij} is not g2-convergent
to ξ. Therefore, there is ε > 0 such that g2(xirjs − ξ) ≤ ε for infinitely many
terms.
Let Mε =

{
(r, s) ∈ N×N : g2(xirjs − ξ) > ε

}
and let ε > 1

v
, (v = 1, 2, . . . ). Then

δ2(Mε) = 0, and by (1.13), Mv ⊂ Mε. Hence, δ2(Mv) = 0, which contradicts
(1.14) and we get that {xij} is g2-convergent to ξ.
Conversely, suppose that there exists a subset K = {(ir, js) ∈ N × N : i1 <
i2 < · · · < ir < · · · , j1 < j2 < · · · < js < · · · } with δ2(K) = 1 such that
g2 − lim

r,s→∞
xirjs = ξ. Then there exists N(ε) such that

g2(xij − ξ) < ε for i, j > N.

Let
Kε =

{
(i, j) ∈ N× N : g2(xij − ξ) ≥ ε

}
and let K ′ = {(iN+1, jN+1), (iN+2, jN+2), . . .}. Then δ2(K ′) = 1 and Kε ⊆ N×N\
K ′, which implies that δ2(Kε) = 0. Hence g2(stat)− limx = ξ. □
Theorem 1.11. Let g2(stat)− limx = ξ1 and let g2(stat)− lim y = ξ2. Then
(i) g2(stat)− lim(x± y) = ξ1 ± ξ2;
(ii) g2(stat)− lim(αx) = αξ1, α ∈ R.

Proof. It is easy to prove, so we omit it. □
Theorem 1.12. If 0 < p < ∞ and xij → ξ[C, g2]p, then (xij) is g2-statistically
convergent to ξ in

([
O, u, [F ], p, ∥·, . . . , ·∥

]
, g2
)
.
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Proof. Let xij → ξ[C, g2]p. Then

1

kl

k,l∑
i,j=1,1

(g2(xij − ξe))p ≥ 1

kl

k,l∑
i,j=1

g2(xij−ξe)≥ε

(g2(xij − ξe))p ≥ εp

kl
|Kε|.

Since lim
k,l→∞

1

kl
|Kε| = 0 so δ2(Kε) = 0, where Kε = {i ≤ k, j ≤ l : g2(xij − ξe) ≥

ε}, the desired result. □
Theorem 1.13. If x = (xij) is g2(stat)-convergent to ξ in([
O, [F ], u, p, ||·, . . . , ·||

]
, g2
)
, then xij → ξ[C, g2]p.

Proof. Suppose that x = (xij) is g2-statistically convergent to ξ in([
O, [F ], u, p, ∥·, . . . , ·∥

]
, g2
)
. Then for ε > 0, we have δ2(Kε) = 0, where Kε =

{i ≤ k, j ≤ l : g2(xij − ξe) ≥ ε}. Since x = (xij) ∈
[
O, u, l∞, p, ∥·, . . . , ·∥

]
, then

there exists K > 0 such that
[
uklOkl

(∥∥∥xij−ξeρ
, y1, . . . , yn−1

∥∥∥)]pkl ≤ K for all i, j.
Thus,

g2(xij − ξe) = sup
r,s≥1, m,n≥1

0̸=y1,...,yn−1∈X

(
1

rs

m+r−1∑
i=m

n+s−1∑
j=n

[
uklOkl

(∥∥∥xij − ξe

ρ
, y1, . . . , yn−1

∥∥∥)]pkl)

≤ K.

Hence
1

kl

k,l∑
i,j=1,1

(g2(xij − ξe))p =
1

kl

k,l∑
i,j=1,1
i,j /∈Kε

(g2(xij − ξe))p +
1

kl

k,l∑
i,j=1,1
i,j∈Kε

(g2(xij − ξe))p

≤ εp +
Kp

kl
|Kε|.

□
Theorem 1.14. It holds that

(
S2([

O,u,[F ],p,∥·,...,·∥
]
,g2

))
reg

= ([C, g2]p)reg.

Proof. By combining Theorems 1.11 and 1.12, we have the proof. □
Theorem 1.15. Let

([
O, u, [F ], p, ∥·, . . . , ·∥

]
, g2
)

be a complete paranormed space.
Then a sequence in

[
O, u, [F ], p, ∥·, . . . , ·∥

]
is g2-statistical convergent if and only

if it is g2-statistical Cauchy.
Proof. Let g2(stat)− limx = ξ. Then we get δ2(A(ε)) = 0, where

X(ε) =
{
(i, j) ∈ N× N : g2(xij − ξ) ≥ ε

2

}
.

This implies
δ2(X

c(ε)) = δ2({(i, j) ∈ N× N : g2(xij − ξ)) < ε}) = 1.

Let k, l ∈ Xc(ε). Then g2(xkl − ξ) < ε
2
. Now let

Y (ε) =
{
(i, j) ∈ N× N : g2(xkl − xij) ≥ ε}.
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We need to show that Y (ε) ⊂ X(ε). Let (i, j) ∈ Y (ε). Then g2(xkl − xij) ≥ ε,
and therefore g2(xij − ξ) ≥ ε, that is, (i, j) ∈ X(ε). Otherwise, if g2(xij − ξ) < ε,
then

ε ≤ g2(xij − xkl) ≤ g2(xij − ξ) + g2(xkl − ξ) <
ε

2
+
ε

2
= ε,

which is impossible. Thus, Y (ε) ⊂ X(ε), and therefore, x = (xij) is g2-statistical
convergent sequence.
Conversely, let x = (xij) be g2-statistical Cauchy but not g2-statistical convergent
sequence. Then there exists (t′, w′) ∈ N× N such that

δ2(D(ε)) = δ2

({
(i, j) ∈ N× N : g2(xij − xt′w′) ≥ ε

})
= 0

and δ2(G(ε)) = 0, where

G(ε) =
{
(i, j) ∈ N× :g2(xij − ξ) <

ε

2

}
,

that is, δ2(Gc(ε)) = 1, since g2(xij − xkl) ≤ 2g2(xij − ξ) < ε. If g2(xij − ξ) < ε
2
,

then δ2(D
c(ε)) = 0, that is, δ2(D(ε)) = 1, which leads to a contradiction.

□
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