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ABSTRACT. We consider a class of boundary value problems associated with
even order nonlinear impulsive neutral partial functional differential equations
with continuous distributed deviating arguments and damping term. Necessary
and sufficient conditions are obtained for the oscillation of all solutions using
impulsive differential inequalities and integral averaging scheme with the Robin
boundary condition. Examples illustrating the results are also given.

1. INTRODUCTION AND PRELIMINARIES

The theory of impulsive differential equations is much richer than the corre-
sponding theory of differential equations without impulse effects. The theory
of impulsive differential equations marks its beginning in [15] by Mil'man and
Myshkis. The first investigation on the oscillation theory of impulsive differen-
tial equations was published in 1989 [2]. The first paper on impulsive partial
differential equations, [1], was published in 1991.

The oscillation of impulsive and nonimpulsive partial differential equations
has been extensively studied in the literature; we refer the readers to the pa-
pers [5, 11, 17-20] and the references therein cited. We also refer to the pa-
pers [9, 10] for oscillatory and/or nonoscillatory solutions to models from math-
ematical biology and physics formulated by partial differential equations such
that their long time behavior is connected to the external source, idealized by
nonlocal and/or taxis-driven terms. Consequently, it is required to study with
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impulse effect on higher-order partial differential equations. In the monographs,
Wu [22] and Yoshida [24] provided several fundamental theories and applications
of partial functional differential equations to population ecology, generic repres-
sion, climate models, viscoelastic materials, control problems, coupled oscillators,
beam equations, and structured population models. There is a strong interest in
these mathematical models for formulating this higher-order problem. In this
effort, we begin oscillation criteria for even order impulsive neutral partial differ-
ential equations that are not formally studied. Thus the main results of this paper
are the generalization of the results studied in [3, 14] with additional force compo-
nents along the system such as impulse and distributed delay. Distributed delay
is a broad case of constant delay, which can be found in the monographs [7,8].

Consider the higher-order impulsive neutral delay partial differential equations
with distributed delay of the form

am

W(U(!Ei)ﬂ%() u(w, (1) + [2 a(t, €)ulz, o(t, €))dn(€)

— a(t) Au(z, 1) + bté) u(w, plt, s>> <f>, E# b, (3,8) €2 x [0, +50) = G,
(4) + . (4)

. gg%)zfp e ﬁﬁ“>, k=12..,i=012.. . m-1,

(1.1)

where (2 is a bounded domain in RY with a piecewise smooth boundary 92 and
A is the Laplacian in the Euclidean space RY.
Equation (1.1) is supplemented by the following Robin boundary condition:

a@ﬁﬁ§”+5@m@¢)=o, (2,8) €9 x [0, +00),  (1.2)

where 7 is the outer surface normal vector to 92 and a, € C (9%, [0, +0)),

a?(x) + B2(x) # 0.

In what follows, we assume that the following hypotheses hold:

(Hy) c(t) € C™(]0,+00),[0,40)), a(t) € PC([0,400),[0,+00)), where PC
denotes the class of functions, which are piecewise continuous in ¢ with
discontinuities of first kind only at ¢t = t;, k = 1,2, ..., and left continuous
at t =1, k=1,2,..., 7(t) € C([0, +00),R), tEElOOT(t) = o0, 7(t) < t,

q(t,¢) € C([0,400) x [a,b], [0, +00)).

(Hz) b(t,€) € C([0, +00) x[a, b], [0, +00)), o(t, €), p(t, §) € C([0,+00)x[a,b], R),
p(t.E) <t, ot,€) <t for €€ [nb],  o(t,€) and p(t,€) are nonde-
creasing with respect to ¢t and &, respectively, and liminf o(t,§) =

t—+4o00, E€[a,b]
liminf  p(t,§) =
L minf p(t, &) = +00

(Hs) There exists a function 6(t) € C([0,+00),[0,+00)) satisfying 0(t) <
o(t,a), ¢'(t) > 0 and tliin 0(t) = +o0, n(§) : [a,b] — R is nondecreasing,
—+00

and the integral is a Stieltjes integral in (1.1).
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0Dz, t)
ot
kindonlyatt =t,, k = 1,2, ..., and left continuous at t = t,,
ODu(x,t;)

(Hy) are piecewise continuous in ¢ with discontinuities of the first
OVu(z, ty)
o

k=1,2...,i=0,12,...,m—1.

ot
: o t _
(Hs) 1" (m%) € PC(Q x [0,+00) x R,R), k = 1,2,..., i =
0,1,2,...,m — 1, and there exist positive constants a,(j) and b,(j) such that
i ODu(x, t
a\? < A ot <
b ODu(z, ty) -k
ot

fori=0,1,2,....m—1, k=1,2,....

Definition 1.1 ([24]). A solution u of (1.1) is a function u € C™(Qx[t_y, +00), R)N
C(Q x [t_y,+00),R) that satisfies (1.1), where

t_y := min {0, E1;[1{(1511)] {g%p(t,f)}} and

tq = min{(), inf 7(¢), min {info(t,f)}}.

t>0 e€fab] | t>0

Definition 1.2. The solution u of problem (1.1) with boundary condition (1.2)
is said to be oscillatory in the domain G if for any positive number ¢, there exists
a point (zg,tp) € Q X [¢,+00) such that u(xg,ty) = 0.

Definition 1.3. A function V(¢) is said to be eventually positive (negative) if
there exists t; > ¢y such that V(¢t) > 0 (V(¢) < 0) for all ¢t > ;.

Lemma 1.4 ([23]). Assume that Ao > 0 is the smallest eigenvalue of the problem

Aw(z) + Iw(x) =0 in
a(a:)&g(f)—i-ﬁ(x)w(x) =0 on 09 (1.3)

and ®(x) > 0 is the corresponding eigenfunction of A\g. Then Ao =0, ®(z) =1
as f=0 (z € Q) and \g >0, &(z) >0 (z € Q) as B(x) £ 0 (z € 0N).

Lemma 1.5 ([0]). Let y(t) be a positive and n times differentiable function
on [0,4+00). If y"™(t) has constant sign and not identically zero on any ray
[t1,4+00) for ty > 0, then there exist t, > t; and an integer I (0 <1 < n), with
n + 1 even for y(t)y™(t) > 0 or n+1 odd for y(t)y™(t) < 0 and for t > t,,
y®y® () >0, 0<k<I; (=) yt)y®(t) >0, 1 <k<n.

Lemma 1.6 ([10]). Suppose that the conditions of Lemma 1.5 are satisfied and
that y™=V(t)y™(t) <0, t >t,. Then there exist constants p € (0,1) and M > 0
such that for sufficiently large t, |y (ut)| > Mt"=2 [y"=D(¢)].
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Lemma 1.7 ([4]). If X and Y are nonnegative, then

Xt —puXY" P (p—=1Y" >0, p>1,
Xt —pXYP 1 (1—p)Y* <0, 0<p<l,

where the equality holds if and only if X =Y.

For each positive solution u of problem (1.1) with boundary condition (1.2),
we combine the functions V'(¢), A(t), and B(t) defined by

b
V(t) = [ue.®e)ds, A =g [ at.dn(©), and
Q a
B(t) = M(0(t))"*0'(t),
respectively, where go = 1 — ¢(o (¢, §)).
This work is planned as follows: In Section 2, we discuss the oscillation of prob-

lem (1.1) with boundary condition (1.2). In Section 3, we present two examples
to illustrate the main results.

2. MAIN RESULTS

In this section, we establish the oscillation criteria of problem (1.1) with bound-
ary condition (1.2). Lemma 1.4 is very useful for establishing our main results.

Theorem 2.1. Assume that B(x) # 0 for x € 0Q. All solutions of (1.1) with
boundary condition (1.2) are oscillatory if and only if all solutions of the equation

V() + ct)V ()™ + [T q(t, &)V (a(t, €))dn(€) ‘
Fhoa(t)V (1) + Xo [ b(t, )V (p(t,€))dn(€) =0, t #t,
OV (t]) 5 (2.1)

(1) ot (1)
a’ < Y <p’ k=12,..
£ V() Tt

ot

L, i=0,1,2,...,m—1,

are oscillatory, where g is the smallest eigenvalue of (1.3).

Proof. (i) Sufficiency: Assume, for the sake of contradiction, that there is a
nonoscillatory solution u of (1.1) with boundary condition (1.2), which has no
zero in Q X [tg, +00) for some t; > 0. Without loss of generality, we assume
that u(x,t) > 0, where (z,t) € Q X [tg, +oo)and ty > 0. Because of conditions
(Hs) and (Hj), there exists t; > to > 0 such that 7(t) > to, o(t,£) > to, and
p(t, &) >ty for (¢,&) € [t1,+00) X [a,b]. Then u(z,7(t)) > 0 for (z,t) € Q x
[t1,+00), u(z,0(t,&)) >0 for (x,t,&) € QX [t1,+00) X [a,b], and u(zx, p(t,§)) >
0 for (z,t,§) € Qx [t;,+00) X [a,b].
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For t > tg, t # ty, k = 1,2,..., multiplying both sides of equation (1.1) with
®(x) > 0 and integrating with respect to = over the domain €2, we obtain
dm
g7 (fQ u(w, t)®(z)de + [, c(t)u(z, T(t))q)(x)dx)
+ Jo [ a(t, Oul, o(t, €)@ (x)dn(€)dx

= a(t) [, Au(z, t)®(z)dx + [, fab b(t, &) Au(z, p(t, €))®(x)dn(¢)dx. o)

From Green’s formula and boundary condition (1.2), it follows that

/ Aulz, )0 (x)dz — /8 ) [@(x)a“é“; .Y 7,0(:,;,@3(1;(V )} ds + /Q (e, ) AD(z)dx

_ /aQ [@(I)a“é:“ u(x,t)aqgi)}ds

- )\O/u(x,t)(]f)(x)dac, t > ty,
Q

where dS is the surface element on 0. If a(z) =0, x € 09, then from (1.2), we
have (z) Z 0, u(x,t) =0, and (x,t) € 02 x [0, +00). Hence,

/m <q>(x)a“gy’t> - u(x,t)azé )) AS =0, t>t, t+t.

If a(x) # 0, then x € 0. Note that 02 is piecewise smooth, that «, [ €
C(09,]0,+00)), and that a?(x) + B*(x) # 0. Without loss of generality, we can
assume that a(x) > 0, z € 9. Then by (1.2) and (1.3), we have

[ (P 0.
_ /8 ) <_¢,(w>@u(m) n @cp(x)u(x,t)) dS =0, t>t.

a(x) a(x)

Using Lemma 1.4, we obtain

/Au(x,t)(b(x)dx - —Ao/ W DB(@)dr = — AV (), t>h,  (23)

0 Q

and

/QAu(a:,p(t,f))@(x)da: = —)\o/Qu(x,p(t, E)P(x)de = =NV (p(t,§)), t>11.
(2.4)

It is easy to see that

/ / ule, o(t, €)@ (x)dn(€)de = / 4(t.) / u(e, o(t, €)@ (z)dzdn()
_ / AtV (ot €))dn (€). (2.5)
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From (2.2)—(2.5), we get

V() + eV ()™ + [ a(t, &)V (a(t,€))dn(€) + Aoa(t)V (1) }
+Xo J, b, V (p(t,)dn(€) =0, t>t1, t# ty.
Fort >tyg, t =1y, k=1,2,..., 1 =0,1,2,...,m — 1, multiplying both sides

of equation (1.1) with ®(x) > 0, and then integrating with respect to = over the
domain 2, and from (Hs), we obtain

Oy (x, )
U < Ou(x,ty) — F
ot
According to V(¢ fQ x)dx, we have
a(i)V(ﬁ)
(%) 315 (%)
al) < Ot )
0V T
ot
that is, V(t) is a positive solution of (2.1), which contradicts the fact that all
solutions of (2.1) are oscillatory.
(ii) Necessity: Suppose that (2.1) has a nonoscillatory solution V'(¢). Without

loss of generality, we assume that f/(t) > (0 for t > t, > 0, where t, is some large
number. From (2.1), we have

)

V() + eV ()] ™ + 7 etV (012, )dn(E) + Nal)V (1)
o fi bt OV (p(t,)dn(€) =0, t >t t#t, z€Q,
(

IV () (2.6)
(4) (‘975(’) (4)
a,’ < z <b".
k PO, tk) k
ot J

For t > ty, t # tg, k = 1,2, ..., multiplying both sides of (2.6) with ®(z) > 0, we
obtain

;”; (V@) + eV (r)2()) + [ a(t, OV (oL, )@()dn(€)
+Hhoa(t)V ()0 (x) + Ao [, b(t, )V (p(t, €)@(2)dn(€) =0, t>t, €0

(2.7)

Let @(x,t) = V(t)®(x), (z,t) € Qx [0, 4+00). From Lemma 1.4, we have Aw(z) =
—Xow(x), x € 2. Then (2.7) implies
o (0.0 + 0o, 7)) + [ (1, (.o (1,€)) .
= Noa(t)Ad(z, ) + Ao [ b(t, ) Ad(z, plt, €))dn(€), t>t., =€
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For t > tg, t = ty,k = 1,2,..., multiplying both sides of equation (2.6) with
®(z) > 0, we have

) 9@ 9@ 0) oW

0 o V() < S 5V(E)O(r) <0055V (t)0(@).
Since (z,t) = V()®(z), (z,t) € Q x [0, 400), we get
; o oW . IO
ai(c)at(z)“(x7tk < mu(%ﬁ) < bé)wu(fﬁatk%

oW ; oW
WU/([L’,t;) = ]lg) (xatlm Wu(xatk)) )

which means that @(z,t) = V(£)®(x), (z,t) € Q x [t,,+00) satisfies (1.1). On
the other hand, from Lemma 1.4, we get

Cz(a:)atg—? + f(z)w(x) =0, =z € 09Q,

which implies

a(x)%:’t) + pB(x)a(z,t) =0, (x,t) € 90 x [0, +00). (2.9)

Hence i(z,t) = V(t)®(z) > 0 is a nonoscillatory solution of (1.1) with boundary
condition (1.2), which is a contradiction. O

Theorem 2.2. If f(x) #Z 0 for x € 9Q and the impulsive differential inequality
Z0() + go [, a(t.OZB(1)dn(€) <0, ¢ #

OO Z ()
(i) ot () . (2.10)
o < O 0 k19 i=0,1,2...,m—1
90 Z(t0)
ot

has no eventually positive solution, then all solutions of (1.1) with boundary
condition (1.2) are oscillatory in G.

Proof. Assume, for the sake of contradiction, that there is a nonoscillatory solu-
tion u of (1.1) with boundary condition (1.2), which has no zero in 2 x [ty, +00)
for some t, > 0. Without loss of generality, we assume that u(x,t) > 0,
(x,t) € Q X [tg,+0), to > 0. By the assumption that there exists t; > t
such that 7(t) > to, o(t,£) > to, p(t,€) > to for (¢,§) € [t1,+00) x [a,b], then
u(z,7(t)) > 0 for (x,t) € Q x [t1,+00), u(z,0(t,§)) > 0 for (x,t,&) €
Q % [t1, +00) X [a,b] and u(z, p(t,£)) >0 for (z,t,&) € Q x [t1,+00) X [a,b].

For t > tg, t # tg, k = 1,2,..., we obtain (2.1). In view of Lemma 1.4, we
have

V() + ct)V(r@N™ + [ a(t, )V (a(t, €))dn(€) }

= —Ma()V (1) = Ao [ b(t, )V (p(t, €))dn(€) S0, t >ty t £ty
(2.11)
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Set Z(t) = V(t) + c(t)V(7(t)). Equation (2.11) can be written as

%M@+/medemmwsa {4 . (2.12)

Furthermore, from Lemma 1.5, there exist t, > ¢; and an odd number [, 0 <[ <
m — 1, such that

Z0) >0, 0<i<l, DEVZO@) >0, t>ty, [<i<m-—1.

(=
By choosing i = 1, we have Z'(t) > 0. Since Z(t) > z(t) > 0, Z'(t) > 0, we
h%ve Z(o(t,€)) > Z(a(t, &) — 1(t)) > x(o(t, &) — 7(t)), and therefore Z0™ (t) +
Jo at.8)Z(0(t,€)) (1 = c(o(t,€))) dn(§) < 0. From (2.12), we get

ZMA) + g0 | q(t,)Z(o(t,€))dn(€) < 0. (2.13)

From (Hy) and (H3), we obtain Z (o (t,£)) > Z(o(t,a)) > 0, & € [a,b] and 0(t) <
o(t,&) <t. Thus Z(6(t)) < Z(o(t,a)) for t > to. Hence (2.13) can be written as

b
20) + g0 [ alt.Z(60)an(e) <. 2.14)
For t > ty, t =tg, k=1,2,..., from (2.1), we have
o0 Z(ty)

(4) ot (4)
a, < —=—— <0’ .
a0zt Tk
ot®
That is, Z(t) is an eventually positive solution of (2.10), which contradicts our
hypothesis. 0

Theorem 2.3. Let B(z) # 0 for some x € 0). If for some ty > 0, there exists
a function ¢(t) € C'([0,+00), (0,4+00)) that is nondecreasing with respect to t,
such that

400 (m-1)\ ~* ' 2
by { (¥'(s))
= A(s)o(s) — ————| ds = +o0, 2.15
[F L) [ 05 o
then all solutions of (1.1) with boundary condition (1.2) are oscillatory in G.

Proof. From Theorem 2.2; it is enough to prove that the impulsive differential
inequality (2.10) has no eventually positive solution. Suppose that Z(t) > 0 is a
solution of (2.10). Set

t > t. (2.16)

Clearly W (t) > 0 for t > t(, and

S () ()20 2B
U0 Z2(000)) '

W(t) =
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Since Z(™(t) < 0, according to Lemma 1.6, we obtain

Zm=2zm=1 ). (2.17)
Thus
/ @'(t) _ _@ 2
W) < ZEW) = ADe(t) = W),
(m—1)
WK < ")
Define

b(m—l) -t
OEN| (%) W(t).

to<tp<t \ Tk

In fact, W(t) is continuous on each interval (tx,tx41], and in the consideration of
(m—1)

W(th) < k(—O)W(tk), it follows that for ¢ > t,,

to<t; <tp to<t; <ty ak

and

m - (m—1) -1
v = 11 b—> wih < 1] (b > W(tx) = Ul(tr)
= 1l

-1 b= -1
U(ty) = (k—) ) < H ( > W(tx) = U(tr),

which implies that U(t) is continuous on [to, +oo). Moreover,

U2tB b](gm—l) -1 /t
1 ( ) o I (T) Al - £ U

to<tp<t ak_

(m—1 -1 !
= I <b’€T> [W&(t)% — W(t)";((;)) —l—A(t)go(t)] < 0.

(m—1)
k
0
0
b(mfl)
0
)

to<tp<t \ Qk
That is,
1
b(m 1) B(t) sDl(t) b(m—l)
v <- [ ( L )—Uz(t)Jr viy- I (= At)p(t)
to<tp<t al(cO) p(t) p(t) to<tp<t al(cO)
(2.18)
Taking

b B() (1) e A
XJ H ( al(€0) )mU(t% Y = 9 t0g<t al(co) SO(t)B(ty
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from Lemma 1.7, we have

o(1) b\ B), (¢ )
(t)U(t)— 11 <T> EGM (t)gmt()ga( 3 |

to<tp<t ay,

(m-1)\ ~! 2
vy <- ] (%) [A(t)w(t)—%}. (2.19)

to<tp<t ak

Integrating both sides from ¢y to ¢, we have

<oi- [ T () (10w ]

Letting ¢ — +o0, and taking into account the fact that (2.15) holds, we have
lim U(t) = —oo, which contradicts with U(¢) > 0. O

t——+o0

Theorem 2.4. Let B(x) # 0 for x € 0. Moreover, suppose that there exist
functions p(t) and ¢(s) € C'(]0,+00), (0,400)), where ¢(t) is nondecreasing with
respect to t, and the functions H(t,s),h(t,s) € C'(D,R), where D = {(t,s)|t >
s >ty > 0}, such that

(HG) H(t,t):(), t > to; H(t,8)>0, t> s > t,
(H;) H,(t,s) >0, H.(ts)<0,

(1) — {1 (2,9)6(3)] ~ H(t 0() ) = h(t. 5).

If
‘ bzim_l) -1
lim sup H )
0 to<tp<s k

1 t
t—+o0 m/t
A(s)p(s)H(t, s)p(s) — 4B|(h()t;(>t’ sgjgb()s

)] ds = 400, (2.20)

then all solutions of (1.1) with boundary condition (1.2) are oscillatory in G.

Proof. Assume, for the sake of contradiction, that (1.1) with boundary condition
(1.2) has a nonoscillatory solution wu(z,t). Without loss of generality, assume
that u(z,t) > 0, (z,t) € Q x [0,400). Proceeding as in the proof of Theorem
2.3, we have u(z,7(t)) > 0, u(z,o(t,&)) > 0, u(z,p(t,§)) > 0, for (x,t) €
Q % [t1, +00), (z,t,§) € Q X [t1,+00) X [a,b], and

b(m—l)

(m—1) / -1
v < ] (b )ﬂgv 0+ E v - 1 <T> AW (0).

to<tp<t ak to<tpe<t \ Tk
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Multiplying the above inequality with H(t, s)¢(s) for t > s > T, and integrating
from T to t, we get

/T ( ) A(s)p(s)H(t, s)p(s)ds

t b\ Bs) e
_ /T t0<1;1<3< v ) o) VO 5)0(s)ds
(2.21)
Put
_ b\ Bls)
X = JH( . ) o) 20U ),
1 b\ p(s)
§h(t,8)JtO<1;[<s< o > BH )
From Lemma 1.7, we attain for ¢ > T > ¢, that
(m—1) s
vl - I (% ) 2t ssre
to<tp<s ag, SO(S)
1 h(t,s S pim—1) -
< LI ()\ sz))( <))H< - > e
In addition, from (2.21) and (2.22), we have
m—1)
/T ( . ) Als)p () H (2, 5)(s)ds
L[ s els) JAAN
), B a,@) !
<UH(ET)HT) < H(t, to)so(T)U(T), t>T >t
(2.23)

Thus

-1
1 /t 1 b Y
H(t to) to to<tecs a;{O)

/t ( ) G(s)e(s)o(s)ds + ¢(T)U(T).

0 to<tr<s
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Letting t — +o00, we get

m 1) -1
lim sup /
=00 0 po<tp<s

X

Ao, 00) S

T
</

0 to<tp<s

ds

a0

(m=1)\ ~!
<b’“—> A(s)p(s)p(s)ds + ¢(T)U(T) < 400,

which contradicts (3.21). O

Remark 2.5. In Theorem 2.4, by choosing ¢(s) = ¢(s) = 1, we have the following
corollary.

Corollary 2.6. Assume that all the conditions of Theorem 2.4 hold, and that

( m— 1))1
0 to<tp<s

1 |h(t,s)|

1B AL | BT

lim SUp / A(s)H(t,s) —
t—+o00 t t() t

Then all solutions of (1.1) with boundary condition (1.2) are oscillatory in G.

Remark 2.7. From Theorem 2.4 and Corollary 2.6, we can obtain a variety of
oscillatory criteria by different choices of the weighted function H(¢,s). For ex-
ample, choosing H(t,s) = (t — s)*7 !, t > s > ty, in which x > 2 is an integer,
then h(t,s) = (u—1)(t — s)* 2, t > s > tg. From Corollary 2.6, we have the
following result.

Corollary 2.8. If there is an integer p > 2 such that

m 1) -1
limsup = 1/
t—r+o00 — to t0 o<ty <s

n—1 1 (,LL B 1>2 _
x (t—s) |:A(S)_4B(S) (t—s)2} ds = +o00,

then all solutions of (1.1) with boundary condition (1.2) are oscillatory in G.

3. EXAMPLES

We illustrate the significance of our results by the following examples.
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Example 3.1. Consider the equation

6
%( (xt)+§u(xt——>+ f W/4 u(x,t + 28)dE

11 .
= = Auf ) + 2 f T Au(a, t+ 2)dE, t At

(3.1)
u(z, th) = i 1u(x,tk),
o N o .
Wu(x,tk) = mu(x,tk), i=1,2,3,4,5, k=1,2,..., )
for (z,t) € (0,7) x [0,+00), with the boundary condition
uw(0,t) =u(m,t) =0, t#t. (3.2)
Here Q = (0,7), m = 6, a\” = 5” = kiﬂ al? =0l =1, =1,234,5
2 T 4 11
C(t) = 57 T(t) =1- 57 Q(tvg) = g: U(tag) = p(t,f) =1+ 2£a a(t) = Ea
8
b(t,f) = ga [avb] = [_71-/2’_77-/4]7 77(5) = 57 M = 17 Q(t) =1, el(t) = 17 n = 37

4
to=1,t,=2% go = 5 A(s) = 95 B(s) = s
Clearly (H;)-(Hs) hold, and moreover

“+oo
lim (Z d =
frtoo to t0<tk<5 b 1<tk<s
/ H ds +
1<ty <s 1<, <s
I e
t3 1<tk<s
= 1+ ><2+1><2><22+1><2><3><23+
N 2 273 27374
+o00 on
DI
n+1
n=0
Thus,
3 1
lim su —32 — — ———|ds p = +o0.
tﬁJroop t— 1 { /1 1<, <S ) [25 54(t — 5)2] }

That is, all the conditions of Corollary 2.8 are satisfied, and therefore all solutions
of (3.1)—(3.2) are oscillatory in G. In fact, u(z,t) = sinz cost is such a solution.
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Example 3.2. Consider the equation

g—; (u(:c, t) + %u(:c,t — 7?)) + Z ff)ﬂ u(x, t + £)dé

1
= iAu(x,t) + 2 ff)ﬁ Au(z,t + &)dE, t # ty,
(3.3)
u(z, ) = L 1u(:r,tk),
o N o .
Eok T, b)) = %u(x,tk), 1=1,2,3, k=1,2,..., }
for (z,t) € (0,7) x [0,400), with the boundary condition
uz(0,8) +u(0,t) = uy(m, t) +u(m, t) =0, t# ty. (3.4)
0 0 k i i . 1
Here Q = (0,7), m = 4, a;k) = bgc) ply a,g) = b,(C) =1,i= 11,2,3, c(t) = g,
T(t) =1- T, q<t7§) = Zv U(tvf) = p(tvg) - t+€7 a<t) - 57 b(tuf) - Z)
[a7b] = [_71'7 0]7 77(6) = 67 M = L Q(t) = t, el(t) =1, n= 3, to =1, 1t = 2k7

3T

1
9o =5 A(s) = 3 B(s) = s%.
Clearly (H;)-(Hs) hold, and moreover

1 t k 37 1
li E— || — (t—8)? | = ———|dsy = .
ltlgfgop (t—1)2{/1 /{:—1—1( °) [8 sg(t—s)2] S} oo

1<tp<s

That is, all the conditions of the Corollary 2.8 are satisfied, and therefore all
solutions of (3.3)—(3.4) are oscillatory in G. In fact u(x,t) = e *cost is such a
solution.
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