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ABSTRACT. Some techniques, which were already used to derive automatic
continuity results, are chosen and modified, and extended results, as well as
generalized results, are obtained. A technique of using the open mapping
theorem and a technique of using the Hahn Banach extension theorem are ex-
plained. Results in connection with measurable cardinals are also obtained.
Results for multiplicative linear functionals, positive linear functionals, and
uniqueness of topology are obtained. For example, sequential continuity of
real multiplicative linear functionals on sequentially complete LMC algebras is
obtained when Michael’s open problem is concerned only with the boundedness
of multiplicative linear functionals. The continuity of positive linear function-
als on F-algebras with identity elements and involution is derived when these
functionals are continuous on the set of all involution-symmetric elements. Pos-
sibilities of extending the concept of positive linear functionals are considered
to derive results for the continuity of such functionals on topological groups
and topological vector spaces with additional structures. The technique for the
Carpenter’s uniqueness theorem is modified to derive the boundedness of some
homomorphisms. The entire article is oriented toward Michael’s problem.

1. INTRODUCTION

If the continuity of a map T" from a topological vector space X into a topolog-
ical vector space Y is assured by imposing some algebraic conditions on X, Y,
or T, then the continuity is called automatic continuity. All deviations are also
accepted to bring results under the theory of automatic continuity. The classical
closed graph theorem is a perfect first result in the theory of automatic continuity.
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2 G. SIVA, C.G. MOORTHY

Every basis in a complete metrizable topological vector space is a Schauder basis.
This is another result of automatic continuity of functionals; see [31]. The first two
results given in the article [35] of Ng and Warner are automatic continuity results
for group homomorphisms and ring homomorphisms. Recent studies concentrate
more on automatic continuity in the theory of topological groups (see [9,10,39]),
although there are recent articles like [4, 14,16, 19-23, 33, 36, 37, 44, 45, 47] for
automatic continuity in the theory of topological algebras. Many results were
derived for automatic continuity in topological algebras mainly because of John-
son’s uniqueness theorem [27] to settle an open question about the uniqueness
of complete norm topology on semisimple algebras, affirmatively, and because of
the following two questions of Michael [32], which remain open.

1. Is every complex multiplicative linear functional on a complex commuta-
tive Fréchet algebra continuous?

2. Is every complex multiplicative linear functional on a complex commuta-
tive complete LMC algebra bounded?

A recent attempt at these equivalent problems may be found in [23]. Equivalence
of these two problems was established by Dixon and Fremlin [I1]. Many tech-
niques were evolved to establish results for automatic continuity just for only one
application: continuity need not be verified in lengthy ways unnecessarily when it
is required for an application. Some techniques are chosen and applied to derive
some generalized results. For readability, instead of writing all of them in this
section, they are explained at the places where they are required. The same thing
is done even for known results. There are recent articles [1,2, 13, 34,38, 43] that
study the properties of topological algebras applicable for automatic continuity.

All vector spaces to be considered are over the complex field C and the real
field R. All topologies to be considered will be Hausdorff. A complete metrizable
topological vector space is called an F-space. An F-space that is also a locally
convex topological vector space is called a Fréchet space. Multiplication in a
topological algebra is assumed to be jointly continuous. A complete metrizable
topological algebra is called an F-algebra. A locally convex F-algebra is called
a Bp-algebra. A locally convex topological algebra (A, 7) is called a locally mul-
tiplicatively convex algebra (LMC algebra), if the topology 7 is induced by a
family of seminorms (p,)aer satisfying the relation p,(zy) < pa(z)pa(y), for all
x,y € A and for all a € I. Such seminorms are called submultiplicative semi-
norms. An F-algebra that is also an LMC algebra is called a Fréchet algebra.
A linear functional on an algebra is called a multiplicative linear functional, if
it also preserves multiplication. A real linear functional f on an algebra A is
called a positive linear functional, if f(z?) >0, for all # € A. A complex linear
functional f on a complex algebra A with an involution % is called a positive
linear functional if f(zz*) >0, for all x € A. A multiplicative identity element
in an algebra is denoted by e. Sometimes the notation e is also used for idem-
potent elements. A topological algebra is said to be functionally continuous, if
each multiplicative linear functional on it is continuous, when the same field is
fixed for both algebra and functional. The classical involution * in a complex
algebra A satisfies the condition (zy)* = y*z*, for all z,y € A. Another one
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satisfying (zy)* = z*y* may also be considered, while deriving the following in-
equalities (see the proof of [42, Theorem 11.31]). If f is a real positive linear
functional on a real algebra A, then |f(zy)|* < f(z?)f(y?), for all z,y € A, and
|f(x)]* < f(e)f(x?), forall x € A when A contains an identity element e. For
the classical involution, if f is a complex positive linear functional f on a complex
algebra A with an involution *, then | f(zy*)|* < f(zz*)f(yy*), for all x,y € A;
and f(z*) = f(z) and |f(2)]* < f(e)f(zx*), forall x € A, when A contains
multiplicative identity e. Let us use these inequalities without mentioning them.
Let us consider only classical involutions in complex algebras.

2. DIXON—FREMLIN TECHNIQUE: ILLUSTRATIONS

Let us begin with the Dixon—Fremlin technique given in [11], and with another
known variation of this technique.

Theorem 2.1. Let (X, (pa)acr) be a sequentially complete locally convex topolog-
ical vector space with a family of seminorms (pa)acr, which induces the topology
on X, and let (Y,d) be an F-space with a metric d, which induces the topology
onY. Let T : (X, (pa)acr) — (Y,d) be a linear map having sequentially closed
graph in X X Y. Then T is bounded.

Proof. (Outline of the Dixon—Fremlin technique)

Let E be a bounded subset of X. For eachn =1,2,...,let I, = {a € I : p,(r) <
n, forall x € E}, and let p,(x) = sup {pa(z) : @ € I}, forall x € X. If
Z ={x € X :py(zr) <oo, forall n=1,2,3,.}, then (Z, (p,)5,) is a Fréchet
space in which F is a bounded subset. Let 7|z denote the restriction of 7" to
Z. Then T|z : (Z, (pn)22,) — (Y, d) is continuous, by the classical closed graph
theorem. So, T'(E) is bounded.

Second proof:

Let E be a bounded subset of X. Let F' be the closed absolute convex hull of
E in X. Let up be the Minkowski functional induced by F. Then Z = {z € X :
pr(z) < oo}. Thus (Z, ur) is a Banach space in which F is a bounded subset.

Verification: [12, Theorems 1.13, 1.35, 1.36, and 1.39] may be used along with
the fact that F' is bounded in the locally convex space X to verify that pg is
a norm on Z. Since £ C F and since pup(x) < 1, forallxz € F, the set E
is also a bounded subset of (Z, ur). If a Cauchy sequence (x,)32, in (Z, ur) is
considered, then it is contained in a positive scalar multiple of F, say, vF', so that
pr(x,) < 7y, for all n. This sequence should also be a Cauchy sequence in the
sequentially complete space (X, (pa)acs), because F' is bounded in (X, (pa)acr),
and hence (x,)32; converges to some x in (X, (pa)acs)- Then, this x should
be in the sequentially closed set vF', a subset of Z. It now follows from the
uniqueness of limit of the sequence (z,)5°, in the completion of (Z, up) that
the sequence (x,)>%, should converge to = in (Z, up), where pup(z) < v < 00
(Another approach: pp(x, — z,) — 0 as n,m — oo and so up(x, —z) — 0
as n — 00, and pp(x) < 0o in (X, (pa)acr)). Thus, (Z, ur) becomes a Banach
space. Again, by the classical closed graph theorem, T'(F) is bounded. (]
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Theorem 2.2. Let A be a complex sequentially complete locally conver algebra.
Let B be a complex commutative semisimple Banach algebra. Let E be a bounded
subset of A such that E* = {zy:z € E,y € E} CE. Let T : A — B be an
algebra homomorphism. Then T(E) is a bounded subset of B.

Proof. Let F, upr, and Z be as in the second proof of the previous Theorem 2.1
with replacement of X and Y by A and B, respectively. Since E? C E, then
F? C F so that (Z,up) is a Banach algebra. So, T|z : (Z,ur) — B is a
continuous homomorphism (see [12, Theorem 11.10]). This proves that T'(F) is
bounded. OJ

This technique of reducing locally convex algebras to normed algebras has been
used directly and indirectly in many articles like [25]. Note that if x € Z in the
proof of the previous Theorem 2.2, then the spectrum of x in Z contains the
spectrum of x in A. Thus, for each x € E, one should have finite spectral radius
for spectrum of x in A. Finiteness of spectral radius has also been used in many
articles like [15,40].

Corollary 2.3. Let A and E be as in Theorem 2.2. Then for every multiplicative
linear functional f on A, the set f(FE) is a bounded set.

Proof. Take B = C and T'= f in Theorem 2.2. O

Theorem 2.4. Let A be a complex sequentially complete locally convexr algebra
with a continuous involution x. Let E be a bounded subset of A such that E* C
E ={x*:x € E}. Let f be a complex positive linear functional on A satisfying

|f(2)|]> < Mf(xz*) and f(z) = f(z*), forall z € A, for some M > 0. Then
f(E) is bounded.

Proof. Take B = C and T' = f in the proof of Theorem 2.2. Since E = {z* :
x € E}, then F' = {z* : x € F'}, and hence Z is closed under involution. That
is, (Z,ur) is a Banach algebra with an involution, which is the restriction of
the involution on A. It should be noted that the restriction of f to (Z,ur) is
continuous because of a comment between Definition 10 and Theorem 11, and
because of Theorem 11 in Section 37 of [7]. O

Remark 2.5. The Dixon—Fremlin method is more convenient, if a topological
vector space X is endowed with a family of quasi-semi-norms (p,)acs; of the
following type: (i) pa(r) > 0, forall z € X; (ii) pa(r +y) < pal() + pa(y),
for all z,y € X; and (iil) pa(Ax) < [A|Popa(x), for all x € X, for all scalars A,
for some p, € (0,1]. If F is a bounded subset of X, then for positive integers
m,n, we can consider

1
Lnn=A{a€l:py(z) <m, forallz € E,— < p, < 1}.
n

This article does not consider such quasi-semi-norms. This article does not dis-
cuss the Borel graph theorem, for which the Dixon—Fremlin method can be ap-
plied. Some possible generalizations of these types are not recorded to maintain
simplicity to some extent.
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Let us next present statements with outlines for proofs for consequences of the
uniform boundedness principle, which require corresponding classical theorems
( [12, Theorems 2.6, 2.4, 2.8, and 2.17]) and the Dixon-Fremlin method.

Theorem 2.6. Let (Fy,)aer be a family of bounded linear transformations F,, :
X — Y, where X is a sequentially complete locally convex space and Y 1is a
topological vector space. Let E be a bounded subset of X. Suppose that {F,(x) :
a € I} is bounded, for every x € X. Then {F,(z):a € I,x € E} is bounded.

Proof. (An Outline): Construct the Fréchet space (Z, (pn)5,) as in the first proof
of Theorem 2.1. By [12, Theorem 2.6], the restrictions of the members of the given
family restricted to this Fréchet space forms an equicontinuous family. Now, the
result follows from [12, Theorem 2.4]. O

Theorem 2.7. Let (F;)2, be a sequence of bounded linear transformations F; :
X — Y, where X is a sequentially complete locally convex space and Y is
a topological vector space. Suppose that lim;_.Fi(z) = F(x) exists, for every
r € X, when F': X — Y 1is a linear map. Then F' is bounded.

Proof. (An Outline): Let E be a bounded subset of X. Construct the Fréchet
space (Z, (pn)22;) as in the first proof of Theorem 2.1. Then the restrictions of
each F; to (Z, (p,)22,) is continuous. By [42, Theorem 2.8], the restriction of F’
to (Z, (pn)22,) is continuous so that F(E) is bounded. O

Theorem 2.8. Let F : [, X; — X be a multilinear map, where each X; is a
sequentially complete locally convex space and X is a topological vector space. If
F' is separately bounded, then F' is jointly bounded.

Proof. (An Outline): The definitions for multilinear mappings and separately
boundedness can be stated naturally. Let us prove the statement for the case
n = 2, from which the general case follows by induction. Let Y = X; x X, so that
the map F'is considered on Y. Consider the given spaces X; and X5 in the forms
(X1, (Pa)acr,) and (Xa, (¢3)per,). Let J = I x I and for each v = («, 8) € J,
and for each y = (z1,22) € Y, let r,(y) = max{pa(z1),¢s(z2)}. Then Y may
be considered in the form (Y, (r,),es). Let E be a bounded subset of Y. Then
E C E| x Es, for some bounded subsets E; and F, of X; and X5, respectively.
For each (m,n) € Nx N, let J,, = {7 = (o, 8) € J : pa(1) < m,qs(z2) <
n, for all z; € Ey, for all 3 € Ey}, and for each y = (x1,22) € Y, let rp, . (y) =
max{r,(y) : 7 € Jmn}. Let Z={y €Y :r,,(y) < oo, forall (m,n) € Nx N}
Then (Z, (Tmn)(mmn)enxn) is a Fréchet space in which F is a bounded subset,
because N x N is a countable set. It now follows from [12, Theorem 2.17] that
the image of E under F'is bounded. 0

3. APPLICATION OF THE OPEN MAPPING THEOREM

The classical open mapping theorem, the classical closed graph theorem, and
the classical Banach-Steinhaus theorem are almost equivalent. They are derived
from Baire’s category theorem, and they have many generalizations. They cannot
be excluded from the theory of automatic continuity. A method of applying the
closed graph Theorem 2.1 is to be explained in the proof of Theorem 9.2. The
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next Theorem 3.1 is also an open mapping theorem, which is a particular case
of [29, Corollary 3.3], and which is to be applied in this section.

Theorem 3.1. Let (X,d) be an F-space with respect to an addition invariant
metric d. Let X be a closed subset of X such that

(i) If 1,29 € Xt then x1 + 29 € XT.
(ii) If x € X and X is a nonnegative scalar, then \x € X,

(i) Each x € X has a representation x = x1 — xo with x1 € Xt and xy € XT.
Define T : Xt x Xt — X by T'(x1,22) = 21 — 22, for all (x1,22) € XT x XT.
Then T is an open mapping, when X+ x X is endowed with the product topology
induced from the topology on X.

Definition 3.2. For this section, let us call a subset X satisfying (i),(ii), and
(iii) of the previous Theorem 3.1 as a positive cone of X.

Example 3.3. Let f be a nonzero real continuous linear functional on a topolog-
ical vector space X. Let XT = {z € X : f(x) > 0}. Then X is a closed positive
cone of X according to our Definition 3.2. Observe that X ((—X™T) # {0} if
dimX > 2. The space X is also a closed positive cone of X.

Remark 3.4. Let X be a closed positive cone of a real topological vector space

X, as given in Definition 3.2. Then X N (—X™) is a real closed vector subspace
of X.

Theorem 3.5. Let X be a sequentially complete locally convex space. Let X™*
be a sequentially closed positive cone such that for a gz’ven bounded sequence
(2,)22 2y in X there are bounded sequences (x,,)°, and (x, )2, in X+ satisfying
Ty = mn — xn, forall n. Let f: X — R be a linear functional on X such that
f(x) >0, forallxz € X*. Then f is bounded.

Proof. Suppose that f is not bounded. Then there exists a bounded sequence
(,)22; in X such that f(xn) > 2" forall n=1,2,.... Then there are bounded
sequences ()%, and (z)%%, in XJr such that z, = 2/, — x" for all n. Then

f(x) > f(xn) >2", forall n=1,2,... Let z = Zn 1 Q—na:n € X*. Then,
" fa) .
n=m+1

> )

NERH
2|82

Il
-

s 21

for all m =1,2,..., because >~ . 22 € X*. This is a contradiction. Hence

f is bounded on X OJ

Let us now apply the open mapping Theorem 3.1 along with the arguments
used in the proof of the previous Theorem 3.5.
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Theorem 3.6. Let X be an F-space. Let X be a closed positive cone. Let
f: X — R be a linear functional on X such that f(x) > 0, forallx € XT.
Then f is continuous.

Proof. Suppose that f is not continuous. Then there exists a sequence (x,,)%2; in
X such that z,, — 0 as n — o0, and such that f(x,) > 2", forall n=1,2,....

Then, by Theorem 3.1, by passing to a subsequence of (x,,)% ;, it can be assumed

that there are sequences (2,)%°, and (z)%°, in X+ such that d(0,z,) < 27" and
r, = x, —,, forall n. Then f(z,) > f(x,) > 2", forall n=1,2,.... Let

n’

x=>7 7, €X*. Then,

fl@) = Y @)+ (), =)
n=1 n=m+1
> ) 2" 40
n=1
for all m =1,2,..., because > >~ . z, € X*t. This is a contradiction. Hence
f is continuous. O

4. A TECHNIQUE OF T.-sH. HsiA

One standard technique to get a contradiction is establishing that some quan-
tities are bounded as well as unbounded. There are many ways to implement this
technique. One way is the way of the Hsia [24], which uses the positiveness of
function values at some elements as was done in the previous section. His method
is illustrated in this section. The first result is a variation of [35, Theorem 1], and
it is also a generalization. If (X, d) is an additive metrizable topological group,
then d can be chosen such that it is an one-sided translation invariant metric.
Hence if f: (X,d) — R is an addition preserving group homomorphism, then it
is not continuous if and only if there is a sequence (z,,)5°; converging to zero in
(X, d) such that f(x,) — 400, as n — co. Completeness of (X, d) is also defined
only in terms of one-sided translation invariant metrics. See [5, Theorem 2.1.7]
and the proof of [42, Theorem 1.28].

Theorem 4.1. Let (X,d) be a complete metrizable topological group with an
addition operation. LetT : X — X be a continuous mapping such that T(0) = 0.
Let f : X — R be an addition preserving group homomorphism such that
f(T(x)) >0, forall x € X. Assume further that there is a constant K > 1
and there is a constant M > 0 such that M < |f(z)| < Kf(T(x)) whenever
|f(x)| > M and x € X. Then f is a continuous mapping.

Proof. Suppose that f is not a continuous mapping. Then there is a sequence
()22, in X such that z, — 0, as n — oo, and such that f(z,) > nK",
for all n. Then there is a subsequence (y,)5> of (x,)5>, such that for z,; =
Yj + T(js1 + T(Yja2 + -+ T(Yn-1 +T(yn))...)), 1 < j < n—1, the rela-
tion d(znj, zn—1;) < 27", forall n = 2,3,..., is true, because of the following
reasons. First T(0) = 0, and then 7' is continuous at 0 so that T'(y,) — 0 as
m — oo, and also T'(y,—1+ T (y,)) can be adjusted such that it can be sufficiently
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close to T'(y,—1). Ultimately z, ; can be adjusted such that it can be sufficiently
close to z,_1 j, by choosing y, very close to zero. Then for n > m > j,
d(2n,j, 2mj) < d(Zny, 2n-1;) + d(Zn—1j, Zn—2) + - + d(Zms1,5, Zm;)
< 9" 4 2—n+1 + 2—n+2 S 2—m—1
< 2T
Therefore, for each j = 1,2,..., (z2n;)5%;11 is a Cauchy sequence, which converges

to some z; in X. Then f(2,) = f(yn) + f(T(2n41)) > nK™ > M, for all n > m,
for some m. Now

fzm) = [(ym) + F(T(2m41))
mK™ + %f(zmﬂ)

v

K™ 4 F ) + T (T (zms2))

v

I+ (m o+ DE™ 4 2 [(T(2)

v

1
mK™ + (m + DK™ + = f(2m+2)

mK™ + (m+ DK™+ (m+2)K™ + %f(zmw)
K"(m+(m+1)+(m+2)+---+ (m+7)),

v

v

for any 7 > 1. This is a contradiction. This proves that f is continuous on X. [J

Hence, f(zy) in the proof of the previous Theorem 4.1 is bounded, as well
as unbounded in the sense that f(z,,) is a fixed nonnegative number, and it is
greater than or equal to K™(m+ (m+1)4+(m+2)+---+(m+j)), forall j > 1.
The next Corollary 4.2 is [35, Theorem 1].

Corollary 4.2. Let (X,d) and T be as in the previous Theorem j.1. Let f :
X — R be an additive group homomorphism such that (f(z))* < K f(T(x)), for
all v € X, for some K > 0. Then f is continuous.

Proof. Since (f(x))? > 0, then f(T'(xz)) >0, for all # € X. Moreover, if | f(x)| >
1 then 1 < |f(x)] < (7())? < K F(T(2). s

The next Corollary 4.3 is also a theorem in [35], and which may be considered as
a generalization of [12, Theorem 3.1], where the proof is based on a Mittag-Leffler
technique.

Corollary 4.3. If A is a complete metrizable topological ring, then every ring
homomorphism f : A — R is continuous.

Proof. Take X = A, T(x) = 22, forall x € X and K = 1 in the previous
Corollary 4.2. O
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Michael’s problem is about continuity of complex multiplicative linear func-
tionals on commutative complex Fréchet algebras. Corollary 4.3 establishes a
positive solution but for the case of real multiplicative linear functionals.

Corollary 4.4. Let A be an F-algebra with a continuous involution x. Let f :
A — C be a positive linear functional such that f(xz*) > 0, f(z*) = f(z) and |
f(@)*’< Kf(zx*), forall € A, for some K > 0. Then f is continuous on A.

Proof. Take X = {z € A : x = z*}, and take T'(z) = 22, forall z € X, and
consider f restricted to X. Then f is continuous on X, by Corollary 4.2. So, f
is continuous on A, because % is continuous. ]

Remark 4.5. If A has a multiplicative identity, then any complex positive linear
functional f satisfies the conditions of the previous Corollary 4.4. These types of
functionals are called extendable positive linear functionals. This terminology is
also used because such functionals can be extended as positive linear functionals
on the unitization of the algebra. See the proof of [7, Section 37, Theorem 11].

Let us now apply the Dixon and Fremlin method and Theorem 4.1 in the proof
of the next Theorem 4.6.

Theorem 4.6. Let (X, (pa)acr) be a sequentially complete locally convex topo-
logical vector space. Let S : X x X — X be a mapping such that for any D C X
and for any J C I satisfying

Sup sup po () < 0o,
xeD aeJ

and

sup sup pa(S5(z,y)) < oo.

z,yeD acJ
LetT : X — X be a mapping such that T'(0) = 0 and such that p, (T (z)—T (y)) <
Kopa(S(x,y))palx —y), for some K, > 1, forall a €1, forall z,y € X. Let
f: X — R be a linear mapping such that f(T'(z)) >0, for all x € X. Assume
further that there is a constant K > 1 and there is a constant M > 0 such that
M < |f(z)] < Kf(T(x)) whenever |f(z)| > M. Then f is a bounded functional
on (X> (pa)ozel)'

Proof. Let E be a bounded subset of X. For each m,n € N (the set of nat-
ural numbers), let I, = {a € I : K, < m,po(z) < n, forall z € E}. If
Ly, = 0, then define ¢, (x) = 0, forall = € X. If I,,,,, # 0, then define
Gmn(T) = SUDuep,, , Pal(®), forall € X. Let Y = {z € X : gua(z) < o0,
for all m,n}. Then (Y, (¢mn)mn) is a Fréchet space, in which E is a bounded
subset. Let (z,)22; be a sequence in Y converging to x in (Y, (¢mn)mn). Let
D = {x, :r=1,2,...} U{z}. Since sup,cp ¢mn(y) < oo, by our assumption,
SUP, yep mn(S(2,y)) < 0o. Then the inequality

don(T(2,) — T()) < m (sup G (S(219))) X (s — x))

z,yeD
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implies that T'(z,) — T(x) — 0 in (Y, (¢m.n)mn) as 7 —> co. If z € Y, then
Gmn(T(2)) = qma(T(2) = T(0))
< MGmn(z = 0)Inf {gmn(5(2,0)), gmn(S(0, 2)) }
< +o0.

Thus T(Y) C Y and Ty : (Y, (@mn)mn) —> (Y, (@nn)mn) is continuous. So,
by Theorem 4.1, f(E) is a bounded set. That is, f : (X, (pa)acr) — R is
bounded. O]

The next two corollaries are known through [24] of Hsia and [11] of Dixon and
Fremlin but for complete LMC algebras.

Corollary 4.7. Let (A, (pa)acr) be a sequentially complete LMC' algebra. Let f
be a real multiplicative linear functional on A. Then f is bounded.

Proof. Take X = A. Define T : X — X by T'(z) = 22, forall z € X, and
define S : X x X — X by S((z,y)) =x+y, forall (z,y) € X x X. Note that

Pa(T(x) = T(y)) = pa(a®—y°)

= Da (z —y)(x+y))

N | —

< DPa
= pa(S((x,9)))palz —¥),

forall a € I, forall z,y € X. Now, Corollary 4.7 follows from the previous
Theorem 4.6 with M = K = K, = 1. O

Corollary 4.8. Let (A, (pa)acr) be a sequentially complete LMC' algebra with
a sequentially continuous involution x. Let f be an extendable positive linear

functional on A (Remark 4.5). Then f is bounded.

Proof. Take X = {x € A:z = z*}. Then X is a sequentially complete locally
convex space, because * is sequentially continuous and A is sequentially complete.
Define T: X — X by T'(x) = 2%, for all z € X, and define S: X x X — X
by S((z,y)) = x+y, forall (x,y) € X x X. Now Theorem 4.6 implies that f|x
is bounded. Since the involution maps bounded sets onto bounded sets, f is a
bounded map on A. O

These two Corollaries 4.7 and 4.8 are to be extended further for sequential
continuity of f in Section 8.

5. A TECHNIQUE FOR NONCONTINUOUS INVOLUTION

Corollaries 4.4 and 4.8 require the continuity and sequential continuity of in-
volutions. There is a standard technique for the removal of the condition on the
continuity of involutions in the case of Banach algebras, which is given in the
proof of [42, Theorem 11.3], where the theorem proves that every complex posi-
tive linear functional on a Banach algebra with identity and with an involution is
continuous. This technique is to be modified for F-algebras in the next Theorem
5.1, but for a different purpose.
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Theorem 5.1. Let A be a complex F-algebra with an involution * and an identity
e. Let f be a positive linear functional on A. Let H={x € A:x=2x*}. If fly
is continuous on H, then f is continuous on A.

Proof. Suppose that f|g is continuous on H. Note that f(H) is a subset of the real
line. Let H be the closure of H in A. Then f|g has a unique continuous extension
g : H — R. The natural mapping from H x H to A given by (u,v) = u + iv
is continuous, surjective, and open. Let y € H NiH. Then there are sequences
(un)2, and (v,)5%, in H such that w, — y and v, — y as n — oo. Then
u? + 02 — 0 as n — oo so that f(u2 +v2) — 0 as n — oco. Note that
0 < [ glun)l* =|f(un)* < fle)f(u) < fle)f(up +v7). So, g(un) — 0 when
g(un) — g(y) as n — oo. Thus g(y) = 0 whenever y € H NiH.

Let u, + v, — 0in A as n — oo, when u,, € H, v,, € H, for all n. Then
there are sequences (1,)°%, and (y,)22, in H such that x, + iy, = u, + iv,,
for all n, and such that x, — 0 and y,, — 0 as n — 0o because the natural
mapping from H x H onto A is open in view of the open mapping theorem. Then
g(a) — 0 and glya) —> 0 as n — 00 and glu, — 20) = 0 = g(v — Yo,
because u, — T, = i(y, — v,) € H NiH, for all n. Note that

0 < |flun+iva)| = [f(un) +if(vn)| = |g(un) +ig(v,)]
= [g(zn) +ig9(yn)| < lg(xn)| + 19(¥a)l,

for all n. Therefore, f(u, + iv,) — 0 as n — oo. Thus, f(u, + iv,) — 0
whenever u,, + iv,, — 0 as n — oo, when u,, € H, v, € H, for all n. This
proves that f: A — C is continuous. 0

It should be noted that it is not known whether every complex positive linear
functional on an F-algebra with identity and with a noncontinuous involution is
continuous or not, even for commutative algebras.

6. APPLICATION OF THE HAHN BANACH EXTENSION THEOREM

The Hahn Banach extension theorem can be partially considered as an au-
tomatic continuity result because continuous linear extensions are possible only
for some classes of topological vector spaces. Let us use the classical Hahn Ba-
nach theorem to derive a variation of [42, Theorem 12.39] by using almost the
same arguments. Otherwise, the next Theorem 6.2 cannot be result of automatic
continuity. The next Lemma 6.1 is [12, Lemma 5.26].

Lemma 6.1. Suppose that X is a normed space of bounded real (or complez)
functions on a set, under the supremum norm. Suppose that T is a linear func-
tional on X such that |T||=1=T(1). Then 0 < Tf <1 whenever 0 < f <1
and f € X. Hence Tg > 0, whenever g > 0 and g € X.

To a complex algebra A with identity, and for each z € A, let oa(z)(or o(z2),
simply) denote the spectrum of z in A, and r4(z)(or r(z), simply) denote the
spectral radius of z of the spectrum of z in A.

Theorem 6.2. Let (A, || - ||) be a complex Banach algebra with identity e such that
|22||=]|z||?, for all x € A. Let z € A. Then there is a bounded linear functional
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[+ A— C such that f(z) =r(z) =||z||, f(z) > 0 whenever oa(x) C [0,00), and
fis a multiplicative linear functional on the smallest closed subalgebra containing
e and z.

Proof. Let A, be a maximal commutative subalgebra containing z in A. Then
the spectrum of z in A, is the spectrum of z in A. Then there is a multiplicative
linear functional g on A, such that g(z) = r(2), g(e) = 1, and ||g||< 1, because
|z2||=]|z||?, for all x € A. Extend this functional g to a bounded linear func-
tional f on A such that ||f||< 1. To complete the proof, fix y € A for which
oa(y) C [0,00). Let A, be a maximal commutative subalgebra containing y in
A. Let A, be the maximal ideal space of A,, with the Gelfand topology. For
each z € A,, let = denote the Gelfand transform of x. Let z/4\y ={r:2e€ A},
which is a normed algebra of bounded functions on A,, with the supremum
norm || |lee. Define h : A, —s C by h(Z) = f(z), forall = € A,, which is
well defined because ||z?||=||z||?, forall z € A. Then h(1) = f(e) = 1, and
|h(Z)| = |f(x)] <||z]|= r(z) =|7]|c, forall T € 1/4; By the previous Lemma
6.1, h(Z) > 0 whenever ¥ > 0. In particular h(y) > 0. That is, f(y) > 0,
whenever o(y) C [0, 00). O

7. GLEASON-KAHANE-ZELAZKO THEOREM

The Gleason-KahaneZelazko theorem [17,28] is a famous theorem that is
considered a theorem without applications. There are many versions and many
generalizations of this theorem (for example, [26]). In this section, a version of
this theorem for LMC algebras is presented. An indirect abstract application of
this version to an automatic continuity result will be given in Section 11.

Let us recall the following two known Lemmas 7.1 and 7.2 (see [12, Lemma 10.§]
and [5, Lemma 1.3.19]).

Lemma 7.1. Let f be an entire function of one complex variable, f(0) =
Lf(0)=0,and0<| f(\) | <ePl (A€ C). Then f(\) =1 forall A € C.

Lemma 7.2. Let f be a nonzero linear functional on an algebra A with identity
e. Suppose that f(e) = 1 and that f(z*) = 0 whenever f(x) = 0. Then f is a
multiplicative linear functional on A.

Let SingA denote the collection of all singular elements in an algebra A with an
identity. Let us now present a version of the Gleason-Kahane—Zelazko theorem
for LMC algebras with the help of the Dixon-Fremlin technique.

Theorem 7.3. Let (A, (pa)acr) be a complex sequentially complete LMC' algebra
with an identity e. It is assumed that p,(e) = 1 and po(zy) < po(z)pa(y),
forall x,y € A, forall a € 1. Let f be a complex bounded linear functional
on A such that f(e) = 1. Suppose ker f C SingA. Then f is a multiplicative
linear functional.

Proof. Let b be a nonzero element in ker f. To every natural number n, let
I, = {a € I :pa(b) < n}. Let go(x) = sup,e;, Pa(x), forall x € A, Let
B={ze€A:qg(z) <oo, forall n=1,23,....}. Then (B,(g,)32,) is a
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Fréchet algebra, and f|z is continuous on (B, (¢,)32,), because f on (A, (pa)aer)
is bounded. Without loss of generality, assume that there is an integer m such
that | f(z)] < gm(z), for all z € B, and such that ¢,,(b) # 0. Let a be a scalar
multiple of b such that ¢,,(a) = 1. Let

o =3 T

n

for all A € C. Then |g(\)| < P, for all X\ € C, because

|f(a")| < gm(a") <1,
for all n. Let

[e.e] n

A
E(\) zzma” € BCA.
n=0

Then f(E(X)) = g(A), forall A € C, because f is continuous on (B, (¢,);2,).
Since E() is invertible in A, f(E(X)) # 0, for all A € C. That is, g(\) # 0,
forall A € C. Then by Lemma 7.1, g(A\) = 1, forall A € C. Therefore
f(a*) = 0. Thus, if f(b) = 0, thenf(b*) = 0. Now, by Lemma 7.2, f should be a
multiplicative linear functional on A. 0

Observe that the Dixon—Fremlin technique was applied in the proof of Theorem
7.3.

8. SEQUENTIAL CONTINUITY

Partially new techniques are used in the proof of the following two Propositions
8.1 and 8.3. Although more generalized results are to be presented, the next two
results are presented just to understand the nature of the techniques in a simple
way. Let us recall the arguments for “boundedness implied by sequential conti-
nuity” for linear functionals. Let f be a sequential continuous linear functional
on a topological vector space X. If f is not bounded, then f(B) is not bounded
for some bounded subset B of X. Without loss of generality, let us assume that
B is a countable infinite set, and let us write B in the form of a sequence (z,,)5 ;.
Let us assume without loss of generality that | f(z,)| > n?, for all n, by passing to
a subsequence. Let a,, = n™!, for all n. Then (f(a,z,))5%,; does not converge to
zero. However, by [12, Theorem 1.30], (a,2,)5%, converges to zero. By sequen-
tial continuity of f, the sequence (f(,,))5; should converge to zero. This is a
contradiction. So, every sequential continuous linear functional on a topological
vector space should be a bounded linear functional. This observation is necessary
to understand the strength of the following results.

Proposition 8.1. Let (A, (pa)aef) be an LMC algebra. Let f be a bounded
multiplicative linear functional on A. Then f is sequentially continuous.

Proof. Suppose that f is not sequential continuous on A. Then there is a sequence
()22, converging to zero in A such that f(x,) > 2, for all n. Since p,(z,) —
0 as n —» o0, it is true that p,(z') — 0 as n — oo, for all « € I, because
Pa(2?) < (palzy))™, forall n, forall «. Indeed f(z) > 2" forall n =
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1,2,.... S0, {zI' : n = 1,2,...} is bounded, when {f(a}) : n = 1,2,...} is
unbounded. Thus f is not bounded on A. O

Corollary 8.2. FEvery real multiplicative linear functional on a sequentially com-
plete LMC algebra is sequentially continuous.

Proof. Use Corollary 4.7. 0

Proposition 8.3. Let (A, (pa>a€[) be a complex LMC' algebra with a sequential
continuous involution *. Let f be a bounded extendable (Remark 4.5) positive
linear functional on A such that |f(x) [*< K f(zx*), forall x € A, for some
K > 1. Then f is sequentially continuous.

Proof. Suppose that f is not sequential continuous on A. Then there is a sequence
()22, converging to zero in A such that f(z,) > 2K, for all n, and such that
T, =z}, for all n, because * is sequentially continuous. Then p,(22") — 0 as
n — oo, for all a € I. However,

) 2 I fEETP

1 o
> —|f(w)]

1 T n
> —2¥K?
- K” 9
for all n. Thus {f(z2") : n =1,2,...} is unbounded, when {z2" : n =1,2,...}
is bounded. [

Corollary 8.4. Every extendable positive linear functional on a complex sequen-
tially complete LMC algebra with a sequentially continuous involution is sequen-
tially continuous.

Proof. Use Corollary 4.8. O
With this experience let us go for abstractions of these techniques.

Definition 8.5. Let (X, 7) be a topological vector space. Let T': X — X be a
mapping. The space X is said to be an s-topological vector space with respect to
T, if the nth iteration 7" (z,) — 0 as n — oo whenever z,, — 0 as n —» 0.

Lemma 8.6. Let (X, 7) be a topological vector space, which is an s-topological
vector space with respect to a mapping T : X — X. Let f be a linear functional
on X such that M < |f(z)| < K|f(T(x))| whenever |f(x)| > M, for some M > 0,
for some K € (0,1). Then f is sequentially continuous, whenever f is bounded.

Proof. Suppose that f is not sequentially continuous. Then there is a sequence
(@), converging to zero such that |f(z,)| > M, for all n. Then

T > %l fe] > 5 > M,
FT @) > 2 (T = g > M,
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and
FT )] 2 1 2 M,

for all n. Here T"(z,) — 0 as n — oo and {f(T"(z,)) : n = 1,2,...} is
unbounded, because 0 < K < 1. Then f is not bounded. 0

Example 8.7. Let (A, (pa)ag) be an LMC algebra. Take X = A, M = 1,
T : X — X as the mapping defined by T'(z) = 22?, and K = 3 in the previous
Lemma 8.6. Let f be a multiplicative linear functional on A. If z, — 0, then
T (x,) = 22" 122" — 0 as n —> oo, because A is an LMC algebra. Also, if

n

|f(z)] > 1, then

KIF(T(@)] = 5170 = 1) 2 £()] > 1

Thus, Proposition 8.1 is a consequence of Lemma 8.6.

Example 8.8. Let (A, (Pa)ac 1) be a complex LMC algebra with a sequentially
continuous involution *. Let X = A. Let f be an extendable (Remark 4.5)
positive linear functional on X such that |f(z)*> < Lf(zz*) for all z € X, for
some L > 1. Let T : X — X be defined by T'(z) = 2Lzx*. Take M = 1 and
K = $. If |f(z)| > 1, then

KIF(T(@)| = 5 @Ler)] = Li(aa) > |f@)P > |f(@)] > 1

Thus by Lemma 8.6, f is sequential continuous, whenever f is bounded, because
* is sequential continuous. Thus, Proposition 8.3 is a consequence of Lemma 8.6.

Lemma 8.9. Let (X, 7) be an s-topological vector space with respect to a mapping
T:X — X. Let (Y, (qa)aeJ) be a locally convex space. Let S :Y — Y be a
mapping such that

4a(S"(y)) = (qa(S(y)))",

forall n, forall ye€Y, forall a € J and such that q,(S(y)) > qa(y) > M
whenever q,(y) > M, for some M > 0, forall o« € J. Let f : X — Y be a
linear mapping such that

@ (f(T™(2))) = ¢a(S™(f(2))),

forall n, forall «, forall x € X. If f is bounded, then f is sequentially
continuous.

Proof. Choose L > 1 such that LM > 2. Suppose that f is not sequentially
continuous. Then there is a sequence (z,)%°; converging to zero in X such that
Go(f(xy)) > LM > M, for all n, for some a € J. Then

Ga(f(T"(xn))) 2 4a(S"(f(20))) 2 (qa(S(f(2n)))" = (¢ (f(2n)))" = (LM)",
forall n=1,2,.... Then f is not bounded. O
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Example 8.10. Let (Pa)ace 1) be an LMC algebra with a sequentially contin-
uous involution. Let (B, (ga)ac J) be a locally convex algebra with an involution
such that g, (z2*) = (¢o(2))(ga(z*)), and ¢o(x) = go(z*), for all a € I, for all
r€B. Take X =AandY =B. Let T: X — X and §: Y — Y be defined
by T(xz) = zz* and S(y) = yy*, forall x € X, forall yeVY. Let f: X — Y
be a linear mapping such that f(z*) = (f(z))* and f(xz*) = f(x)f(z*), for all
x € X. Then all conditions of Lemma 8.9 are satisfied with M = 1, because
A is an s-topological vector space with respect to T. In fact, the equalities

a(5™(y)) = (9a(S(y)))" and ¢a(f(T"(x))) = ¢a(S"(f(2))) hold good. Thus, if f
is bounded, then f is sequentially continuous.

(4,
(B

The following Theorem 8.11 of Arens [3] is to be extended. This result is known
as the best partial solution to the problems of Michael [32] mentioned in the first
section.

Theorem 8.11. Let f be a complexr multiplicative linear functional on a complex
commutative Fréchet algebra A. Let x1,2o,...,x, € A. Then there is a com-
plex continuous multiplicative linear functional g on A such that f(x;) = g(z;),
forall i=1,2,...,n. Hence, f is continuous on the smallest closed subalgebra
containing any finite subset of A.

This Theorem 8.11 of Arens [3] is to be used along with the Dixon—Fremlin
method and Proposition 8.1 in the proof of the next theorem.

Theorem 8.12. Let (A, (pa)aej) be a complex commutative sequentially complete
LMC algebra. Let Ay be the smallest subalgebra generated by a finite subset
{uy,ug,...,un} of A. Let f be a complex multiplicative linear functional on
A, If (wp)S2, is a sequence in Ay, which converges to some w in A, then
flw,) — f(w), as n — oo.

Proof. Let E be a bounded subset of A;. For each n, let I,, = {a € I : po(z) < n,
for all o € EU{uy,ug,...,un}}, and let ¢,(z) = sup {pa(z) : « € I}, for all
x € A Let Ay = {x € A : ¢,(z) < oo, forall n}. Then (As,(g,)22,) is a
Fréchet algebra, A; C Ay and E is a bounded subset of (As, (¢,)5,). Let A3 be
the closure of A; in (As, (¢,)22 ;). Then, by Theorem 8.11, f|4, is continuous with
respect to (¢,)52, and hence f(FE) is a bounded set. That is, f is bounded on
(A1, (Pa)acr)- Let w € A and let (w,)2, be a sequence in A; converging to w in
(A, (Pa)acr). Let Ay be the smallest subalgebra generated by {uy, ug, ..., up,w}.
Then f is bounded on A4, and hence f is sequentially continuous on (A4, (Pa)acr),
by Proposition 8.1. So, f(w,) — f(w), as n — o0. O

9. UNIQUENESS OF TOPOLOGY

Carpenter [8] proved that every complex commutative semisimple Fréchet al-
gebra has a unique Fréchet algebra topology based on a bounded-unbounded-
contradiction technique. This result is to be modified by extending the technique.
Carpenter [8] used the Shilov idempotent theorem for commutative Fréchet alge-
bras, which was observed by Rosenfeld [41]. The same arguments are applicable
to establish the following Lemma 9.1, which was used in [44].
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Let (A, (pa)ag) be a complex commutative LMC algebra with an identity.
For each o € I, let A, be the completion of the normed algebra A/p_'(0),
where the norm is induced by p,. The norm on A, will also be denoted by p,.
Let M(A), M(A,) denote the collection of all nonzero continuous multiplicative
linear functionals on A and A,, respectively. Consider each M (A,) naturally as a
topological subspace of M (A) under the Gelfand topology. In fact, if o € M(A,),
and T, : A — (A/ps"1(0)) C A, is the quotient mapping, then ¢ o7, € M(A),
and M (A,) is identified as a subset of M(A) through the mapping ¢ +— ¢ o 7,.

The arguments used in [8, 41] to prove the Shilov idempotent theorem for
complex commutative Fréchet algebras with identity element are applicable even
to establish the next Lemma 9.1.

Lemma 9.1 (Shilov idempotent theorem). Let (A, (Pa)ae 1) be a complex commu-
tative complete LMC' algebra with an identity element. Let E and F be nonempty
subsets of M (A) such that EUF = M(A). Suppose that ENM (A,) and FNM(Ay)
are closed in M(A,), forall o € I. Then there is an idempotent e in A such
that f(e) =1 and g(e) =0, forall f€ E and g€ F.

Proof. (An Outline): For each o € I, and for each f € M(A,) let us use
the notation f’ for the natural corresponding multiplicative linear functional on
A, /(Radical of A,). By the classical Shilov idempotent theorem for Banach al-
gebras ( [7, Section 21, Theorem 5]), for each v € I, there is a unique idempotent
e in A./(Radical of A,) such that f'(e,’) =1, for all f € ENM(A,) and such
that ¢'(e, ) = 0, for all g € FNM(A,). By using [7, Section 8, Theorem 14], for
each o € I, from e, , let us construct an idempotent e, in A, such that f(e,) = 1,
for all f € EN M(A,) and such that g(e,) = 0, forallg € FN M(A,). Let
e = (ea)acs- Then e € A, a projective limit of (A, )aes, and this is a required
idempotent. O

Theorem 9.2. Let (A, (pa)ael) be a complex commutative semisimple complete
LMC algebra with identity such that M (A) has no isolated points. Let (B,d) be a
complex F-algebra with identity. Let T : B — A be a surjective homomorphism.
Then T has a closed graph in B x A. Moreover, kerT is closed. Let Ty :
B/kerT — (A, (Pa)acr) be the natural map defined by T\(y + ker T') = T'(y),
for all y € B, when B/kerT is endowed with the quotient topology induced by
d. Then Ty has a closed graph, and hence T{ *(E) is bounded whenever E is a
bounded subset of (A, (Pa)acr)-

Proof. Let S ={f € M(A): foT is continuous on B}. Let us first assume that
the closure of S is not equal to M (A) with respect to the Gelfand topology. Let
f be in M(A), which is not in the closure of S in M(A). Since f is not isolated
in M(A), then f is not isolated in M(A,), for some a € I, by Lemma 9.1, the
Shilov idempotent theorem. For, if f were isolated in every M (Ag) in which f is a
member, then there would be an ideompotent e such that f(e) =1 and g(e) = 0,
forall g € M(A) \ {f} so that f would be isolated in M(A) with respect to
the Gelfand topology. Then M(A,) \ (Closure of S) is a nonempty open set in
M (A,) containing f, which is not isolated with respect to the Hausdorff Gelfand
topology. So, there is a sequence of distinct functionals fi, fa,... in M(A,) such
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that they are not in the closure of S. By [8, Lemma 2 |, there is a sequence
21, 22, ... in B such that f;0T(z;) =0 fori < k and f; 0T (z;) # 0 for ¢ > k. Use
induction to construct a sequence x1, xs,... in B such that

(1) maxj<;<; d(O, ZjZi41 - - Zil'i) < 2_i,

.. —1 . —1

(i) [fioT(x:)| > (Ifio T2, sz - 2xy)| + )| fio T(2122. .. 2i)|
It is possible to construct these x;, because each f; oT" is not continuous at zero.
Let x = 221 2129 ... z;x;. For each positive integer k > 1, it is true that

o

-1

feoT(x)=froT (Y ziz9...2ix;) + froT (2122 .. 2xTk)

=1

o0

+ froT(z129. .. zpp1Tks1) + fro T((z122 -+ - 2k11) Z 242 - - ZiT;)-
i=k+2

Therefore, when (ii), with ¢ = & in the form |fy o T(2120 . .. zi)|| fr o T (zx)| — | fr ©
T(Zf;l 2129 ... 2;)| > k is applied,

E

—1
|[feoT(x)| > |froT(z122. .. zxxp)| — |fro T(Y z129...z1)| >k,
i=1

forall k£ > 1. This is impossible, because fr, € M(A,), and |fi(T(x))| <
pa(T(z)), forall k. So, S is dense in M(A), and hence T has closed graph,
because A is semisimple. (Verification: Consider a net (z,)aep converging to
zero in (B, d) for which (T'(24))aep converges to some y in (A, (pa)acr)- It should
be proved that y = 0. If g € S, then (g o T'(x4))aep converges to zero, as well as
to ¢g(y), so that g(y) = 0. Let g be in M(A), the closure of S. Fix ¢ > 0. Find
h € S such that |h(y) — g(y)| < €, where h(y) = 0. So, |g(y)| < €, for all € > 0.
Thus, g(y) =0, for all g € M(A). Since A is semisimple, y = 0.)

Let (x,)22, be a sequence in ker T" such that x,, — = in (B, d), as n — oc.
Since foT(x,) — foT(x), asn — oo, forall f €S, then foT(z) =0,
for all f € S. Hence it is true for every f in the closure of S. For, if g € M(A),
then for a given € > 0, there is f € S such that |f o T'(z) — g o T'(z)| < e,
where foT(x) = 0. That is, foT(x) = 0, forall f € M(A). So, if x is in
the closure of ker T, then, by [32, Corollary 5.5], T'(x) € (;cpra) f~'(0) = {0}
Hence x € kerT'. This proves that ker T is closed. The earlier part implies that
Ty has a closed graph. Then the bijective mapping 77 * also has a closed graph so
that Theorem 2.1 is applicable for 7, '. Now, Theorem 2.1 implies the remaining
part of the statement. O

Corollary 9.3. For every countable bounded subset E of A, there is a countable
bounded subset F of B such that T(F) = E in the previous theorem. If, in
addition, B is a Banach algebra, then for every bounded subset E of A, there is
a bounded subset F' of B such that T(F) = E.

10. A TECHNIQUE OF ZELAZKO AND GOLDMANN

It was mentioned that Theorem 8.11 is the best partial affirmative answer to the
questions raised by Michael [32], given in Section 1. One more interesting result is
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due to Zelazko [46]. He proved that every complex commutative Fréchet algebra A
with a countable maximal ideal space is functionally continuous. Goldmann [18]
observed that the technique of Zelazko has generalizations by stating and proving
the following Lemma 10.1 for Fréchet algebras when the arguments are extendable
to F-algebras.

Lemma 10.1. Let ()32, be a sequence of distinct nonzero continuous multi-
plicative linear functionals on an F-Algebra A. Then there is a point x € A such

that f;(z) # f;j(x) whenever i # j.

Let us now observe an abstraction of the Zelazko-Goldmann technique.

Theorem 10.2. Let (A, 1) be a topological algebra. Let (A, T3) be an F-algebra.
Suppose that the followings are true.

(i) FEwvery i -continuous multiplicative linear functional on A is To-continuous.

(ii) There is a finite subset {x1,xa,...,x,} in A such that to every multiplica-
tive linear functional f on A, the set Fy = {g : ¢ is a continuous multiplica-
tive linear functional on (A, 1), g(x;) = f(x;), forall i=1,2,...,n} is
at most countable.

(iii) For each subset {x,.1, Tnia} of A, and for each multiplicative linear func-
tional f on A, the set {g : g is a continuous multiplicative linear functional
on (A, 1), g(z;) = f(z;), forall i=1,2,...,n+ 2} is nonempty.

Then (A, ) is functionally continuous.

Proof. Let f be any given multiplicative linear functional on A. Then, by Lemma
10.1, there is an element x,; in A such that g(z,+1) # h(z,+1) whenever g, h €
F; and g # h, because each g in Fy is To-continuous. Fix x,.o in A arbitrarily.
Then there is a continuous multiplicative linear functional g on (A, 71), such that
g(x;) = f(z;), forall i =1,2,...,n+4 2. Since g € Fy, it is unique in F with
the property g(z;) = f(x;), forall i =1,2,...,n+ 1. For this unique g, it is
true that f(z) = g(z), for all z € A, because x, o is arbitrary. That is, f = ¢
on A, and hence f is continuous on (A, 7). O

Let us observe that the following Corollary 10.3 is derivable from the previous
Theorem 10.2. This corollary is the main result of [40].

Corollary 10.3. FEvery complex commutative Fréchet algebra with a countable
maximal ideal space is functionally continuous.

Proof. Let (A, 1) be a given complex commutative Fréchet algebra with identity
and with a countable maximal ideal space M(A). Let f be a multiplicative linear
functional on A. Fix z; € A, arbitrarily. Then {g € M(A) : f(z1) = g(x1)} is
countable, because M(A) is countable. By Theorem 8.11, for any z,, x5 in A,
{g € M(A): f(x;) = g(z;),i = 1,2,3} is nonempty. Take 75 = 7 in the previous
Theorem 10.2 to conclude that f is continuous on (A, 7). O

Remark 10.4. The conditions (ii) and (iii) in Theorem 10.2 can be replaced by
the following single condition.

(ii)’ To any given multiplicative linear functional f on A, there is a finite set
{z1,29,...,z,} in A such that the set Fy = {g : ¢ is a continuous multiplicative
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linear functional on (A, 1), f(x;) = g(x;), forall i = 1,2,... n} is at most
countable and such that for each subset {z,.1,%,12} of A, the set {g : ¢ is
a continuous multiplicative linear functional on (A, 7)), f(z;) = g(z;), for all
i=1,2,...,n+ 2} is nonempty.

11. TECHNIQUES FOR MEASURABLE CARDINAL NUMBERS

A nonempty set X is said to have a measurable cardinal number, if there is
a countably additive measure p : P(X) — {0,1} on the power set P(X) of X
such that p(X) =1 and u({z}) =0, for all x € X. According to this definition,
if a set X has a measurable cardinal number (or, has measurable cardinality),
then it should be an uncountable set. The following Theorem 11.1 was proved by
Larotonda and Zalduendo [30].

Theorem 11.1. Let I be a nonempty set. Then the followings are equivalent.

(a) The cardinality of I is nonmeasurable.

(b) For every family (A;)icr of algebras, every multiplicative linear functional f
of the product A = [],.; A; factors through some Ay. That is, f = fyomy,
where w, : A — Ay is the projection and fi is a multiplicative linear
functional on Ayg.

(c) Ewvery product A =[]
tionally continuous.

e1 Ai of functionally continuous algebras is func-

As usual, the topologies on products are product topologies and algebraic op-
erations on products are coordinate-wise operations. Let us recall the followings,
which are already known in connection with measurable cardinals.

Consider a countably additive measure p : P(X) — {0, 1} such that u(X) = 1.
Let My = {F C X : u(E) = 0} and let M; = {E C X : u(E) = 1}. If
u({x}) =0, for all z € X, then X has a measurable cardinality, and M, and M,
are subcollections of P(X) having the following properties.

(1) If AC X, then either A € M, or A € M, exclusively.

(2) If AC X, then either A € My or X \ A € My, exclusively.

(3) If AC BC X, and B € My, then A € M,.

(4) If x € X, then {x} € M.

(5) If Ay, Ay, ... are (pairwise disjoint) members My, then U | A, € M.
On the other hand, if My and M; are nonempty subcollections of P(X) satis-
fying the conditions (1)-(5),then let us define p : P(X) — {0,1} by u(E) =
0, for all £ € M, and pu(F) =1, for all E € M; to obtain a countably additive
measure 4 such that p({z}) = 0, for all z € X. Now, let us consider another
condition /property.

(5") If (Aa)aer is a collection of (pairwise disjoint) members of My, and I has
no measurable cardinality, then U,cr A, € M,.

First, let us assume that M, and M; satisfy (1)—(5). Consider a collection
(Aa)aer of pairwise disjoint members of M. Let us also assume that U,er A, €
M. Define M(]/ = {J CcI: UQGJAQ S M()} and Ml, = {J CcIr: UaejAa c Ml}
Then My" and M, also satisfy the (corresponding) conditions (1)-(5). This means
that I has measurable cardinality. Thus, if (1)—(5) are true, then (5") should also
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be true. Note that N has no measurable cardinality so that (5') implies (5). It
is further established that if I has no measurable cardinality, then P(/) has no
measurable cardinality. (Verification: Let us begin with a nonzero countably
additive measure p on the collection of all subsets of {0,1}/ such that it takes
values in {0,1} and such that it assumes value 0 for each singleton subset of
{0,1}!. Consider the corresponding My and M;. For each a € I, let B, =
{(z)per € {0,1} : 24 = 0}, let C, = {(z5)per € {0,1} : 24 = 1}, and let
D, = B, or C, when u(B,) =1 or when p(C,) = 1, respectively. Then by (5'),
NacrDo € M. Indeed, Nyer D, is a singleton subset of {0,1}! so that it is a
member of My.)

In particular, R has no measurable cardinality. A generalization may be seen
in [0, p. 43]. Moreover, any finite Cartesian product of sets having nonmeasurable
cardinality should also have nonmeasurable cardinality. (Verification: Suppose
that I and J have nonmeasurable cardinality. Let K be one among these two
sets for which the cardinality is greater than or equal to the cardinality of the
other one. Then the cardinality of I x J is less than or equal to the cardinality
of {0,1}%. This proves that I x J has no measurable cardinality.)

Let us again begin with a countably additive measure p : P(X) — {0, 1} such
that p(X) = 1 and such that u({z}) =0, for all x € X, and let us consider the
corresponding M, and M; satisfying (1)—(5). Then (5’) is also true. This means
that if pu(A,) = 0, for all @ € I, and if I has no measurable cardinality, then
1(UaerAs) = 0. When the definition of unordered sum is assumed, it is possible
to write the relation pu(UserAa) = Y ,er #(Aq), whenever I has no measurable
cardinality, and A, C X, for all a € I.

Let I be a nonempty set. Let A = R?. For each subset J of I, let e; = (24 )acr,
when z, = 0 for « ¢ J and z, = 1 for « € J. Let f be a nonzero real
multiplicative linear functional on A. Then, by Corollary 8.2, f is sequentially
continuous on R!. Define puy : P(I) — {0,1} by pus(J) = 0 if f(e;) = 0,
pe(J) =1if f(ey) =1, and ps(0) = 0 (in accordance with the relation f(0) = 0).
Since f is sequentially continuous, p is a nonzero countably additive measure. If
I has no measurable cardinality, then f should factor through some coordinate R,
by Theorem 11.1. In the general case, for each (z,)acr, there is J C I such that
pr(J) =1 and z, = 3 whenever o, § € J. On the other hand, if y : P(/) —
{0, 1} is a countably additive measure such that u(I) = 1 and u({a}) = 0, for all
« € I, then for given (z4)aecr € RY, on defining f,,((4)acs) = x5, for all g€ J,
when J C I such that zg = z,, forall 8,7 € J and such that pu(J) = 1,
the functional f, becomes a multiplicative linear functional on RY. (Verification:
Since R has no measurable cardinality, for any fixed element = (7,)aer € RY,
there is unique 7, € R such that £, = {« € I : x, = i,} has u measure value 1.
In this case, f,(z) = i,. Now, it can be verified with the help of the properties
(1)—(5) that f, is a multiplicative linear functional.) All these things are known
(see [30]). Indeed, sequential continuity obtained through Corollary 8.2 simplifies
the arguments.

Let us first concentrate on positive linear functionals on R!. Let us use the
notation e; defined in the previous paragraph.
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Lemma 11.2. Let f be a nonzero real linear functional on R! such that f((x)acr)
> 0, whenever x, > 0, forall « € I, and such that f(e;) = 0 or 1, for all
J CI. Then f should be a multiplicative linear functional on R!.

Proof. By considering the natural extension of f to C!, by Corollary 8.4, it is
concluded that f is sequentially continuous on RY. Hence p : P(I) — {0,1}
defined by u(J) = f(es) is a countably additive measure. The functional f,
defined above coincides with f. Then f is a multiplicative linear functional on
R'.

Another proof:

This lengthy proof is provided as an application of the Gleason—Kahane—
Zelazko theorem. Let us consider again f as a restriction of a positive linear
functional g on C!. Let (24)acs € ker g. It is claimed that 2, = 0 for some a € I.
Since (Re 4 )acr € kerg and (Im x,)aer € ker g, to establish this claim, let us
assume without loss of generality that x, are real, for all a € I. That is, let us
assume that (x4)aer € ker f. Suppose that the claim is not true for this (z4)aer-
Let J ={ae€l:x, >0} Then I\ J = {a €z, <0}. Define (yq)aer,

(yal>a617 (Zoc)aef and (Zozl>a61 by

Yo — {,/xa ifaeJ,

0 ifadJ,
’ L lfOéej,
Yo = Yor .
0 ifadgl,
. —/—x, faéglJ,
“ o if a € J,
’ zi lfOzQJ,
Zq =4 Zo
0 ifaeld

By the Cauchy—Schwarz inequality,

0< \f(eJ)IQ = ’f((y;)aelej(ya)ael)\z < f((y;2>a61)f(eJ(xa)a€I>

and

0< |JC(€I\J)|2 = |f((z;)aeI€I\J(Za)aeI)|2 < f((Z;2>a61>f(_€I\J($Oé>aGI)'

So, if e7(%a)acr € ker f then f(e;) = 0, and, if ep j(2a)acr € ker f then f(ens) =
0. On the other hand, by the Cauchy—Schwarz inequality, if f(e;) = 0, then
€J<xa)oz61 € kerfa anda if f(el\J) = 07 then eI\J<:Ua)a€I € kerf- If eJ('I.a)aGI
€ ker f, then ep j(za)acr € ker f, because (es + eng)(Ta)acr = (Ta)acr € ker f.
Similarly, if ep j(Za)acs € ker f, then e;(zq)acr € ker f. Therefore, f(e;) = 0 if
and only if f(ens) = 0. This is a contradiction, because f(e;) = 1. So, o = 0
for some . Thus ker f C ker g C SingC!. By Theorem 7.3, g is a multiplicative
linear functional on C!, because it is sequentially continuous in view of Corollary
8.4. So, f should be a multiplicative linear functional on R’. O
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Theorem 11.3. Let f be a nonzero real positive linear functional on RY (That
is, f((xa)acr) > 0, whenever xo, > 0, for all o € I). Then there are finitely
many positive constants k1, ko, ..., k; and there are finitely many nonzero distinct
multiplicative linear functionals f1, fa, ..., fi such that f = ki fi+kafo+---+ ki f.

Proof. Suppose that there are infinitely many pairwise disjoint nonempty subsets
By, Bs, ... of I such that f(ep,) # 0, for every i = 1,2,.... Since f is a positive
linear functional, this is impossible because

— 1 —~ 1
f(zl f(eBi)eBi) > f(zl @631') =n,

for every n. So, there are only finitely many pairwise disjoint nonempty subsets
By, By, ..., By of I such that f(ep,) # 0, forall i =1,2,...,[, and such that if
B C B;, for some i, then f(ep) = 0or f(ep) = f(ep,) so that f(en(sup,u-up)) =
0. Define k; = f(ep,) and

fil(za)acr) =

1
f(eBi>

forall 4 =1,2,...,1, and for all (z4)ac; € R!. By the previous Lemma 11.2,
each f; is a multiplicative linear functional on R?. Since f(e I\(B1UBsU--UBy)) = 0,
it follows from the Cauchy—Schwarz inequality

f(en.(Ta)acr);

| flen(muBsu-uBy (Ta)act)|? < flenmiunsu-up)) F(22)acr)

that f(en(BuB,u-uB)(Ta)acr) = 0, for all (z4)acr € R!. Hence, f = kifi +
kofo+ -+ kifi. O

Theorem 11.4. Let I be a nonempty set that has no measurable cardinality.
Let (An)acr be a collection of complex algebras with identities and involutions.
Let A = [],c; Aa denote the complex algebra with the natural identity and the
natural involution. Let f be a monzero positive linear functional on A. Then
f=kifi+tkafo+ -+ kfi, for somel > 1, for some k; >0, i =1,2,...,1,
and for some nonzero positive linear functionals f;, 1 = 1,2,...,1, which factor
through coordinates, and which satisfy fi(e;) =1, forall 1 =1,2,... 1.

Proof. Consider R as a subalgebra of [I,c; Aa in terms of identities, and consider
the restriction g of f to R, Then g = kig1 + kags + - - - + kyg;, for some [ > 1, for
some k; > 0,7 =1,2,...,[, and for some distinct nonzero multiplicative linear
functionals g1, gs,...,q on R!, by Theorem 11.3. Since I has no measurable
cardinality, by “(a) implies (b)” part of Theorem 11.1, there is a finite subset
{a1,as, ..., o} of I having distinct elements such that gi(efq;;) = 0 for i # j,
gi(efa,;y) = 1 for i = j. Note that

0< ’f((xa)aelel\{ahoe ----- az})‘Q < ’f(el\{auaz,---,az}ﬂ’f((xaxZ)ad)’
= 0x |f((xaxoz*)a61)’ = Oa

for all (z4)acr € A. So, f((za)acs) = f((Ya)acr), where y, = 0, for all € I\
{ag,a,...,q} and y, = z,, forall @ € {ay,9,..., o}, for all (z,)aer € A.
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For each i = 1,2,...,1, define fi((za)acr) = f((Ya)acr) with yo = £z, for
a = q;, and y, = 0 for a # a4, for all <. Then

f((za)acr) = (kifi + kafo + - + ki fi)((Ta)aer), for all (z4)acr € A.
This completes the proof. O

Definition 11.5. Let (A, )aecr be a collection of vector spaces over the field R
or C. Let A =TJ, ., Aa be the product of vector spaces. Two elements (24 )acs
and (Ya)aer in A are said to be disjoint, if y3 = 0 whenever zg # 0, and =, = 0
whenever y, # 0. A linear functional f on A is said to be sequentially disjointness
preserving, if for every sequence ((z;n)acr)52, of pairwise disjoint elements in A,

it is true that f(3 oo (Zia)aer) = D sy f(Zia)acr) = [((Zja)act), for some j.

Theorem 11.6. Let I be a nonempty set. Let A= [],.; Ao when each A, = B
is a topological vector space. That is, A= B'. Let Be = {(%a)acr € A : T = 13,
forall o, B € I}, and suppose that B has no measurable cardinality. Let D be
a directed set that has no measurable cardinality. Let f be a linear functional on
A such that (f(zs))sep converges to zero whenever (zs)sep is a net in B, which
converges to zero. Let (x5)sep be a net in A converging to zero. Then (f(xs))sep
converges to zero, if [ is sequentially disjointness preserving on A.

Proof. Suppose that f is sequentially disjointness preserving on A. For each
x5 = (%sa)acr, there is a nonempty subset I5 of I such that x5, = zss, for all
a,f € Is and such that f(xs) = f(z5), when 25 = (250)acs is defined by
Zsa = Tgso for a € Iy and z5, = 0 for a &€ Is, because f is sequentially dis-
jointness preserving, and B has no measurable cardinality. (Verification: If
f((zsa)acr) = 0, then I5 can be any nonempty subset of I satisfying the condition
Tsa = Tsp, for all a, B € I5. Suppose f((@sa)acr) # 0. Define ps : P(I) — {0,1}
by p5(7) = 0 when f((ya)aer) = 0, jis(J) = 1 when f(y)acr) = F((Zsa)act):
and when y, = x5, foralla € J, and y, = 0, foralla« € I\ J. Since f is
sequentially disjointness preserving, ys is a countably additive {0, 1}-measure on
I. For each x € B, let I, = { € I : x5 = x}. Then the set {I, : + € B} has
no measurable cardinality, because B has no measurable cardinality. Then there
is unique = € B such that ps(I,) = 1, by (5’) given after Theorem 11.1. Let us
take I5 as this I,.)

Since f is sequentially disjointness preserving and D has no measurable cardi-
nality, the intersection of all I for which f(xs) # 0 is nonempty. (Verification:
Define pup : P(I) — {0,1} by u(J) = Lif f((ya)acr) # 0, for some (yo)acr € A for
which y, =0, for all « € I'\ J; and p(J) = 0, otherwise. Since f is sequentially
disjointness preserving mapping, pp is a countably additive {0, 1}-measure on I.
Then Is is a member of the corresponding M; whenever f(xs) # 0. Then the
intersection of all such Is should also be a member of M, by (5') given after
Theorem 11.1). So, without loss of generality, let us assume that all these I; are
equal, when they are considered as the intersection of all I5 for which f(zs) # 0.

For each 0 € D, when f(x5) # 0, define y5 = (Ysa)acsr in A by Ysoa = Tsqo if
a € Iy and ysq = x55 with 5 € I5 if a € I5. When f(zs5) = 0, then let us define
ys = 0. Then f(ys) = f(xs5), forall § € D. Since ys € B., forall 6 € D and
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(ys)sep converges to zero, then (f(xs))sep converges to zero, because (f(ys))sen
converges to zero. O

Remark 11.7. Observe that B, given in the previous Theorem 11.6 is topologically
homeomorphic and linearly isomorphic with B. This remark can be applied to
the following Corollary 11.8, along with Theorem 11.3.

Corollary 11.8. If f is a real positive linear functional on RY (In particular, if
f is a real multiplicative linear functional on RY), for some nonempty set I, then
(f(x5))sep converges to zero, whenever (x5)sep converges to zero and D has no
measurable cardinality.

Theorem 11.9. Let I be a nonempty set. Let ((Aa, (Dai)i21))acs be a collection
of nonzero commutative Fréchet algebras in which each po; is a sub-multiplicative
seminorm. Let A = [[.c; Aa- Let f be a nonzero real multiplicative linear
functional on A. Let (x5)sep be a bounded net converging to zero in A, when D
has no measurable cardinality. Then (f(xs))sep converges to zero.

Proof. Since A is a complete LMC algebra, the real multiplicative linear functional
f is sequentially continuous on A, by Corollary 8.2. For each J C I, let us use
the notation [ . ; Aq even for the subalgebra {(z4)acr € A: 34 =0, for all a €
I\ J} of A, when J = 0, it is the zero subalgebra. Define ps : P(I) — {0,1} by
pr(J) =0 when f(I],c; Aa) = {0}, and py(J) = 1 when f(]],c; Aa) = R. The
sequential continuity of f on A implies that uy is a countably additive measure
on I such that pp(I) = 1, because f is nonzero on A. (Verification: Let us
observe that p¢(1\ J) = 0 whenever ps(J) = 1, and that pus(/\ J) = 1 whenever
pe(J) = 0. Let Jy,Jo,... be a sequence of pairwise disjoint subsets of I for
which p(J,,) =0, for all n. Let J = U2, J,. Consider a general element (ya)aec.s
that may be considered in the form Y ° | (¥a)aes, in terms of the symbols for
Cartesian products. Then f((ya)acs) = Y ey [((Ya)acs,) = 0, by the sequential
continuity of f. This proves that ps(J) = 0. This proves that ps is countably
additive.)

For each § € D, let x5 = (25a)acs. For each fixed « € I, and i = 1,2,3,...,
let us define M,; = sup{pai(zso) : § € D}. For every sequence (M,;)72,, let
In={p €1:(Mg)2, = (Ma)2,}. Then the set {Iz: § € I} has no measur-
able cardinality, because the cardinality of this set is less than or equal to the
cardinality of RY, and RY has no measurable cardinality. Then there is at most
one I, such that ps(l,) = 1, by(5’) given after Theorem 11.1. By considering
the restriction of f to Hﬂe 1. Ap, let us assume without loss of generality that
(Mpg;)2, are equal for all g € I, in view of Theorem 11.1 and Corollary 4.3.

For each a € I, let us consider ((pai(Zsa))sen)i; and let us define I, = {5 € I :
((pgi(z58))sen)i2t = ((Pai(Tsa))sen)2q }- Since D has no measurable cardinality,
the set {Ig : § € I} has no measurable cardinality, because the cardinality of the
latter set is less than or equal to the cardinality of (R)(DN). Then there is at most
one I, such that u;(I,) = 1. By considering the restriction of f to []sc; As,
let us assume without loss of generality that ((pg;(zss))sep)i2; are equal for all
B el
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For every i = 1,2,3,..., let us define p;(z) = sup,c;Pai(®a), forall z =
(Ta)aep € A. Let us now define Z = {x € A: p;j(x) < oo, foralli=1,2,3,...}.
Then (Z, (p;)$2,) is a commutative Fréchet algebra, f restricted to this algebra
is continuous (by Corollary 4.3), and (zs)sep is a net converging to zero in this
algebra. So, (f(zs))sep converges to zero. O

Theorem 11.10. Let I be a nonempty set. Let ((Aa, (Pai)i21))acr be a collection
of nonzero complex commutative Fréchet algebras with continuous involutions in
which each pa; is a sub-multiplicative seminorm. Let A = HaeI A, with the
natural involution defined by the involutions of the algebras A,. Let f be a
nonzero complex multiplicative linear functional on A such that f(x) = f(z*),
forallx € A. Let (x5)sep be a bounded net converging to zero in A, when D

has no measurable cardinality. Then (f(xs))sep converges to zero.

Proof. By the previous Theorem 11.9, and by considering the restriction of f to
{r € A:x = z*}, it can be concluded that (f(ys))sep converges to zero, and
(f(25))sep converges to zero, when ys = wé;m‘; and z5 = 2272, Hence (f(25))sep

converges to zero. ]

Theorem 11.11. Let I be a nonempty set. For each a € I, let ((Aa, (Pai)i2y)) be
a By algebra with an identity e, in which (pai)i2, is a family of seminorms such
that pm’(iﬂy) < pa(z’+1)($)pa(i+1)(y) and pai(ﬂ?) < pa(i+1)(33); forallx,y € Ay and
foralli =1,2,3,... Let A = [],c; Aa- Let f be a nonzero real multiplicative
linear functional on A. Let (zs5)sep be a bounded net converging to zero in A,
when D has no measurable cardinality. Then (f(xs))sep converges to zero.

Proof. Let us consider R as a subalgebra of A through the identities e,. Since
this topological subalgebra is the usual complete LMC algebra, f restricted to
this subalgebra is sequentially continuous, by Corollary 8.2. Define py : P(I) —
{0,1} by ps(J) = 0 when f(e;) = {0}, and pus(J) = 1 when f(e;) = 1. The
sequential continuity of f on R’ implies that u; is a countably additive measure
on I such that pp(I) = 1, because f is nonzero on A. (Verification: Let us
observe that p¢(1\ J) = 0 whenever ps(J) = 1, and that pu¢(I\ J) = 1 whenever
pr(J) =0. Let Jy, Jo, ... be a sequence of pairwise disjoint subsets of I for which
p(J,) =0, foralln. Let J = U2 J,. Then f(es) = > 2, f(es,) = 0, because
ey =Y o ey, and because of the sequential continuity of f on R’. This proves
that pp(J) = 0. This proves that uf is countably additive.)

For each 0 € D, let x5 = (25 )acs. For each fixed « € I, and i = 1,2,3,.. ., let
us define M,; = sup{pai(zsa) : 6 € D}. Then it is possible to assume without loss
of generality that (Mg,;)2, are equal for all 5 € I. It is also possible to assume
without loss of generality that ((pgi(xs3))sen)i2, are equal for all g € I.

For every i = 1,2,3,..., let us define p;(z) = sup,c;Pai(za), forall z =
(a)aep € A. Let us now define 7 = {z € A : pi(x) < oo, foralli =
1,2,3,...}. Then (Z, (p:);2,) is a By algebra such that p;(z) < p;y1(x) and
pi(zy) < piv1(x)pivi(y), for every ¢ = 1,2,..., and for all z,y € Z. Then f
restricted to (Z,(p;)$2;) is continuous(by Corollary 4.3), and (xs)sep is a net
converging to zero in this algebra. So, (f(xs))sep converges to zero. O
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Theorem 11.12. Let I be a nonempty set. For each o € I, let ((Aw, (Pai)$2y))
be a By algebra with an identity e,, and with a continuous involution, in which
(Pai)i2y is a family of seminorms such that pai(ry) < Paq+1)(T)Pagi+1)(y) and
Pai(7) < Pagiyy(x), forallz,y € Ay and for alli=1,2,3,... Let A=1]],c; Aa
with the natural involution defined by the involutions of the algebras A,. Let f be
a nonzero complex multiplicative linear functional on A such that f(x) = f(z*),
forall x € A. Let (x5)sep be a bounded net converging to zero in A, when D
has no measurable cardinality. Then (f(xs))sep converges to zero.

Proof. 1t is similar to that of the proof of Theorem 11.10, but by using Theorem
11.11. OJ

Theorem 11.13. Let I be a nonempty set. Let ((Aa, || - ||a))acr be a collection
of nonzero complex Banach algebras with identity elements e, € 1. Let A =
[I,c; Aa- Let f be a nonzero complex multiplicative linear functional on A. Let
(x5)sep be a bounded net converging to zero in A, when D has no measurable
cardinality. Then (f(xs))sep converges to zero.

Proof. Consider C! as a complex subalgebra of A through identity elements and
consider R’ as its real subalgebra. Then let us define a countably additive {0, 1}-
measure on I, as it was done in the proof of Theorem 11.11.

For each § € D, let 5 = (Zs0)acs- For each fixed a € I, let us define M, =
sup{||Zsalla : 0 € D}. Then it is possible to assume without loss of generality
that Mgz are equal for all 5 € I. It is also possible to assume without loss of
generality that (||zss||s)sep are equal for all g € I.

For every © = (z4)aer € A, let us define ||z|| = sup,c; ||alla- Let us now
define Z = {z € A : ||z|]] < oo, foralli = 1,2,3,...}. Then (Z,|| -]|) is a
complex Banach algebra, f restricted to this algebra is continuous, and (zs)sep
is a net converging to zero in this algebra. So, (f(xs))sep converges to zero. [

12. CONCLUSION

One used to consider the continuity of certain linear functions in the error
analysis of numerical methods. Once continuity happens automatically, then
there would be no need to verify continuity in such cases. In this way, one
used to find practical applications for automatic continuity. Every technique is
important to solve very old problems in automatic continuity, as well as to get
applications in numerical analysis.
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