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ABSTRACT. The aim of this paper is to give necessary and sufficient conditions
for anti-derivations to be zero on 2-torsion free triangular rings. As an appli-
cation of our main result, we present sufficient conditions for anti-derivations
to be zero on block upper triangular matrix rings.

1. INTRODUCTION

Let R be an associative ring. An additive mapping 6 : R — R is said to be
a derivation if §(st) = so(t) + d(s)t for all s,t € R. Also, § is called an anti-
derivation if §(st) = 6(t)s + to(s) for all s,t € R. For any fixed element z € R,
the mapping I, : R — R given by I,(s) = xs — sz is a derivation, which is said
to be an inner derivation. A generalization of derivation and anti-derivation is a
Jordan derivation, which is defined as follows: An additive mapping 6 : R — R
defined by 0(st + ts) = so(t) + d(s)t + td(s) + o(t)s for all s,t € R is called
Jordan derivation. Let R be a 2-torsion free ring; then an additive mapping
§ : R — R is a Jordan derivation if and only if d(s*) = sd(s) + d(s)s for all
s € R. Obviously, any derivation and anti-derivation is a Jordan derivation,
but the converse is, in general, not true (see [2]). It is natural to ask whether
all Jordan derivations are derivations? In 1975, Herstein [8] proved that every
Jordan derivation from a 2-torsion free prime ring into itself is a derivation and
that there is no nonzero anti-derivation on a 2-torsion free prime ring. Herstein’s
conclusion about Jordan derivations has been extended to different rings and
algebras in various directions. BreSar [3] showed that every Jordan derivation
from a 2-torsion free semiprime ring into itself is a derivation. Zhang and Yu [11]
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proved that every linear Jordan derivation of triangular algebras is a derivation,
which is true for Jordan derivations on triangular rings [5]. Triangular rings are
a class of non-semiprime rings. Many authors have studied Jordan derivations
on different rings and algebras. We refer the reader to [2,6, 10] and references
therein. The question “when every anti-derivation is zero?” has received less
attention. Benkovi¢ [2] obtained some results about anti-derivation on upper
triangular matrix algebras. Also, in [1], some results about continuous linear
anti-derivations on C*-algebras have been achieved. In this paper, we obtain
necessary and sufficient conditions for anti-derivation to be zero on triangular
rings, and then as an application of it, we acquire sufficient conditions for anti-
derivations to be zero on block upper triangular matrix rings.

This paper is organized as follows. In Section 2, some necessary definitions
and preliminaries are provided. In Section 3, we present the main result. The
last section is devoted to the characterization of anti-derivations on block upper
triangular matrix rings.

2. PRELIMINARIES
Recall that a Triangular ring Tri(A, M, B) is a ring of the form

a m

Tri(A, M, B) = { {0 )

} :aEA,mEM,bEB}
under the usual matrix operations, where A and B are unital rings and M is
a unital (A, B)-bimodule, which is faithful as a left A-module and also as a
right B-module. Basic examples of triangular rings are upper triangular matrix
rings, block upper triangular matrix rings, and nest algebras. There have been
considerable studies on triangular rings (see [5] and references therein).
Throughout this paper, we assume that A and B are 2-torsion free rings with
identities 14 and 1p, respectively, and that M is a 2-torsion free unital (A, B)-
bimodule, which is faithful as a left A-module and also as a right B-module.
Then the triangular ring Tri(A, M, B) is a 2-torsion free ring with identity I =

14 0
0 1|’

As already noted at Introduction, Zhang and Yu [11] showed that every linear
Jordan derivation on triangular algebras is a derivation, which is true for Jordan
derivations on triangular rings (see [5]). We state this result in the next theorem,
which is used to prove the main result of this paper.

Theorem 2.1. Every Jordan derivation on a triangular ring Tri(A, M, B) is a
derivation.

In [7, Theorem 3.2] (also, see [4, Proposition 2.6]), the structure of a derivation
on a triangular ring has been characterized as follows.

Theorem 2.2. Let 6 : Tri(A,M,B) — Tri(A, M, B) be a derivation. Then

§ = 0 + Iy, where Iy is an inner derivation, for some N = {O } (ne€ M), and

n
0 0
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0 is a derivation on Tri(A, M, B), which is defined by

s(le ml\ _ ala) 7(m)
0O b|) | 0 pBO]|°
where a : A — A and 8 : B — B are derivations and 7 : M — M is an additive
mapping that satisfies
T(am) = ar(m) + a(a)m
and
7(mb) = 7(m)b+ mpB(b)
forallae A, me M, and b € B.
Finally, we note that the Lie brackets on a ring R is defined by [s,t] = st — ts
for s,t € R, and [R, R] = {[s,t] : s,t € R}. The subring of R generated by [R, R],
is denoted by ([R, R]).

3. Main results

In this note, our main result is the following theorem.

Theorem 3.1. Let T = Tri(A, M, B) be the triangular ring. Then the following
statement are equivalent:

(i) Every anti-derivation on T is zero;

(ii) T satisfies
me M, [A,Alm =m[B,B] =0= m = 0.

Proof. (ii) = (i): Let § : T — T be an anti-derivation; then ¢ is a Jordan
derivation. By Theorem 2.1, ¢ is a derivation. In view of Theorem 2.2, ¢ is of the

form
(oS- walem (G 5) o

where 9t € 7,91 = [O n

0 0
of Theorem 2.2.
Since 9 is a derivation and also an anti-derivation, for all T, & € T, we have

J(TG) = TH(G) + §(T)G = §(6T).

} for somen € M, and «, (3, and 7 satisfy the conditions

So
(%, 6]) = 0 (3.2)
forall ,6 € 7T. Letac A, m € M. Set

i efia)

0 am]

Then

[T,68] =56 = [o .
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According to (3.1) and (3.2), we get

o-aren-off 7)< (7)< ]

So 7(am) = 0 for all a € A and m € M. Let a = 14; then 7(m) = 0 for all
m € M. By (3.1), we have

T(am) = ar(m) + ala)m
for all a € A and m € M. Thus
ala)ym =0
for all a € A and m € M. Since M is faithful as a left A-module, we conclude
that a(a) =0 for all a € A.
For all b € B and m € M, we have
T(mb) = 7(m)b+ mp(b),

and since 7 = 0, then mf(b) = 0. The faithfulness of the right B-module M now
implies B(b)=0 for all b € B. Therefore, 0 is of the form

5([8 ?D:["‘([g ?ZD (3.3)

0 n
where 91 = 0 ol

For all a;,as € A, put
| 0 |2 0
Qll_|:0 0:|7 212_|:O (;|’
[Q{ A ] _ [CL17 (IQ] 0
1y %42 0 ol
From (3.2) and (3.3), we find
0 = 5([2, As]) = [y, As] O — N[Ay, 2]

_ {8 [al»gz]”] |

SO

Since aq,ay € A are arbitrary, then [A, Ajn = 0.
0 0 0 0
For all b1, € B, put B; = |:0 b | By, = |f) by
argument as above, we can show that n[B, B] = 0. According to the assumption
(ii), n = 0, and so 6 = 0.
(i) = (ii): Let m € M such that

[A, Aljm = m[B, B] = 0.

] By using a similar

0 m

Set 20 = [0 0

} , and define the additive mapping 6 : T — T by
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for all € € T. Hence, ¢§ is an inner derivation, and for all
ar my Az M2
[0 bl} ! [0 bz} €T,
we have
a1 Myi| (a2 M2 . a10s9 *
(5wl ls = )

_alag*Om_OmalaQ*
| 0 biby| |0 O 0 0 0 biby

- 0 alagm—mblbg
_[Q e hi] ”

On the other hand, in view of the condition [A, Ajm = m[B, B] = 0, we have

sl ) ol )

- [as ms| [0 aym —mb, i 0 aym —mby| |agr my

“ 10 B0 0 0 0 0 b

. _O Qo1 — a2mb1 + agmbl — mbgbl

~ 10 0

. -O a1aLM — mblbg

= o ; } . (3.5)

Comparing (3.4) and (3.5), we find that ¢ is an anti-derivation. According to the
hypothesis, § = 0. Hence 20FT = T for all T € T, so am = mb for all a € A,
m € M, and b € B. If we set a =14 and b = 0, then we conclude m = 0, which
completes the proof. |

In the next corollary, we will give sufficient conditions for anti-derivation to be
zero on triangular rings.

Corollary 3.2. Let T = Tri(A, M, B) be the triangular ring such that ([A, A]) =
A or ([B, B]) = B. Then every anti-derivation on T is zero.

Proof. Let m € M such that
[A, Ajm = m|B, B] = 0.
Then
([A, A)m = m([B, B]) = 0.

If ([A, A]) = A, then Am = 0, and since A is a ring with identity and M is a
unital module, we have m = 0. According to Theorem 3.1, every anti-derivation
on 7T is zero. By similar arguments, if ([B, B]) = B, then we can prove that every
anti-derivation on T is zero. O
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4. DERIVATIONS ON BLOCK UPPER TRIANGULAR MATRIX RINGS

In this section, we present sufficient conditions for anti-derivations to be zero
on block upper triangular matrix rings. We first introduce block upper triangular
matrix rings.

We denote the ring of all n x n matrices over a unital ring R, by M,(R),
n > 1, and the subring of all upper triangular matrices by 7, (R). Suppose
that n > 1 and that n = n; + ng + - -+ + ny, for a finite sequence of positive

integers ni,ng,...,ng, where k& > 1. The block upper triangular matriz ring
T =T (ny,ng,...,ng) is a subalgebra of M, (R) of all matrices of the form
Ry Az - A
B 0 R -+ Ay
0 0 - A

where 2L;; is an n; X n; matrix over R. Also, we call k& the number of summands
of T(ny,na,...,ng). Note that M, (R) is a special case of block upper triangular
matrix rings. In particular, if & = 1 with ny = n, then T (ny,no, ..., ng) = M,(R).
Also, when k = n and n; = 1 for each 1 < i <k, then T (ny,ng,...,ng) = T,(R).
Let T (ny,ng,...,n;) € M,(R) be a block upper triangular matrix ring. The
identity matrix I,, is the identity of T (ni,ne,...,ny), and &;; is the matrix unit.
Suppose that §; = Y7, € and §; = Y7, Citnyttn_y for 2 < j <k, where
¢, = &;. Then {F1,...,3x} is a set of nontrivial idempotents of T (ny,ns, ..., ng)
such that §1 + -+ §r = I, and §,;§;, = 5,8 = 0 for 1 < ¢, 5 < k with ¢ # j.
Moreover, we have §;7T (n1,na,...,n.)8; = My, (R) for any 1 < j < k.

Theorem 4.1. Let R be a 2-torsion free unital ring such that (R, R|) = R, and
let T =T (ny,na,...,nk) be a block upper triangular ring in M,(R) with k > 2.
If ny =1 orn, =1, then every anti-derivation on T is zero.

Proof. Suppose that ny = 1. Set P=F, and Q =1, —P = Fo + -+ + Fs.
Then B and Q are nontrivial idempotents of 7 such that P = QP = 0. Also
QTP =0, PTP, and QT Q are subrings of 7 with unity P and Q, respectively,
such that PTP = M,,,(R) = Rand QTQ = T (ng,ns,...,n,) C M,_p, (R) (ring
isomorphisms) is a block upper triangular ring with £ — 1 summands ns, ..., ng.
So PT*P and QT Q are 2-torsion free unital rings, and PTQ is a 2-torsion free
unital (PT7P, QT Q)-bimodule, which is faithful as a left PTP-module and also
as a right Q7 Q-module. It is easy to check that

T =Tri(PTR, BT, QTAQ)

as an isomorphism of rings. Since ([R, R]) = R and BT = R, it follows from
Corollary 3.2 that every anti-derivation on 7T is zero.

If np, = 1, then we set P = F1 + -+ Fr-1 and Q = I, — P = Fx. By
using similar arguments as above, we can show that every anti-derivation on 7T
is zero. 0

The following result is straightforward.
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Corollary 4.2. Let R be a 2-torsion free unital ring such that ([R, R]) = R, and
let T,(R) with n > 2 be an upper triangular matriz ring over R. Then every
anti-derivation on T is zero.

To prove the next result, we need the following lemma, which was shown in [9,
Corollary in p. 9].

Lemma 4.3. If R is a simple non-commutative ring, then ([R, R]) = R.

Note that if R is a simple ring, then M, (R) with n > 2 is a simple non-
commutative ring.

Theorem 4.4. Let R be a 2-torsion free unital simple ring, and let T =
T (ni,ng,...,ng) be a block upper triangular ring in M,(R) with k > 2. If
ny > 2 orng > 2, then every anti-derivation on T is zero.

Proof. Suppose that ny > 2. Set P=F, and Q =1, — P =F2+ -+ . As
the proof of Theorem 4.1, we have

T =Tri(BTE, BT, Q7Q),

where PTR and QT Q are 2-torsion free unital rings, and PTQ is a 2-torsion free
unital (PT7P, QT Q)-bimodule, which is faithful as a left PTP-module and also
as a right Q7 Q-module. Also, BT*P = M, (R). Since ny > 2, PT*R is a simple
non-commutative ring, it follows from Lemma 4.3 that ([B7°B, PT*B]) = PT*L.
By Corollary 3.2, every anti-derivation on 7T is zero.

If np, > 2, then we set P = F1+ -+ Fr1 and Q =1, — P = Fr. By
using similar arguments as above, we can prove that every anti-derivation on 7
is zero. 0

Finally, we note that it is interesting to study the necessary or sufficient con-
ditions on generalized matrix algebras where any anti-derivation is zero.
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