
Khayyam J. Math. 9 (2023), no. 1, 89-101
DOI: 10.22034/KJM.2022.354990.2625

ON MATRIX-VALUED GABOR BESSEL SEQUENCES AND
DUAL FRAMES OVER LOCALLY COMPACT ABELIAN

GROUPS

UTTAM K. SINHA1 AND LALIT K. VASHISHT2*

Communicated by B. Kuzma

Abstract. We study matrix-valued Gabor Bessel sequences and frames in the
matrix-valued space L2(G,Cn×n), where G is a locally compact abelian (LCA)
group and n is a positive integer. First, we show that the Bessel condition (or
upper frame condition) can be extended from L2(G) to its associated matrix-
valued signal space L2(G,Cn×n), and conversely. However, this is not true
for the lower frame condition. Secondly, we give sufficient conditions for the
extension of a pair of matrix-valued Bessel sequences to matrix-valued dual
frames over LCA groups. A special class of matrix-valued dual generators is
given. It is shown that the symmetric windows associated with a given matrix-
valued Gabor frames constitute a Gabor frame in matrix-valued spaces over
LCA groups.

1. Introduction

Duffin and Schaeffer [5] introduced the concept of frame in separable Hilbert
spaces in the study of nonharmonic expansion of functions. Let H be a separable
Hilbert space with inner product 〈·, ·〉 and its associated norm is given by ‖f‖ =√

〈f, f〉, for f ∈ H. A sequence of vectors {fk}∞k=1 in H is called a frame for H,
if there exist positive scalars αo ≤ βo < ∞ such that

αo‖f‖2 ≤
∞∑
k=1

|〈f, fk〉|2 ≤ βo‖f‖2 (1.1)
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for all f ∈ H. The scalars αo and βo are called lower frame bound and upper frame
bound of {fk}∞k=1, respectively. If it is possible to choose αo = βo, then we say
that {fk}∞k=1 is an αo-Parseval frame (or αo-tight frame). If only upper inequality
in (1.1) holds, then we say that {fk}∞k=1 is a Bessel sequence with Bessel bound
βo.

Let {fk}∞k=1 be a Bessel sequence in H. Then, the map T : ℓ2 → H given by
T ({ξk}∞k=1) =

∑∞
k=1 ξkfk is called the pre-frame operator (or synthesis operator),

and its Hilbert adjoint T ∗ : H → ℓ2 given by T ∗(f) = {〈f, fk〉}∞k=1 is called
the analysis operator. Moreover, T and T ∗ are bounded linear operators on H.
The composition S : H → H is known as the frame operator that is given by
Sf =

∑∞
k=1〈f, fk〉fk. If {fk}∞k=1 is a frame for H, then S is a bounded, linear,

invertible and positive operator on H. This gives the reconstruction formula of
each vector f ∈ H, f =

∑∞
k=1〈f, S−1fk〉fk. This formula in useful in signal

analysis. We refer to books by Christensen [1], Gröchenig [7], Han [8], Heil [9],
and Young [20] for basic theory on frames.

In this work, we study matrix-valued Bessel sequences and frames in the
matrix-valued signal space L2(G,Cn×n), where G is a locally compact abelian
(LCA) group. The matrix-valued signal spaces are related to video imaging and
other applications in signal processing, where signal is multivariate. Xia and
Suter [19] classified and constructed vector-valued (matrix-valued) wavelets with
sampling property. They also showed that certain linear combinations of known
scalar-valued wavelets may yield multiwavelets. Recently, matrix-valued frames
are studied in a series of papers [10–15]. We first discuss an interplay between
matrix-valued Gabor Bessel sequences over LCA groups and its associated Bessel
sequences in atomic spaces. It is shown that the Bessel condition (or upper frame
condition) can be carried from L2(G,Cn×n) to its associated atomic space L2(G)
and vice versa. This is not true for the lower frame condition. We give sufficient
conditions for extension of matrix-valued Bessel sequences with Gabor structure
to dual frame pair. This generalizes a result of [2] to matrix-valued function spaces
over LCA groups. Matrix-valued symmetric Gabor frames are also discussed.

2. Preliminaries

In this section, we review the basic facts and terminology concerning the LCA
group and Gabor frames over LCA groups. Symbols Z and C denote the set
of integers and complex numbers, respectively. Also, T denotes the unit circle
group. Let G denote a second countable LCA group equipped with the Hausdorff
topology. A character on G is a map γ : G → T that satisfies γ(x+y) = γ(x)γ(y),
for all x, y ∈ G. The collection of all continuous characters on G is denoted by
Ĝ, which forms an LCA group under the operation defined by (γ + γ′)(x) :=

γ(x)γ′(x), where γ, γ′ ∈ Ĝ and x ∈ G and an appropriate topology. The group
Ĝ is known as a dual group of G. It is well known that there exists a Haar
measure, unique up to a scalar multiple, on a given LCA group; see [6]. Let
µG and µĜ denote the Haar measure on G and Ĝ, respectively. A lattice of G
is a discrete subgroup Λ of G for which G/Λ is compact. The annihilator of
Λ, denoted by Λ⊥, is defined by Λ⊥ = {γ ∈ Ĝ | γ(x) = 1, x ∈ Λ}, which
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is a lattice in Ĝ. The fundamental domain associated with the lattice Λ⊥ of
Ĝ, denoted by V , is a Borel measurable relatively compact set in Ĝ such that
Ĝ = ∪w∈Λ⊥(w + V ), (w + V ) ∩ (w′ + V ) = ∅ for w 6= w′, w, w′ ∈ Λ⊥. By AutG,
we denote the collection of all continuous automorphisms on G. The space of
measurable square integrable functions over G, denoted by L2(G), is defined as
L2(G) :=

{
f :

∫
G
|f |2dµG < ∞

}
. For a function f ∈ L1

⋂
L2(G), the integral

f̂(γ) =

∫
G

f(x)γ(x)dµG(x), γ ∈ Ĝ,

is known as the Fourier transform of f . It can be extended isometrically to L2(G).
We refer to [6] for basics on LCA groups.

2.1. The space L2(G,Cn×n). Throughout the paper, the matrix-valued func-
tions are denoted by bold letters. Let n be a positive integer. The space of
matrix-valued functions over G, denoted by L2(G,Cn×n), is defined as

L2(G,Cn×n) :=
{
f(x) : x ∈ G, fij(x) ∈ L2(G) (1 ≤ i, j ≤ n)

}
,

where

f(x) =


f11(x) f12(x) . . . f1n(x)
f21(x) f22(x) . . . f2n(x)

... ... . . . ...
fn1(x) fn2(x) . . . fnn(x)

 .

Functions fij are called components or atoms of f . The Frobenius norm on
L2(G,Cn×n) is given by

‖f‖ =
( n∑

i,j=1

∫
G

|fij|2dµG

) 1
2
. (2.1)

It is easy to see that L2(G,Cn×n) is a Banach space with respect to the Frobenius
norm given in (2.1). The integral of a function f ∈ L2(G,Cn×n) is defined as

∫
G

fdµG =


∫
G
f11dµG

∫
G
f12dµG . . .

∫
G
f1ndµG∫

G
f21dµG

∫
G
f22dµG . . .

∫
G
f2ndµG

... ... . . . ...∫
G
fn1dµG

∫
G
fn2dµG . . .

∫
G
fnndµG

 .

For f ,g ∈ L2(G,Cn×n), the matrix-valued inner product is defined as

〈f ,g〉 =
∫
G

f(x)g∗(x)dµG.

Here ∗ denotes the transpose and the complex conjugate. One may observe that
it is not an inner product in usual sense. However, the space L2(G,Cn×n) forms
a Hilbert space with respect to the inner product 〈·, ·〉o defined by

〈f ,g〉o = trace〈f ,g〉, f , g ∈ L2(G,Cn×n),

and 〈·, ·〉o generates the Frobenius norm: ||f ||2 = trace〈f , f〉, f ∈ L2(G,Cn×n).
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2.2. Gabor Frames in L2(G,Cn×n). Let Λ0 be a finite subset of N, B ∈ AutG,
C ∈ AutĜ, Λ a lattice in G, and let Λ′ be a lattice in Ĝ.

Write
ΦΛ0 := {Φl}l∈Λ0 ⊂ L2(G,Cn×n),

G(C,B,ΦΛ0) := {ECmTBkΦl}l∈Λ0,k∈Λ,m∈Λ′ ⊂ L2(G,Cn×n).

For a ∈ G and η ∈ Ĝ, we consider the following operators on L2(G,Cn×n):

Taf(x) = f(xa−1) (Translation operator),
Eηf(x) = η(x)f(x) (Modulation operator).

For l ∈ Λ0, let Φl ∈ L2(G,Cn×n) be given by Φl(x) =
[
ϕ
(l)
ij (x)

]
n×n

. Let B ∈

AutG and let C ∈ AutĜ. A family of functions of the form G(C,B,ΦΛ0) :=
{ECmTBkΦl}l∈Λ0,k∈Λ,m∈Λ′ in L2(G,Cn×n) is called a multiwindow Gabor system in
the space L2(G,Cn×n) over the LCA group G. The functions Φl are called the
matrix-valued Gabor window functions.

Definition 2.1. A frame of the form G(C,B,ΦΛ0) for L2(G,Cn×n) is called a
matrix-valued Gabor frame. That is, the inequality (frame inequality)

αo‖f‖2 ≤
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBkΦl, f
〉∥∥∥2

≤ βo‖f‖2, f ∈ L2(G,Cn×n),

holds for some positive scalars αo and βo. As in the case of ordinary frames, αo

and βo are called frame bounds.

Let Mn(C) be the complex vector space of all n × n complex matrices. The
space

ℓ2(Λ0 × Λ× Λ′,Mn(C)) :=
{
{Ml,j,k} l∈Λ0,j∈Λ

k∈Λ′
⊂ Mn(C) :

∑
l∈Λ0,j∈Λ

k∈Λ′

‖Ml,j,k‖2 < ∞
}

is a Hilbert space and its related norm is given by

‖{Ml,j,k}l∈Λ0,j∈Λ,k∈Λ′‖ =
(∑

l∈Λ0

∑
j∈Λ,k∈Λ′

‖Ml,j,k‖2
) 1

2
.

Let G(C,B,ΦΛ0) be a frame for L2(G,Cn×n). The map V : ℓ2(Λ0 × Λ ×
Λ′,Mn(C)) → L2(G,Cn×n) defined by

V : {Ml,k,m}l∈Λ0,k∈Λ,m∈Λ′ 7→
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

Ml,k,mECmTBkΦl

is called the synthesis operator or the pre-frame operator, associated with the
Gabor frame G(C,B,ΦΛ0). The analysis operator is the map W : L2(G,Cn×n) →
ℓ2(Λ0 × Λ× Λ′,Mn(C)) given by

W : f 7→
{
〈f , ECmTBkΦl〉

}
l∈Λ0,k∈Λ,m∈Λ′

.
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The frame operator of G(C,B,ΦΛ0) is the composition S = VW : L2(G,Cn×n) →
L2(G,Cn×n) given by

S : f 7→
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

〈f , ECmTBkΦl〉ECmTBkΦl,

where f ∈ L2(G,Cn×n). The frame operator is bounded, linear, and invertible on
L2(G,Cn×n).

3. Main results

We begin with a motivational example.

Example 3.1. Let G = T be the circle group and let ϕ ∈ L2(G) be given by
ϕ(t) = 1, t ∈ G. Let Λ be any lattice in G and let Λ′ = Z, a lattice in Ĝ = Z.
Then, the Gabor system {EmTkϕ}k∈Λ,m∈Λ′ = {Emϕ}m∈Z = {e2πim(·)}m∈Z is an
orthonormal basis and hence a Parseval Gabor frame for L2(G). Consider the

matrix-valued function Φ =

[
ϕ ϕ
ϕ ϕ

]
∈ L2(G,C2×2). Then, the matrix-valued

Gabor system {EmTkΦ}k∈Λ,m∈Λ′ does not constitute a frame for L2(G,C2×2).
Indeed, for a non-zero function fo ∈ L2(G), let f ∈ L2(G,C2×2) be given by

f =

[
−fo fo
0 0

]
. Then,

∑
k∈Λ,m∈Λ′

∥∥∥〈EmTkΦ, f
〉∥∥∥2

= 0. Hence, {EmTkΦ}k∈Λ,m∈Λ′ is

not a frame for L2(G,C2×2).

On the other hand, if we take Φ =

[
ϕ11 ϕ12

ϕ21 ϕ22

]
=

[
0 ϕ
ϕ 0

]
∈ L2(G,C2×2), then

for any f =

[
f11 f12
f21 f22

]
∈ L2(G,C2×2), we have

∑
k∈Λ,m∈Λ′

∥∥∥〈EmTkΦ, f
〉∥∥∥2

= ‖f‖2.

Thus, {EmTkΦ}k∈Λ,m∈Λ′ = {EmΦ}m∈Z is a matrix-valued Parseval Gabor frame
for L2(G,C2×2). Indeed {EmTkϕ11}k∈Λ,m∈Λ′ = {Emϕ11}m∈Z and {EmTkϕ22}k∈Λ,m∈Λ′

= {Emϕ22}m∈Z are not Gabor frames for L2(G).

Example 3.1 shows that the frame conditions of a frame for L2(G), in general,
cannot be carried to its associated matrix-valued signal space L2(G,Cn×n), and
vice versa. In this section, we discuss an interplay between Bessel sequences in
L2(G) and its associated matrix-valued space L2(G,Cn×n). The following result
shows that the Bessel condition (upper frame condition) can be carried from
L2(G) to L2(G,Cn×n) and conversely.

Theorem 3.2. The matrix-valued Gabor system {ECmTBkΦl}l∈Λ0,k∈Λ,m∈Λ′ in the
space L2(G,Cn×n) is a Gabor Bessel sequence if and only if for each i, j (1 ≤
i, j ≤ n) and l ∈ Λ0, the family {ECmTBkϕ

(l)
ij }k∈Λ,m∈Λ′ is a Gabor Bessel sequence

for L2(G), where Φl ∈ L2(G,Cn×n) is given by Φl(x) =
[
ϕ
(l)
ij (x)

]
n×n

.
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Proof. For each i, j (1 ≤ i, j ≤ n) and l ∈ Λ0, let {ECmTBkϕ
(l)
ij }k∈Λ,m∈Λ′ be a

Gabor Bessel sequence for L2(G) with Bessel bound U
(l)
ij . Then, for any f =[

fij
]
1≤i,j≤n

∈ L2(G,Cn×n). We compute∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBkΦl, f
〉∥∥∥2

=
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

(∣∣ n∑
r=1

∫
G

ECmTBkϕ
(l)
1rf1rdµG

∣∣2 + · · ·+
∣∣ n∑
r=1

∫
G

ECmTBkϕ
(l)
nrf1rdµG

∣∣2
+
∣∣ n∑
r=1

∫
G

ECmTBkϕ
(l)
1rf2rdµG

∣∣2 + · · ·+
∣∣ n∑
r=1

∫
G

ECmTBkϕ
(l)
nrf2rdµG

∣∣2 + · · ·

+
∣∣ n∑
r=1

∫
G

ECmTBkϕ
(l)
1rfnrdµG

∣∣2 + · · ·+
∣∣ n∑
r=1

∫
G

ECmTBkϕ
(l)
nrfnrdµG

∣∣2)
≤

∑
l∈Λ0

n
( n∑

r=1

U
(l)
1r ‖f1r‖2 + · · ·+

n∑
r=1

U (l)
nr ‖f1r‖2

+
n∑

r=1

U
(l)
1r ‖f2r‖2 + · · ·+

n∑
r=1

U (l)
nr ‖f2r‖2

+ · · ·+
n∑

r=1

U
(l)
1r ‖fnr‖2 + · · ·+

n∑
r=1

U (l)
nr ‖fnr‖2

)
≤

∑
l∈Λ0

n2
(
(max

i
U

(l)
i1 )‖f11‖2 + · · ·+ (max

i
U

(l)
in )‖f1n‖2 + (max

i
U

(l)
i1 )‖f21‖2 + · · ·

+ (max
i

U
(l)
in )‖f2n‖2 + · · ·+ (max

i
U

(l)
i1 )‖fn1‖2 + · · ·+ (max

i
U

(l)
in )‖fnn‖2

)
≤

∑
l∈Λ0

n2(max
i,j

U
(l)
ij )‖f‖2

≤ n2|Λ0|(max
i,j,l

U
(l)
ij )‖f‖2.

Hence, {ECmTBkΦl}l∈Λ0,k∈Λ,m∈Λ′ is a matrix-valued Gabor Bessel sequence in
L2(G,Cn×n) with Bessel bound βo = n2|Λ0|(max

i,j,l
U

(l)
ij ).

Conversely, assume that {ECmTBkΦl}l∈Λ0,k∈Λ,m∈Λ′ ⊂ L2(G,Cn×n) is a matrix-
valued Gabor Bessel sequence with Bessel bound γo. Let i, j (1 ≤ i, j ≤ n),
l ∈ Λ0, and f ∈ L2(G) be arbitrary but fixed.

Choose

h(•) =



0 0 . . . 0
0 0 . . . 0
0 0 f(•)︸︷︷︸

ijth place

0

0 0 . . . 0
0 0 . . . 0

 ∈ L2(G,Cn×n).



GABOR BESSEL SEQUENCES AND DUAL FRAMES OVER LCA GROUPS 95

Then ∑
k∈Λ,m∈Λ′

∣∣∣〈ECmTBkϕ
(l)
ij , f

〉∣∣∣2 ≤ ∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBkΦl,h
〉∥∥∥2

≤
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBkΦl,h
〉∥∥∥2

≤ γo‖h‖2

= γo‖f‖2.

Hence, for each i, j (1 ≤ i, j ≤ n) and l ∈ Λ0, the family {ECmTBkϕ
(l)
ij }k∈Λ,m∈Λ′ is

a Gabor Bessel sequence for L2(G) with the Bessel bound γo. □
Remark 3.3. Example 3.1 shows that the result given in Theorem 3.2 is not true
for the lower frame condition in matrix-valued signal spaces.

The next result gives the majorization of energy of window functions. To be
precise, we can estimate norms of window functions in terms of Bessel bounds.
Theorem 3.4. Let {ECmTBkΦl}l∈Λ0,k∈Λ,m∈Λ′ ⊂ L2(G,Cn×n) be a matrix-valued
Gabor Bessel sequence with Bessel bound βo. Then

(1)
∑
l∈Λ0

‖Φl‖2 ≤ n|Λ0|βo,

(2) ‖ϕ(l)
ij ‖2 ≤ βo for every 1 ≤ i, j ≤ n, l ∈ Λo.

Proof. By the hypothesis, we have∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBkΦl, f
〉∥∥∥2

≤ βo‖f‖2 for all f ∈ L2(G,Cn×n).

Therefore, for any (but fixed) lo ∈ Λ0, ko ∈ Λ,mo ∈ Λ′, we have∥∥∥〈ECmoTBkoΦlo , ECmoTBkoΦlo

〉∥∥∥2

≤ βo‖ECmoTBkoΦlo‖2. (3.1)

We compute
‖Φlo‖4 = ‖ECmoTBkoΦlo‖4

= |trace〈ECmoTBkoΦlo , ECmoTBkoΦlo〉|2

≤ n
∥∥∥〈ECmoTBkoΦlo , ECmoTBkoΦlo

〉∥∥∥2

≤ nβo‖ECmoTBkoΦlo‖2
(

by (3.1)
)

= nβo‖Φlo‖2.
This proves (1).

From the first step of the proof of Theorem 3.2, for each i, j (1 ≤ i, j ≤ n)

and l ∈ Λ0, the family {ECmTBkϕ
(l)
ij }k∈Λ,m∈Λ′ is a Gabor Bessel sequence in L2(G)

with bound βo. That is,∑
k∈Λ,m∈Λ′

∣∣∣〈ECmTBkϕ
(l)
ij , f

〉∣∣∣2 ≤ βo‖f‖2 for all f ∈ L2(G)
(
l ∈ Λ0, 1 ≤ i, j ≤ n

)
.
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Therefore, for fixed ko ∈ Λ,mo ∈ Λ′, we have∣∣∣〈ECmoTBkoΦ
(l)
ij , ECmoTBkoΦ

(l)
ij

〉∣∣∣2 ≤ βo‖ECmoTBkoΦ
(l)
ij ‖2,

which implies
‖Φ(l)

ij ‖2 ≤ βo

(
l ∈ Λ0, 1 ≤ i, j ≤ n

)
.

Hence, (2) is proved. □
3.1. Extension of Bessel sequences to dual frame pairs. Extension of
Bessel sequences to frames or dual frames is one of fundamental topic for re-
search. This is useful in applications of frames in signal processing. In this direc-
tion, Christensen et al. [2] studied the extension of Bessel sequences to frames.
Also, see [16], for the extension of a system to tight frames. Extension of Bessel
sequences to dual frame pairs was further studied in [3,4,15]. The following result
provides sufficient conditions for the extension of a pair of matrix-valued Gabor
Bessel sequences to matrix-valued dual Gabor frames for L2(G,Cn×n). This is
inspired by [2, Lemma 4.1].

Theorem 3.5. Let {ECmTBkΦl}l∈Λ0,k∈Λ,m∈Λ′ and {ECmTBkΦ̃l}l∈Λ0,k∈Λ,m∈Λ′ be
matrix-valued Gabor Bessel sequences in L2(G,Cn×n) with pre-frame operators
VΦ and VΦ̃ and analysis operators WΦ and WΦ̃, respectively. Let I be the identity
operator on L2(G,Cn×n). Assume there exist Ψl ∈ L2(G,Cn×n), l ∈ Λ0, with the
following properties:

(1) {ECmTBkΨl}l∈Λ0,k∈Λ,m∈Λ′ is a matrix-valued Gabor frame for L2(G,Cn×n)

with a dual {ECmTBkΨ̃l}l∈Λ0,k∈Λ,m∈Λ′.
(2) VΦWΦ̃ECmTBkΨl = ECmTBkVΦWΦ̃Ψl, for l ∈ Λ0, k ∈ Λ,m ∈ Λ′.

Let Φ′
l, Φ̃

′
l ∈ L2(G,Cn×n) be such that Φ′

l = (I − VΦWΦ̃)Ψl and Φ̃′
l = Ψ̃l, l ∈ Λ0.

Then, the families

{ECmTBkΦl}l∈Λ0,k∈Λ,m∈Λ′

⋃
{ECmTBkΦ

′
l}l∈Λ0,k∈Λ,m∈Λ′

and

{ECmTBkΦ̃l}l∈Λ0,k∈Λ,m∈Λ′

⋃
{ECmTBkΦ̃′

l}l∈Λ0,k∈Λ,m∈Λ′

form a matrix-valued dual frames pair for L2(G,Cn×n).

Proof. For all f ∈ L2(G,Cn×n), we have
VΦ̃WΦf = VΦ̃({〈f , ECmTBkΦl〉}l∈Λ0,k∈Λ,m∈Λ′)

=
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

〈f, ECmTBkΦl〉ECmTBkΦ̃l.

By condition (1), {ECmTBkΨl}l∈Λ0,k∈Λ,m∈Λ′ and {ECmTBkΨ̃l}l∈Λ0,k∈Λ,m∈Λ′ form
a pair of dual frames for L2(G,Cn×n). Therefore, for all f ∈ L2(G,Cn×n), we
have

(I − VΦ̃WΦ)f =
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

〈(I − VΦ̃WΦ)f , ECmTBkΨl〉ECmTBkΨ̃l
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=
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

〈f , (I − VΦWΦ̃)ECmTBkΨl〉ECmTBkΨ̃l. (3.2)

By using condition (2), we have
(I − VΦWΦ̃)ECmTBkΨl = ECmTBk(I − VΦWΦ̃)Ψl. (3.3)

For any f ∈ L2(G,Cn×n), we have

(I − VΦ̃WΦ)f = f −
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

〈f, ECmTBkΦl〉ECmTBkΦ̃l. (3.4)

By using (3.2), (3.3), (3.4), and Φ′
l = (I − VΦWΦ̃)Ψl, Φ̃′

l = Ψ̃l, l ∈ Λ0, for all
f ∈ L2(G,Cn×n), we have
f =

∑
l∈Λ0

∑
k∈Λ,m∈Λ′

〈f , ECmTBkΦl〉ECmTBkΦ̃l +
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

〈f,ECmTBkΦ
′
l〉ECmTBkΦ̃

′
l.

Therefore, the families {ECmTBkΦl}l∈Λ0,k∈Λ,m∈Λ′
⋃

{ECmTBkΦ
′
l}l∈Λ0,k∈Λ,m∈Λ′ and

{ECmTBkΦ̃l}l∈Λ0,k∈Λ,m∈Λ′
⋃

{ECmTBkΦ̃′
l}l∈Λ0,k∈Λ,m∈Λ′ form matrix-valued dual

Gabor frames for L2(G,Cn×n). □
Remark 3.6. Conditions given in Theorem 3.5 are sufficient but not necessary.
First we recall that a sequence {fk}k∈N in L2(G,Cn×n) is called an orthonormal
sequence if

〈fk, fl〉 =

{
In×n, k = l;

On×n, k 6= l.
(3.5)

Furthermore, a sequence {fk}k∈N ⊂ L2(G,Cn×n) is an orthonormal basis for
L2(G,Cn×n) if it satisfies (3.5) and every f ∈ L2(G,Cn×n) can be written as
f =

∑
k∈N

〈f , fk〉fk.

Now we show that the conditions given in Theorem 3.5 are only sufficient
but not necessary. Let ϕ ∈ L2(T) be given by ϕ(t) = 1, t ∈ T. Let Λ be
any lattice in T and let Λ′ = Z, a lattice in T̂ = Z. Then, the Gabor system
{EmTkϕ}k∈Λ,m∈Λ′ = {Emϕ}m∈Z = {e2πim(·)}m∈Z is an orthonormal basis for L2(T).

Consider

Φ =

[
ϕ 0
0 ϕ

]
∈ L2(T,C2×2).

Then, {EmTkΦ}k∈Λ,m∈Λ′ = {EmΦ}m∈Z is an orthonormal system and for any
f ∈ L2(T,C2×2). We have f =

∑
m∈Z

〈f , EmΦ〉EmΦ. That is, {EmΦ}m∈Z is an or-

thonormal basis for L2(T,C2×2). In particular, we have a pair of matrix-valued
Gabor Bessel sequences {EmΦ}m∈Z and {EmΦ̃}m∈Z = {EmΦ}m∈Z in L2(T,C2×2)
with pre-frame operators VΦ and VΦ̃ and analysis operators WΦ and WΦ̃, respec-
tively. Furthermore, for any f ∈ L2(T,C2×2), we have

VΦWΦ̃(f) = VΦ({〈f , EmΦ̃〉}m∈Z) =
∑
m∈Z

〈f , EmΦ〉EmΦ = f .
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Thus, VΦWΦ̃ = I. That is, I − VΦWΦ̃ = 0. Note that {EmTkΨ}k∈Λ,m∈Λ′ =
{EmTkΦ}k∈Λ,m∈Λ′ = {EmΦ}m∈Z is a matrix-valued Gabor frame for L2(T,C2×2)

with a dual {EmTkΨ̃}k∈Λ,m∈Λ′ = {EmTkΦ̃}k∈Λ,m∈Λ′ = {EmΦ̃}m∈Z.

Choose Φ′ =

[
ϕ 0
0 0

]
, Φ̃′ = 0. Then

{EmΦ}m∈Z
⋃

{EmΦ
′}m∈Z and {EmΦ̃}m∈Z

⋃
{EmΦ̃′}m∈Z

constitute matrix-valued dual Gabor frames for L2(T,C2×2). Indeed, for any
Φ ∈ L2(T,C2×2), we have Φ′ 6= (I − VΦWΦ̃)Ψ = (I − VΦWΦ̃)Φ = 0.

The next result gives sufficient conditions for the extension of a pair of matrix-
valued Gabor Bessel sequences with several generator to matrix-valued Gabor
dual frames for L2(G,Cn×n). This type of extension for matrix-valued wave
packet system over Rd can be found in [15].

Theorem 3.7. Let {ECmTBkΦl}l∈Λ0,k∈Λ,m∈Λ′ and {ECmTBkΦ̃l}l∈Λ0,k∈Λ,m∈Λ′ be
matrix-valued Gabor Bessel sequences in L2(G,Cn×n) with pre-frame operators
VΦ and VΦ̃ and analysis operators WΦ and WΦ̃, respectively. Assume there exist
Ψl ∈ L2(G,Cn×n), l ∈ Λ0, with the following properties:

(1) {ECmTBkΨl}l∈Λ0,k∈Λ,m∈Λ′ is a matrix-valued Gabor frame for L2(G,Cn×n)

with a dual {ECmTBkΨ̃l}l∈Λ0,k∈Λ,m∈Λ′.
(2) VΦWΦ̃TBkΨl = TBkVΦWΦ̃Ψl, for l ∈ Λ0, k ∈ Λ.

Then, there exist Φ′
l, Φ̃

′
l ∈ L2(G,Cn×n), l ∈ Λ0, such that the families

{ECmTBkΦl}l∈Λ0,k∈Λ,m∈Λ′

⋃
{ECmTBkΦ

′
l}l∈Λ0,k∈Λ,m∈Λ′

and

{ECmTBkΦ̃l}l∈Λ0,k∈Λ,m∈Λ′

⋃
{ECmTBkΦ̃′

l}l∈Λ0,k∈Λ,m∈Λ′

form dual matrix-valued Gabor frames for L2(G,Cn×n).
Proof. For any m′ ∈ Λ′, we compute

VΦWΦ̃ECm′Ψl =
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

〈ECm′Ψl, ECmTBkΦ̃l〉ECmTBkΦl

=
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

〈Ψl, E−Cm′ECmTBkΦ̃l〉ECmTBkΦl

= ECm′E−Cm′

∑
l∈Λ0

∑
k∈Λ,m∈Λ′

〈Ψl, EC(m−m′)TBkΦ̃l〉ECmTBkΦl

= ECm′

∑
l∈Λ0

∑
k∈Λ,m∈Λ′

〈Ψl, EC(m−m′)TBkΦ̃l〉EC(m−m′)TBkΦl

= ECm′

∑
l∈Λ0

∑
k∈Λ,m∈Λ′

〈Ψl, ECmTBkΦ̃l〉ECmTBkΦl

= ECm′VΦWΦ̃Ψl.

The result now follows from Theorem 3.5. □
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3.2. Matrix-valued symmetric Gabor frames over LCA groups. Wu and
Cao [18] and Wang and Wu [17] studied symmetric frames with wave packet
structure in the Lebesgue space L2(R2). Let {φm}Mm=1 be a finite set in L2(R2).
The Wang and Wu [17] considered the following functions:

φm
1 (x) =

φm(x) + φm(−x)

2
and φm

2 (x) =
φm(x)− φm(−x)

2
, 1 ≤ m ≤ M.

Wang and Wu [17] showed that if the wave packet system{
Dj

2EℓTkg
m : j ∈ Z, k, ℓ ∈ Z2,m ∈ {1, 2, . . . ,M}

}
is a frame for L2(R2) with frame bounds ao, bo, then the collection{

Dj
2EℓTkg

m
1 ∪Dj

2EℓTkg
m
2 : j ∈ Z, k, ℓ ∈ Z2,m ∈ {1, 2, . . . ,M}

}
is a symmetric or antisymmetric frame about origin with the same frame bounds.
On the other hand, the frame properties, in general, cannot be carried from
L2(G) to L2(G,Cn×n) and vice-versa. In [15], the authors studied matrix-valued
symmetric wave packet frames over Rd. The following result shows that the frame
properties of matrix-valued symmetric Gabor frames over LCA associated with a
given matrix-valued Gabor frame for the underlying function space are preserved.
This is inspired by [17, Theorem 1].
Theorem 3.8. Let {ECmTBkΦl}l∈Λ0,k∈Λ,m∈Λ′ be a matrix-valued Gabor frame for
L2(G,Cn×n) with frame bounds LΦ, UΦ. Then

{ECmTBkΦ
1
l }l∈Λ0,k∈Λ,m∈Λ′

⋃
{ECmTBkΦ

2
l }l∈Λ0,k∈Λ,m∈Λ′

forms a symmetric matrix-valued frame for L2(G,Cn×n) with the frame bounds
LΦ, UΦ, where Φ1

l ,Φ
2
l ∈ L2(G,Cn×n) are defined as

Φ1
l (ξ) =

Φl(ξ) + Φl(−ξ)

2
, Φ2

l (ξ) =
Φl(ξ)− Φl(−ξ)

2
(l ∈ Λ0, ξ ∈ G).

.
Proof. For M1,M2 ∈ Mn(C), it is easy to see that the Frobenius norm satisfies
the following property:

‖M1 +M2‖2 = ‖M1‖2 + ‖M2‖2 + trace(M1
∗M2) + trace(M1M2

∗). (3.6)
Using (3.6), for any f ∈ L2(G,Cn×n), we compute∑

l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBkΦ
1
l , f

〉∥∥∥2

=
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBk
Φl(·)
2

, f
〉
+
〈
ECmTBk

Φl(−·)
2

, f
〉∥∥∥2

=
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBk
Φl(·)
2

, f
〉∥∥∥2

+
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBk
Φl(−·)

2
, f
〉∥∥∥2

+
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

trace
(〈

ECmTBk
Φl(·)
2

, f
〉∗〈

ECmTBk
Φl(−·)

2
, f
〉)
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+
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

trace
(〈

ECmTBk
Φl(·)
2

, f
〉〈

ECmTBk
Φl(−·)

2
, f
〉∗)

. (3.7)

Similarly, for any f ∈ L2(G,Cn×n), we have∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBkΦ
2
l , f

〉∥∥∥2

=
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBk
Φl(·)
2

, f
〉∥∥∥2

+
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBk
Φl(−·)

2
, f
〉∥∥∥2

−
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

trace
(〈

ECmTBk
Φl(·)
2

, f
〉∗〈

ECmTBk
Φl(−·)

2
, f
〉)

−
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

trace
(〈

ECmTBk
Φl(·)
2

, f
〉〈

ECmTBk
Φl(−·)

2
, f
〉∗)

. (3.8)

From (3.7) and (3.8), we have∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBkΦ
1
l , f

〉∥∥∥2

+
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBkΦ
2
l , f

〉∥∥∥2

= 2
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBk
Φl(·)
2

, f
〉∥∥∥2

+ 2
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBk
Φl(−·)

2
, f
〉∥∥∥2

=
1

2

∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBkΦl(·), f
〉∥∥∥2

+
1

2

∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBkΦl, f(−·)
〉∥∥∥2

≥ 1

2
LΦ‖f‖2 +

1

2
LΦ‖f(−·)‖2

= LΦ‖f‖2, f ∈ L2(G,Cn×n). (3.9)
Similarly,∑

l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBkΦ
1
l , f

〉∥∥∥2

+
∑
l∈Λ0

∑
k∈Λ,m∈Λ′

∥∥∥〈ECmTBkΦ
2
l , f

〉∥∥∥2

≤ UΦ‖f‖2, f ∈ L2(G,Cn×n). (3.10)
The proof now follows from (3.9) and (3.10). □
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