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ABSTRACT. We compare a new class of multiple Cohen positive strongly p-
summing multilinear operators along with different classes of positive multilin-
ear p-summability and investigate a duality relationship in terms of the tensor
norm.

1. INTRODUCTION AND PRELIMINARIES

The well-known p-summing linear operators, introduced by Pietsch, knew many
generalizations to the multilinear case [9-13]. In parallel, Bu and Labuschagne [5]
generalized this notion for the positive multilinear operators. As a prototype of
those generalizations, we attempt to set out a new generalization of the concept
of Cohen positive strongly p-summing [1,3,6]. In this work, we introduce the
new class of multiple Cohen positive strongly p-summing operators and compare
it with the class of Cohen positive strongly p-summing m-linear operators [3] and
positive multiple p-summing m-linear operators [5], by giving a generalization
to Cohen’s theorems [7], as well as, investigating a relationship with the class
multiple Cohen positive p-nuclear operators.

Starting by fixing notations, throughout this paper, X, X1,...,X,,,Y will be
Banach spaces and E, E1,...,E,,, F,G will be Banach lattices m € N*. Let

L(X1,...,Xmn;Y) denote the Banach space of all continuous m-linear operators
from Xy, X, to Y. If Y = K then we write £(X7,...,X,,). In the case
when X; = -+ = X,, = X, we simply write £(™X;Y). For a Banach space X,
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X* will denote its topological dual, and Bx will denote its closed unit ball. For
1 < p < oo, let p* be its conjugate; that is, % + Z% =1.

Let E be a Banach lattice. We denote by E™ the positive cone {x € E, = > 0}.
For z € E, let * := sup{z,0} and x~ := sup {—x, 0} be the positive part and
the negative part of z, respectively.

For any z € E, we have

r=x" -2 and |r|=a2"+2".

We denote by £7(X) the space of all finite sequences (z;)iL; in X with the norm

()il = (ZH%II”) ,

and by £}, .., (X), the space of all finite sequences (7;); in X with the norm

wp((:)iz) = (@)isiller 00 = sup (Z\ Ti, P) )

pEBx~ i=1

==

Then £ ... (X) is a Banach space with respect to the norm w,. Consider the
case where X is substituted by a Banach lattice F, and define

EZ,|weak|(E) = {(xz);n:l : (|l‘7,|) gﬂweak( )}’

and
)i ller . = wo((i)izs)-

Let Bf. := Bp« N E*". If 2y,...,2, > 0, then

1
n v
I(zi)icillen ... ) = sup <§ (%@p) = [(zi)izillen ... (B (1.1)
=1

¢eBf,

If 1 < p < oo, then we denote by £,(F, N™) the vector space of all families (y;);enm
of elements such that

1(ys)senmlp = (Z HyJH”) < 00,

jeN™

and by £, wear(F, N™) the vector space of all families (y;)jenm of elements such
that

1
s )sermlltywenatrmy = sup (Z (6, 95) ) < +oo.
G F* jeNm
We observe that ||-||, and [|-[[¢, ,,..,.(7nm) are norms on £,(F, N™) and £, year (F, N™),
respectively, and an element of N™ is represented by (ji, ..., jm). From now on,

to avoid encumbered notations we denote ¢,(F') instead of ¢,(F,N™) and by
Cpweak(F') instead of £, yeqr (£, N™).
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Let 1 < p < ooandlet A > 1. The Banach space X is said to be an £, y-space if
every finite-dimensional subspace Y of X is contained in a finite-dimensional sub-
space Z of X for which there is an isomorphism v : Z — (47 with |[v]|lo~!]| < A.
We say that X is an £,-space if it is an £, y-space for some A > 1 (see [8]).

We recall the definition of finite type operators. [[9]] An m-linear operator
T € L(Xy,...,X,n;Y) is said to be finite type if it is generated by mappings of
the form

Tygm ot =21 Q@ @2, ®Y: (', ..., 2™ = oi(at) .2k (2™)y

for some nonzero z; € X7 (1 < j < m) and y € Y. The vector space of all
m-linear operators of finite type is denoted by L7(X1,...,X,,;Y). We will also
need in what follows some definitions of positive summing linear and multilinear
operators. [[2]] Let 1 < p < oo. An operator T': E — X is said to be positive p-

summing, if there exists a constant C' > 0 such that foralln € N, xy,..., 2z, € E,
the following inequality holds:
IT @Ol < CNEN il - (12)

Also, for p = oo,

sup ||T(x;)]| < C H(xz)?:1 o (E)"

1<i<n o0, |weak|

We denote by ILT(E; X), the space of positive p-summing operators from E into
X. Moreover, II¥(E, X) becomes a Banach space with norm 7f(-) given by
the infimum of the constants C' > 0 that verify the inequality ( 2). We have
I (E; X) = L(E; X).  [[3]] Let 1 < p < co. An m-linear operator T : X; X
-+ x X, — Fis a Cohen positive strongly p-summing multilinear operator, if
there is a constant C' > 0 such that for any z7,...,2J € X;, 1 < j < m, and
any yi,...,y, € F*

(T (a},..., 2",y

e (13)

p |weak|(

. < (ZHMX)

i=17=1
Moreover, the class of all Cohen positive strongly p-summing m-linear operators
from X; x -+ x X, into F' is denoted by D}’ (X, ..., X;,;; F) . This space is a
Banach space with the norm d;** (), which is the smallest constant C' such that
the inequality (1.3) holds. [[5]] An m-linear operator T': Ey X --- x E,, = Y is
called positive multiple p-summing if there exists a constant K > 0 such that for
every choice of finite sequences (z7)77, C Ef; 1< j <m, we have

( SR ||p) <KH|| @l ey (L)

i yeeim=1
In this case, we define the positive multiple p-summing norm of 7" by
Ap(T) = inf {K : K verifies the inequality 1.4} .

It is easily verified that the class A;”“”(EI, .., By Y) of positive multiple p-
summing m-linear operators, with its associated norm A,, is a Banach space.
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Taking the advantage of the definition of Cohen positive p-nuclear m-linear oper-

ators initiated by authors in [4], we define similarly the multiple Cohen positive
p-nuclear operators as follows. For 1 < p < oo, an m-linear operator T :
Ey x---x E, — Fis called multiple Cohen positive p-nuclear if there ex-

ists a constant C' > 0 such that for any (z)7_; C E; (1 < j < m) and any
yZ*IZm € F*, we have

1T @y 20 Y i e
m
S O H || (x§>?:1 He;,‘weak‘ (Ej) || (y;,kl,,lm):bl,,lmzl ||£;*,\weak\(F*) :
j=1

Moreover, the class of all multiple Cohen positive p-nuclear operators from F; X
-+ X By, into F, is denoted NJ™*(Ey, ..., Ey; F). It is a Banach space with the

norm n;”“lt+(~), which is the smallest constant C' such that the above inequality

holds.

2. MuLTIPLE COHEN POSITIVE STRONGLY pP-SUMMING OPERATORS

In this section, we give a new notion of multiple Cohen positive strongly p-
summing operators, as a prototype of the multiple Cohen strongly summing op-
erators initiated by Campos in [6] and motivated by Matos in his famous paper
“Fully absolutely summing and Hilbert-Schmidt multilinear mappings” [9], as
well as studying inclusions and coincidences with some known spaces.

All along this section, the Banach lattice F' will be finite-dimensional.  Let
1 < p < oo. An m-linear operator T': X; x --- x X,, — F'is a multiple Cohen
positive strongly p-summing m-linear operator, if there is a constant C' > 0 such
that for any n € N*, y; € F*" and any xfj € Xj such that 1 < j < m,
1<i<n,1<i4;<n,and

n

Z |<T(‘/L‘3]_7 tee 7x;7n)7 yjl,,lm>|

U1, tm=1

m
<c (H |r<xz>;;1|rp> O P P
=1

The class of all multiple Cohen positive strongly p-summing m-linear operators
from X; x - -+ x X, into F is a Banach space denoted by Dy*'*(Xy, ... Xp; F),
with the norm d"*!**(-) given by the infimum of constants C' verifying the above
inequality. The next result is a characterization to the class of multiple Cohen
positive strongly p-summing operators, which we will use mostly in Section 4.
Let T : X; X -+ x X,, — F. Then T is a multiple Cohen positive strongly
p-summing m-linear operator if and only if there exists a constant K > 0 such
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that the following inequality holds:

D T, aft) i)l

i1,eesim=1
<K (H | (= z i= 1Hp> H(yz*lzm)?lzm—

for any n € N*, y7 . € F* and any xiﬂ € X;suchthat 1 <j<m,1<i<n,
and 1 <i; < n.

Ex wear) (F7))

Proof. For the sufficiency, letting n € N, y; ;€ F**, and xfj € Xjfor1 <j<
m, 1 <¢<mn,and 1 <7; <n, we have

DI AR

n

- Z |<T(x317 R Zm) yZL Sim y’jl_,,’bm>|

ilv---vimzl

ot zm) y7,17 o >’

VAN
E|~M

=

:&"

=+ Z |<T(l’%1, e 756;:1)7 y;:...,im”

<K (HH(%?)?:al) [T Y | G
j=1
+ K <H H(ﬁ)?;ﬂl;») 1 )i im0
j=1
p weak(F*)

Z;L* JJweak| (F*)

<2K (H H(ﬂf?)?;ﬂb) K7 )
<2K (H !I(xf)?:1!|p> 1Y, )it i =

F*).

p \weak\(

=C <HH($§)?_1Hp> 13 )i

j=1
The necessity follows from formula (1.1). O

Every finite type m-linear operator from X x- - - x X,,, into the finite-dimensional
Banach lattice F', is a multiple Cohen positive strongly p-summing m-linear op-
erator. Indeed, letting 7' = ¢ ® - -+ ® ¢, ® b with ¢y € X, ..., ¢, € X and
be F and lettingn € N, yf ;€ F*" and xfj eX;jfor1<j<m, 1<i<n
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and 1 <1i; < n, we have

' Z ‘<¢1 ®¢m®b( 117"'7 zm) yzl, i >|

<1 ® - ® @ b(x; 11, S 1|1 1€
<1 @+ @ b @ b( Liyseo- 7x:';:)>?1,...,im:1“P : H(Z/;zm)xzm—

< HbHHH% 23)imallpl[ (i, i )i o=

< [[bll H 105 (@i lol Wiy )is, =t e (-

Hence, dIT“lH(Qh Q@ O @b) < ||b]|]|d1] - - - ||@m||]- It was proved in [6, Propo-
sition 4.4] that every Cohen strongly p-summing multilinear operator is multiple
Cohen strongly p-summing. By using [3, Theorem 2.5] instead of [6, Theorem 3.8]
in the proof giving in [6] and making the necessary adaptations, we obtain the
following result. Every Cohen positive strongly p-summing m-linear operator is
multiple Cohen positive strongly p-summing m-linear operator and

d;nult—i—(‘) S d;l’b-l-()
Next, we investigate a composition relationship for our class of operators. Let
1 < p,q,r < oo with % = % + % and let Dq,...,D,, be Banach lattices. If
S e D}T“l”(El,...,Em;F) and T; € IIF(Dj, E;) with 1 < j < m, then S o
(Tl, R ;Tm) € ./\/’TmUZt+(D1, ey, Dy F)
Proof. Take T; € II7(D;, E;) with 1 < j < m. From the domination theorem

for positive summing operators [1, Theorem 3.3], there is p; € B}. such that for
J
every x € D;, we have

1T ()] < 7(T) / 16(2)|1dp15(6)

We take

for1<j<mand1l<i<n. Let wj in D;. Without loss of generality, we may
consider T} (z7) # 0, for all 1 < j <mand1<z<n Hence p! > 0, and we can

define 2/ = = Now, for ay,...,a, € K with Z la;|P" < 1, since L —i— + = =1,

J
7

=
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we can use the Holder’s inequality in order to write

$(x])|7

n n
; p* p* 1 ST
1D daiz])| <D lail = Jag| s — (i)
i=1 i=1 Pi

< (Z raiwp*) r (Z ol (pﬁ)q\aa(xz)r) q (Z \¢<xz>|’“>p

Thus

|2 aTiGDll = 2T

S

< 7 (T) / 1S 6(ased) | s (6)
=1
BB]

=

o [ erane) | (16, ..)’

+
Dj
r
p

- .1
<a (T [ D el T
=1 2

wd (@) ()il )

Hence, Krivine’s calculus implies

1T Dl < 7 @) (IEDl,)

Now, for xfj in D;, 1 <j<mandy; ; in F*", we have

< I8(Ta(ai,), - - T DS, i
< |lps, - - i) S(Ta(23), - Zim)
< ||(p§1-‘-pﬁ)S(Tl(zill),-me(Zﬁ)
< l(ps, --- £ ) S(Th(23,) im)

.
S

Il € )i,
yzl ..... G /1 eyt =
Il )i, |
y'Ll 77777 Im /11,y im=1

)
)||H(y“ ..... im )it sim=1
)
)

E?* ,weak (F*) :
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Applying Holder’s inequality and the fact that the operator S is multiple Cohen
positive strongly p-summing, we obtain

n

Z |<S(Tl(xi11)’"'>Tm($?:n))vy;,...,im>|

i1yeim=1

Q=

n

Sd;”“*(s)< > (p%1-~~p?;)q> T I D) (95, )R

i1,erim=1 j=1

o

r* weak

(F*)

Z:‘L*Jueak(F*)
< dmult—l— S O T. J\n %—'—g * n
> a ( )H 7Tq( ]) [ (27)7 s [ e ||(yil,...,im)il,...,imzl

rweak
J

gn

el r*,weak(F*)
m .
< dp " (8) TT mo(T @i ey MW E izl -

J]1=

—

Therefore, S o (11, ...,T,,) is a multiple Cohen positive r-nuclear operator. ]

3. COHEN’S-TYPE THEOREMS FOR MULTIPLE POSITIVE STRONGLY
pP-SUMMING OPERATORS

In this section, we investigate inclusions between the class of multiple positive
p-summing and multiple positive strongly p-summing operators. By giving the
Cohen’s-type theorems [7] in the positive multilinear situation. Let ry,... 7, €
N*and 1 < p < co. Let T' be a multilinear operator form £' x --- x £/ into the
finite-dimensional Banach lattice . Then, T belongs to Ag“lt(fgl, o s F)
and D;”“”*(E;l, oo 0o ) with d;”“”*(T) < A (T).

1 p

Proof. Let the multilinear operator 7' : £' X --- X £ym — F. Then T is finite
type. Thus obviously T is in A;’l““(ﬁ;l, o, omi F) and from Example 2, T is in
Dyttt (e, ... 4o F). Let now (ekj);i_:l be the standard basis for £, 1< j <
m.

Since T is positive multiple p-summing, then

1

1y 'm p* m
( > IIT(ekU---,ekm)p) < A () [T MCer)iillen,

k1, km=1 j=1
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. A
1 m T ... r J J * 4
Let (z;,....27)) € £} X -~ x £y such that 27 = I} lak]_’ijekj s Y € FT

Z |<T<xl117 R 7:’{";:1)7 y;,kl,,zm>|

n 7‘1,...,7‘m
5 ( 5 |<T<>y>|)
k1,

1,etm=1 km=1

T1sTm

Z Y Utk -eai i [T (ens s en) Ui )) -

11 yeestm =1 k1,....,km=1

IA

If 1 < p < oo, then by the Holder’s inequality, we obtain

n

Z ’<T(x2117 ce 7x?:n)7 y:1,,zm>‘

1 peim=1

-
VO
EX
-
M
3
—
~
—
)
=
N
S
3
~
)
~_—

n T1eTm L !
S . Z & Z 1 |a’k1,i1 st a'zlm,im|p

VL yeeey imil 1 5eeey km: 1geeey kmzl
1
n T1yeeesTm p*
*
< >l el < > WT(ers e Y i) >
01,eeyim=1 k1yeekm=1
1
n N [ 71, Tm . p*
< ( > il g H) ( > I T(en- - e,) ”) 13, i imallen o)
B yeees im=1 K1yeeey km=1
n m A E
T) <Z TTU=0 ) 1o imllen, ey
i=1 j=1
This implies that d"*"*(T) < A,-(T)

If p = o0, then

T1y-sTm

< sup sup ‘akl i Q| Z Z (T ey €k )y Uiy i) |

1<i;<n 1<k; <7°] i1 yeyim=1 k1, m=1

T15--sTm
< sup HH Jizalls D [ C S 11| [T sim=tller ()
lsisn ;2 Ep m=1

SAI H z 1”@7“(:[/11, im )7,17 7z,n—lHZlweak(F")'

We obtain d™“*(T) < A;(T). This completes the proof. O
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For m € N*. Let 1 < p <ocandlet E; (1< j<m)bean L,,-space with
Aj > 1. Then

AN B, . Eg; F) C DI (B, . By F),
and d(T) < H1 N (T).
]:

Proof. Let n e N*, (x},...,a")in By X --- X By, and T € AT (Ey, ... By F).
Since E; (1 < j < m) is an £, 5,-space, there exists a finite-dimensional sub-

space M; C E; containing a ﬁnlte dlmensmnal subspace spanned by x“, RRN
and an invertible operator S; : ¢ — M; (DimM; = r;) such that ||:S; ||||S]_1|| <

Aj.
Consider the following diagram

0.15in0.18inEy X - - X En[r]" FMy[uls, x -+ x Mya[uls, 05 (s, X -+ X [u]plomspan {z],, . ..

tm™~p

where i and k; for (1 < j < 'm) are the canonical inclusion mappings and the op-
erator T is defined by T = T'(i10S}, . . . , im0 Sp,). Since T € ATHNEy, .. B F)
then

A (T) < A (D) TT IS5 10351
j=1

Therefore, using the previous theorem, we have Te Dm“l”(ﬁ;l, co b F) and

dy""(T) < Ay HIIS I

Ifweletz —Slj in ¢, and y; ;€ F*", then

77777

.Z\@@wwmwm,ﬂ

_ Z (T (z},....2m), Yironio |

i17 7im—]-

< &l NG 10 )i i )
m
() LTSl DYl 1 o) izl -
7j=1
Since 2/ = S'z | we obtain
J J 15
n
> TG al) wi, )l
i1im=1
m
< TT M8 Ol 1Y 1 o) ol ooy
j=1
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Therefore, T belongs to D" (Ey, . .., Ep; F) and &+ (T) < [T A\jAp-(T). O
j=1

4. CONNECTION WITH TENSOR PRODUCT

In this section, we endow X; ® --- ® X,, ® F* with a norm in such way that
its topological dual is isometric to the space of multiple Cohen positive strongly
p-summing m-linear operators from X; x --- x X, into F.

Foreach z € X1 ®--- ® X,,, ® I, we have

p* |w r'ak(F)}
where the infimum is taken over all representations z = Y. A, ;.21 @+ ®
i1yeemrim=1

TP @ Yiy,..in- Lhe application z + ¢ (2) isanormon X; ® --- ® X,,, ® F.

Proof. The proof of this proposition is similar to the proof of [14, Proposition
2.1]. O
The topological dual (X1 R X, F*, 5;)* of
(X1 ®- @ X, @ F, 5;) is isometric to Dy (X1, ..., X;; F) through the map-
ping ¢r defined by
Pr: X1 ®--- X, ®F* =R

@@yt~ Yt (T(eh ..., z™)).

Proof. For any z = E it z1® QI Ry mXi® @ Xn®@F,
LA im=1
we have

|67 (2)] = | Z Nitosim¥iy, i (T (@270 )]

7;17 72m—1

p JJweak] (F*) ’

7777

Hence for each z, we have |¢r(z)| < dgw”*( )0, (2), and so [|gr|| < At (T).
For the other direction, letting (Ai;,.. i, )iy, i=1 C R (27)7 2y CX; (1< <
m) and (y;, ., )i —3 CF*, we have

Z )‘11, ,zmyzl, i (T( 117"'71;?:”))‘ = |¢T(Z)

115yt =1

<orlof (> Nyt @ @2 @yp )

e’;*,\weak\ (F*) :



It

MULTIPLE COHEN POSITIVE STRONGLY SUMMING OPERATORS 173

follows from Proposition 2.1 that d*"*(T') < ||¢7|. O
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