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Abstract. A matrix R is called a generalized row substochastic (g-row sub-
stochastic) if the sum of entries on every row of R is less than or equal to one.
For x, y ∈ Rn, it is said that x is rsgut-majorized by y (denoted by x ≺rsgut y
) if there exists an n-by-n upper triangular g-row substochastic matrix R such
that x = yR. In the present paper, we characterize the linear preservers and
strong linear preservers of rsgut-majorization on Rn.

1. Introduction and preliminaries

Let Mn,m be the set of all n-by-m real matrices, and let Rn be the set of 1-
by-n real vectors. A matrix R = [rij] ∈ Mn = Mn,n is called a generalized row
substochastic matrix if

∑n
j=1 rij ≤ 1 for all i. For vectors x, y ∈ Rn, we say that

x is rsgut-majorized by y, denoted by x ≺rsgut y, if x = yR for some n-by-n upper
triangular g-row substochastic matrix R.

A linear function T : Mn,m →Mn,m preserves an order relation ≺ in Mn,m, if
TX ≺ TY whenever X ≺ Y . Also, T is said to strongly preserve ≺ if for all X,
Y ∈Mn,m

X ≺ Y ⇔ TX ≺ TY.

For X, Y ∈Mn,m, X is said to be sgut-majorized by Y (denoted by X ≺sgut Y )
if there exists an n-by-n upper triangular g-row substochastic matrix R such that
X = RY . In [7], the second author characterized all linear preservers and strong
linear preservers of ≺sgut on Rn and Mn,m, respectively. In this paper, we study
the right case of this relation.
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Some kinds of linear preservers of majorization were mentioned in [1], [4], and
[9]. For more information about right and left matrix majorization, see [2], [3],
and [5]-[8].

The following conventions will be fixed throughout the paper: The standard
basis of Rn is denoted by {e1, . . . , en}. The submatrix of A obtained from A by
rows n1, . . . , nl and columns m1, . . . ,mk is denoted by A[n1, . . . , nl|m1, . . . ,mk].
The abbreviation of A[n1, . . . , nl|n1, . . . , nl] is denoted by A[n1, . . . , nl]. The sum-
mation of all components of a vector x in Rn is denoted by tr(x). The matrix
representation of a linear function T : Rn → Rn with respect to the standard
basis is denoted by [T ]. We have Tx = x[T ]. The summation of all entries of ith

row of [T ] is denoted by ri, also, we will use the following standard function:

sgn(x) =


1 x > 0,

0 x = 0,

−1 x < 0.

2. Main results

In this section, we pay attention to the g-row substochastic upper triangular
matrices and introduce a new type of majorization. We obtain an equivalent
condition for rsgut-majorization on Rn, and we characterize linear functions T
: Rn → Rn preserving ≺rsgut. Also, we characterize strong linear preservers of
rsgut-majorization on Rn.

The following proposition provides a criterion for rsgut-majorization on Rn.

Proposition 2.1. Let x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn. Then x ≺rsgut y
if and only if y = 0, implies that x = 0 or x = (0, . . . , 0, xt, . . . , xn), in which
t = min{l : yl 6= 0} and one of the following conditions holds:
(i) y ≥ 0 and tr(x) ≤ tr(y),
(ii) y ≤ 0 and tr(x) ≥ tr(y),
(iii) y 6≥ 0 and y 6≤ 0.

Proof. Let us first prove the sufficiency conditions. Clearly, if x = y = 0, then
x ≺rsgut y. If x = (0, . . . , 0, xt, . . . , xn), in which t = min{l : yl 6= 0}; assume that
(i) or (ii) holds. If t = n; set

R = (rij) =

{
xn
yn

(i, j) = (n, n),

0 otherwise.

If t < n; choose

R = (rij) =



1 (i, j) = (l, n), t+ 1 ≤ l ≤ n,
xk
yt

t ≤ k ≤ n− 1,

xn−
∑n

j=t+1 yj

yt
(i, j) = (t, n),

0 otherwise.

We see that x = yR, where R is g-row substochastic upper triangular matrix
that implies x ≺rsgut y. Now, assume that (iii) holds. Without loss of generality,
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suppose that there exists some p (t < p ≤ n) such that yt > 0 > yp. We claim
that x ≺rsgut y. Put

R = (rij) =



xk
yt

(i, j) = (t, k), t ≤ k ≤ n− 1,

≤ min{1−
∑n−1

k=t rtk,
xn−yj
yt
} (i, j) = (t, n),

xn−rtnyt
yp

(i, j) = (p, n),

0 otherwise.

We observe that x = yR, where R is g-row substochastic upper triangular.
This implies x ≺rsgut y as claimed.

Next, assume that x ≺rsgut y and y 6= 0. We observe that there exists some
g-row substochastic upper triangular matrix R such that x = yR. Set t = min{l :
yl 6= 0}. Then x = (0, . . . , 0, xt, . . . , xn). If y 6≥ 0 and y 6≤ 0, then (iii) occurs. If
not; then y ≥ 0 or y ≤ 0.

We observe that tr(x) = r1y1 + r2y2 + · · · + rnyn, in which ri =
∑n

j=1 rij for

each i (1 ≤ i ≤ n). Since ri ≤ 1 for each i (1 ≤ i ≤ n), we have{
tr(x) ≤ tr(y); if y ≥ 0,

tr(x) ≥ tr(y); if y ≤ 0.

�

Lemma 2.2. Let T : Rn → Rn be a linear preserver of ≺rsgut. Then [T ] is an
upper triangular matrix.

Proof. Let [T ] = [aij]. The proof is by induction on n. If n = 1; there is nothing
to prove. Suppose that n ≥ 2. First, we claim that a21 = · · · = an1 = 0. We
consider two cases.

Case I. Let a11 = 0. As en, en−1, . . . , e2 ≺rsgut e1, we have Ten, . . . , T e2 ≺rsgut
Te1. It follows that a21 = · · · = an1 = 0.

Case II. Let a11 6= 0. Without loss of generality, we assume that a11 = 1. Let
there be some k (2 ≤ k ≤ n) such that ak1 6= 0. Set x = e1 and y = e1 − 1

ak1
ek.

We see that x ≺rsgut y, and so Tx ≺rsgut Ty, which is a contradiction. Hence
ak1 = 0 for each k (2 ≤ k ≤ n).

In continuing we assume that the matrix representation of every linear preserver
of≺rsgut on Rn−1 is an upper triangular matrix. Let S : Rn−1→ Rn−1 be the linear
function with [S] = [T ][2, 3, . . . , n]. Let x′ = (x2, . . . , xn), y′ = (y2, . . . , yn) ∈ Rn−1
and let x′ ≺rsgut y′. Then x := (0, x′) ≺rsgut y := (0, y′) and hence we get
Tx = (0, Sx′) ≺rsgut Ty = (0, Sy′) since x1 = 0 and a21 = · · · = an1 = 0.
This implies that Sx′ ≺rsgut Sy′. Therefore, S preserves ≺rsgut on Rn−1. The
induction hypothesis insures us that [S] is an (n− 1)× (n− 1) upper triangular
matrix. Therefore, [T ] is upper triangular. �

We will use the notation I t7→kj,n for the fact that t is replaced with k in Ij,n, and

ri is the summation of all entries of ith row of [T ].
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Theorem 2.3. Let T : Rn → Rn be a linear function, and let [T ] = [aij]. If
a11, . . . , ann 6= 0, then T preserves ≺rsgut if and only if [T ] is upper triangular,
sgn(a11) = sgn(a22) = · · · = sgn(ann), the elements on superdiagonal are zero,
or have opposite sign of the elements on diagonal, r1 = · · · = rn, D

n−1
n−3 ≥ 0,

I0,n := Dn
n−2 ≥ 0, n− 3 conditions of the following hold.

(1) : I1,n(sgn(a11))
1 ≥ 0,

(2) : I2,n(sgn(a11))
2 ≥ 0,

...
(n− 3) : In−3,n(sgn(a11))

n−3 ≥ 0,

in which

Ij,n = an−(j+1)n−(j+1)I
n−(j+1)7→n−(j+2)
j−1,n − an−(j+2)n−(j+1)Ij−1,n,

Dj
i = aij−1aj−1j − aijaj−1j−1,

and if Ten = (∗, . . . , ∗, an−in, 0, . . . , 0, ann), where 1 ≤ i ≤ n− 1, then a11an−in ≤
0.

Proof. We assume a11 = 1 without loss of generality.
First, we prove the sufficiency of the condition. Let x, y ∈ Rn, and let x ≺rsgut

y. We should prove Tx ≺rsgut Ty. We know that

Tx = (x1, a12x1 + a22x2, . . . , a1nx1 + a2nx2 + · · ·+ annxn),

and
Ty = (y1, a12y1 + a22y2, . . . , a1ny1 + a2ny2 + · · ·+ annyn).

We consider three steps.
Step (I). Ty � 0 and Ty � 0. If y1 6= 0, then Tx ≺rsgut Ty. If not; we see

that x1 is also zero. If y2 6= 0, since a22 6= 0, then Tx ≺rsgut Ty. If y2 = 0, we
have (Tx)2 = (Ty)2 = 0. If y3 6= 0; by continuing this process, we observe that
Tx ≺rsgut Ty.

Step (II). Ty ≥ 0. We claim that y ≥ 0. If it happens, then tr(Tx) = rntr(x)
and tr(Ty) = rntr(y). If y = 0, then x = 0. So, Tx ≺rsgut Ty. If y 6= 0; in
this case we consider two cases y1 6= 0 and y1 = 0. In the first case, we have
tr(x) ≤ tr(y), and hence tr(Tx) ≤ tr(Ty). Therefore, as (Ty)1 6= 0 and Ty ≥ 0,
we conclude that Tx ≺rsgut Ty. If y1 = 0, then x1 = 0. Now, we consider two
cases y2 = 0 and y2 6= 0. Similarly, one shows that Tx ≺rsgut Ty. Hence it is
enough to show that y ≥ 0.

As Ty ≥ 0, y1 is greater than or equal to zero, too. From (Ty)2 ≥ 0, a12 ≤ 0,
a22 > 0, and y1 ≥ 0, we deduce y2 ≥ 0. Note that

(1) : (Ty)3 ≥ 0 ⇔ A1 := a13
−a33y1 + a23

−a33y2 ≤ y3,

...
(i) : (Ty)i+2 ≥ 0 ⇔ Ai := a1i+2

−ai+2i+2
y1 + a2i+2

−ai+2i+2
y2 + · · ·+ ai+1i+2

−ai+2i+2
yi+1 ≤ yi+2,

...
(n− 2) : (Ty)n ≥ 0 ⇔ An−2 := a1n

−ann
y1 + a2n

−ann
y2 + · · ·+ an−1n

−ann
yn−1 ≤ yn.
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If we prove that A1,A2, . . . ,An−2 ≥ 0, then y3, . . . , yn ≥ 0. Thus, y ≥ 0.
By induction on n we prove it whenever n ≥ 3. If n = 3; we know that a23 ≤ 0.

If a23 = 0, by the hypothesis, we have a13 ≤ 0. Hence A1 ≥ 0. If a23 < 0 and
A1 < 0, then a13

−a23y1 > y2 ≥ a12
−a22y1. If y1 = 0, we obtain a contradiction. If not;

then y1 > 0, and then a13a22 > a12a23, which is a contradiction. Thus, A1 ≥ 0.
Now assume that n > 3 and A1,A2, . . . ,An−3 ≥ 0. If An−2 < 0; it means that
a1ny1 + a2ny2 + · · ·+ an−1nyn−1 > 0. By the hypothesis, an−1n ≤ 0. So, we should
consider two steps:

Step (1). If an−1n < 0, then
a1n

−an−1n
y1 + a2n

−an−1n
y2 + · · ·+ an−2n

−an−1n
yn−2 ≥ yn−1

≥ a1n−1

−an−1n−1
y1 + · · ·+ an−2n−1

−an−1n−1
yn−2,

which implies

In−27→1
0,n y1 + In−27→2

0,n y2 + · · ·+ In−27→n−30,n yn−3 < −I0,nyn−2.
We know I0,n ≥ 0. We consider two cases.
Case (I). I0,n = 0. Then

In−27→1
0,n y1 + In−27→2

0,n y2 + · · ·+ In−27→n−40,n yn−4 < −In−2 7→n−30,n yn−3.

Here we have I1,n = an−2n−2I
n−27→n−3
0,n , . . . , In−37→n−21,n = an−2n−2I

n−2 7→n−4
0,n , and it

follows that

In−3 7→1
1,n y1 + In−37→2

1,n y2 + · · ·+ In−37→n−41,n yn−4 < −I1,nyn−3.
Case (II). I0,n > 0. In this case we see that

In−3 7→1
1,n y1 + In−37→2

1,n y2 + · · ·+ In−37→n−41,n yn−4 < −I1,nyn−3.
Similar to the recent procedure, we obtain

In−4 7→1
2,n y1 + In−47→2

2,n y2 + · · ·+ In−47→n−52,n yn−5 < −I2,nyn−4,

In−5 7→1
3,n y1 + In−57→2

3,n y2 + · · ·+ In−57→n−63,n yn−6 < −I3,nyn−5,
...

I27→1
n−4,ny1 < −In−4,ny2.

We know that In−4,n ≥ 0.
Case (I). In−4,n = 0. This implies that I27→1

n−4,ny1 < 0. We see that y1 can not

be zero. So, y1 > 0 and then I27→1
n−4,n < 0. It shows that In−3,n < 0, that is a

contradiction.
Case (II). In−4,n > 0. We have

I27→1
n−4,n

In−4,n
y1 > y2 ≥

−a12
a22

y1.

We observe that y1 can not be zero and so, y1 > 0. Then
I2 7→1
n−4,n

−In−4,n
> −a12

a22
, and

hence In−3,n < 0, which is a contradiction.
Step (2). an−1n = 0. We have

a1ny1 + a2ny2 + · · ·+ an−2nyn−2 > 0.
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By the hypothesis, an−2n ≤ 0. We consider two cases.
Case (I). an−2n < 0. We see that

a1n
−an−2n

y1 + · · ·+ an−3n

−an−2n
yn−3 > yn−2

≥ a1n−2

−an−2n−2
y1 + · · ·+ an−3n−2

−an−2n−2
yn−3,

which implies

In−37→1
1,n y1 + In−37→2

1,n y2 + · · ·+ In−37→n−41,n yn−4 < −I1,nyn−3.
We know I1,n ≥ 0.

Case (1). I1,n = 0. Then

In−37→1
1,n y1 + In−37→2

1,n y2 + · · ·+ In−37→n−51,n yn−5 < −In−37→n−41,n ,

which implies

In−47→1
2,n y1 + In−47→2

2,n y2 + · · ·+ In−4 7→n−52,n yn−5 < −I2,nyn−4.
Case (2). I1,n > 0. This implies that

In−3 7→1
1,n

−I1,n y1 + · · ·+ In−3 7→n−4
1,n

−I1,n yn−4 > yn−3

≥ a1n−3

−an−3n−3
y1 + · · ·+ an−4n−3

−an−3n−3
yn−4,

which implies

In−47→1
2,n y1 + In−47→2

2,n y2 + · · ·+ In−47→n−52,n yn−5 < −I2,nyn−4.
So,

In−47→1
2,n y1 + In−47→2

2,n y2 + · · ·+ In−47→n−52,n yn−5 < −I2,nyn−4.

Therefore, in any case

In−47→1
2,n y1 + In−47→2

2,n y2 + · · ·+ In−47→n−52,n yn−5 < −I2,nyn−4.
Similarly, it can be proven

In−57→1
3,n y1 + In−57→2

3,n y2 + · · ·+ In−57→n−63,n yn−6 < −I3,nyn−5,

In−67→1
4,n y1 + In−67→2

4,n y2 + · · ·+ In−67→n−74,n yn−7 < −I4,nyn−6,
...

I2 7→1
n−4,ny1 < −In−4,ny2.

As In−4,n ≥ 0, we come to a contradiction.
Case (II). an−2n = 0. According to the hypothesis, an−3n ≤ 0. In a similar

fashion, we can complete the proof. Therefore, An−2 ≥ 0.
Step (III). Ty ≤ 0. This step can be proven in the similar manner as the

proof of Step (II).
To prove the necessity of the condition, assume that T preserves ≺rsgut. Lemma

2.2 ensures that [T ] is upper triangular. First, we want to prove sgn(a11) =
sgn(a22) = · · · = sgn(ann), the elements on superdiagonal are zero, or have oppo-
site sign of the elements on diagonal, and r1 = · · · = rn. The proof is by induction
on n. If n = 1; there is nothing to prove. For n ≥ 2, assume that the matrix
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representation of every linear preserver of ≺rsgut on Rn−1 has desirable condi-
tions. Let S : Rn−1 → Rn−1 be the linear function with [S] = [T ][2, 3, . . . , n]. As
T preserves ≺rsgut on Rn, S is also on Rn−1. The induction hypothesis insures
sgn(a22) = · · · = sgn(ann), the elements on superdiagonal are zero, or have oppo-
site sign of the elements on diagonal, and r2 = · · · = rn.
If

y = (y1, y2, · · · , yn), (2.1)

in which y1 = 1, y2 = −a12
a22

, y3 = a23a12−a13a22
a22a33

, yi =
Ii−3,i

a22a33...aii
, ∀i = 4, 5, . . . , n.

We claim that Ty = (1, 0, . . . , 0). We prove it by induction on n. The induction
step is easy to prove. Now suppose the statement holds for n − 1. We want to
prove it for n. We observe that (Ty)1 = 1, (Ty)2 = 0, (Ty)3 = 0, (Ty)j =
a1j + a2jyj + · · · + ajjyj, ∀j = 4, 5, . . . , n − 1. By the induction hypothesis,
(Ty)j = 0 for each 4 ≤ j ≤ n − 1. It is enough to show that (Ty)n = 0. As
(Ty)2 = · · · = (Ty)n−1 = 0, we have

∑n
i=2(Ty)i = (Ty)n. On the other hand,∑n

i=2(Ty)i = (a12 + a13 + · · ·+ a1n) + (a22 + a23 + · · ·+ a2n)y2 + · · ·+ annyn,

= (rn − 1) + rn(y2 + · · ·+ yn).

Hence (Ty)n = (rn− 1) + rn(y2 + · · ·+ yn). We claim that y2 + · · ·+ yn = 1−rn
rn

,

implies (Ty)n = 0. We have y2 + · · · + yn = 1−rn
rn

. If we prove a22 > 0, then
a33, . . . , ann > 0, a23, a34, . . . , an−1n ≤ 0. If a22 ≯ 0; then a22 < 0.

Case (I). a12 < 0. Set y as (2.1). We observe that y � 0, y � 0, and y1 6= 0.
So, for every x ∈ Rn we have x ≺rsgut y. Set x = xnen where xn <

1
ann

. Then
Tx ⊀rsgut Ty, a contradiction.

Case (II). a12 > 0. Consider y as (2.1). Put x = xnen such that xn <
min{ 1

ann
, tr(y)}. We conclude x ≺rsgut y and Tx ⊀rsgut Ty, which is a contradic-

tion.
Case (III). a12 = 0. Choose y1 = 1, y2 = −1, and y3, . . . , yn such that

(Ty)3 = · · · = (Ty)n = 0. We see that Ty = (1,−a22, 0, . . . , 0). Consider
x = xnen, in which xn < 1−a22

ann
. We deduce x ≺rsgut y but Tx ⊀rsgut Ty, a

contradiction.
Therefore, a22 > 0. We claim that a12 ≤ 0. If a12 > 0; by choosing y as (2.1)

and x = xnen such that xn <
1
ann

we have x ≺rsgut y but Tx ⊀rsgut Ty, which is
a contradiction. Thus, a12 ≤ 0.

We want to show that r1 = rn. If r1 6= rn;
Step (I). r1 < rn. Choose y as (2.1) and x = xnen. We have Ty = (1, 0, . . . , 0)

and Tx = (0, . . . , 0, rnxn). Note that 1 = tr(Ty) = r1 + rn(y2 + · · · + yn), which
implies 1− r1 = rn(y2 + · · ·+ yn) and tr(y) = y1 + 1−r1

rn
.

Choose 1
rn
< xn ≤ tr(y). It shows that x ≺rsgut y but Tx ⊀rsgut Ty, that is a

contradiction.
Step (II). r1 > rn. Set y as (2.1) and x = ( rn+1

rn
)e1 − r1

rnen
. We conclude

x ≺rsgut y but Tx ⊀rsgut Ty, that is a contradiction. Hence r1 = rn, and so, we
have r1 = · · · = rn.

We claim that Dn
n−2 ≥ 0. If Dn

n−2 < 0; let S : R3 → R3 be the linear function
with [S] = [T ][n− 2, n− 1, n]. As T preserves ≺rsgut on Rn, S is also on R3.
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Select x, y ∈ R3 such that x = x1e1, and y = (1, −an−2n−1

an−1n−1
,

Dn
n−2

an−1n−1ann
), in which

x1 >
1
ann

. Observe that x ≺rsgut y but Sx ⊀rsgut Sy is a contradiction. So,
Dn
n−2 ≥ 0.
We want to show that Dn−1

n−3 ≥ 0. If Dn−1
n−3 < 0; let S : R4 → R4 be the

linear function with [S] = [T ][n − 3, n − 2, n − 1, n]. Since T preserves ≺rsgut
on Rn, S is also on R4. By choosing x, y ∈ R4 such that x = x4e4, and y =

(1, −an−3n−2

an−2n−2
,

Dn−1
n−3

an−2n−2an−1n−1
, I1,4
a22a33a44

), in which x4 >
1
a44

, we see that x ≺rsgut y
but Sx ⊀rsgut Sy, which is a contradiction.

Now we prove the following n− 3 conditions:
(1) : I1,n(sgn(a11))

1 ≥ 0,
(2) : I2,n(sgn(a11))

2 ≥ 0,
...
(n− 3) : In−3,n(sgn(a11))

n−3 ≥ 0.
We see that n must be greater than or equal to four. By induction on n, we

prove it. If n = 4 and I1,4 < 0, we consider x = x4e4, and y = (1, −a12
a22

, a23a12−a13a22
a22a33

,
I1,4

a22a33a44
), where x4 <

1
a44

. See x ≺rsgut y but Tx ⊀rsgut Ty, which is a contradic-
tion.

Assume that n ≥ 5 and the statement holds for 5, 6, . . . , n − 4. We prove the
statement for n − 3. If not; In−3,n < 0. Choose y as (2.1) and x = xnen, where
xn >

1
ann

. We conclude x ≺rsgut y but Tx ⊀rsgut Ty, a contradiction.

We should prove the following statement now. If Ten = (∗, . . . , ∗, an−in, 0, . . . ,
0, ann), where 1 ≤ i ≤ n − 1, then a11an−in ≤ 0. If an−in > 0; let S : Ri+1

→ Ri+1 be the linear function with [S] = [T ][n − i, n − (i + 1), . . . , n]. Since T
preserves ≺rsgut on Rn, S is also on Ri+1. Set y1 = 1, and choose y2, . . . , yi+1 such
that Sy = (1, 0, . . . , 0). Choose x = xnen, where xn >

1
ann

. This implies that
x ≺rsgut y but Tx ⊀rsgut Ty, which is a contradiction. �

For each k (1 ≤ k ≤ n) we define jk := min{l|k ≤ l ≤ n, akl 6= 0, ak+1l = · · · =
anl = 0}.

Theorem 2.4. Let T : Rn → Rn be a linear function, n ≥ 2,

[T ] =


a11 ∗ ∗ ∗ . . . ∗
0 a22 ∗ ∗ . . . ∗
...

...
. . .

...
...

...
0 0 . . . 0 an−1n−1 an−1n
0 0 . . . 0 0 0

 ,

where j1 < j2 < · · · < jn−2, and an−1n−1, an−1n 6= 0. Then T preserves ≺rsgut if
and only if one of the following conditions holds.
(a) r1 = · · · = rn−1 = 0.
(b) sgn(an−1n−1) 6= sgn(an−1n), and for each k = 0, 1, . . . , n− 3, we have
an−(k+2)n−(k+2) . . . an−2n−2an−1n−1 > 0 if and only if Ik,n > 0.

Proof. It can be assumed without loss of generality that jk = k, for each 1 ≤ k ≤
n− 2 and a11 = 1.
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First, suppose that T preserves≺rsgut and at least one of r1, . . . , rn−1 is nonzero.
We proceed by induction on n. Case n = 2 is easy to prove. Suppose that n ≥ 3
and the assertion has been established for all linear preservers of ≺rsgut on Rn−1.

Let S : Rn−1 → Rn−1 be the linear function with [S] = [T ][2, 3, . . . , n]. Since T
preserves ≺rsgut on Rn, S is also in Rn−1. The induction hypothesis insures that
sgn(an−1n−1) 6= sgn(an−1n), and an−(k+2)n−(k+2) . . . an−2n−2an−1n−1 > 0 if and only
if Ik,n > 0, for each k = 0, 1, . . . , n−4. We should prove a11 . . . an−2n−2an−1n−1 > 0
if and only if In−3,n > 0. If not; we have (a22 . . . an−1n−1 > 0, In−3,n ≤ 0), or
(a22 . . . an−1n−1 < 0, In−3,n ≥ 0).

If a22 . . . an−2n−2In−3,n ≤ 0, then we choose yn−1 such that In−4,n−1

a22...an−1n−1
≤ yn−1 ≤

I∗n−4,n−1

a22...an−2n−2an−1n
. If a22 . . . an−2n−2In−3,n ≥ 0, then choose yn−1 such that In−4,n−1

a22...an−1n−1

≥ yn−1 ≥
I∗n−4,n−1

a22...an−2n−2an−1n
, where I∗n−4,n−1 = I

a1,n−1 7→a1n,a2,n−1 7→a2n,...,an−2,n−1 7→an−2n

n−4,n .

Set y1 = 1, y2 = −a12
a22

, y3 = a23a12−a13a22
a22a33

, yi =
Ii−3,i

a22a33...aii
,∀i = 4, . . . , n − 2, yn−1 =

−1, yn = −1. We see Ty = (1, 0, . . . , 0, (Ty)n−1, (Ty)n), (Ty)n−1, (Ty)n ≥ 0, and
for each x ∈ Rn, we have x ≺rsgut y. Observe that tr(Tx) = r1x1 + · · ·+rn−1xn−1,
and tr(Ty) = r1y1 + · · ·+ rn−1yn−1. As at least one of the r1, . . . , rn−1 is nonzero,
we can select x such that tr(Tx) > tr(Ty). For this x we see that x ≺rsgut y and
Tx ⊀rsgut Ty, which is a contradiction. Thus, a11 . . . an−2n−2an−1n−1 > 0 if and
only if In−3,n > 0.

Next, we want to prove T preserves ≺rsgut. Let x, y ∈ Rn and let x ≺rsgut y.
If r1 = · · · = rn−1 = 0, as tr(Tx) = tr(Ty) = 0 and a22, . . . , an−1n−1 6= 0, then
Tx ≺rsgut Ty. Now suppose that at least one of r1, . . . , rn−1 is nonzero. By
induction on n, we prove Tx ≺rsgut Ty. If n = 2, it is easy to see. Let n ≥ 3 and
our claim has been proved for n−1. We have Tx = (x1, a12x1+a22x2, . . . , a1nx1+
a2nx2 + · · · + an−1nxn−1), and Ty = (y1, a12y1 + a22y2, . . . , a1ny1 + a2ny2 + · · · +
an−1nyn−1). If y1 = 0, then, since x1 = 0, the induction hypothesis insures that
Tx ≺rsgut Ty. If y1 6= 0; consider three following steps. We claim that only the
first step happens.

Step (I). Ty � 0 and Ty � 0. Clearly, Tx ≺rsgut Ty.
Step (II). Ty ≥ 0.

We can assume, without loss of generality, that a11, a22, . . . , an−1n−1 > 0 and
an−1n < 0. As Ty ≥ 0, conclude that
(1) : y1 > 0,
(2) : a12

−a22y1 ≤ y2,
...
(i) : a1i

−aiiy1 + a2i
−aiiy2 + · · ·+ ai−1i

−aii yi−1 ≤ yi,
...
(n− 1) : a1n−1

−an−1n−1
y1 + a2n−1

−an−1n−1
y2 + · · ·+ an−2n−1

−an−1n−1
yn−2 ≤ yn−1,

(n) : a1n
−an−1n

y1 + a2n
−an−1n

y2 + · · ·+ an−2n

−an−1n
yn−2 ≤ yn−2.

From (n− 1) and (n) deduce that

(
a1n−1
−an−1n−1

+
a1n
an−1n

)y1 +(
a2n−1
−an−1n−1

+
a2n
an−1n

)y2 + · · ·+(
an−3n−1
−an−1n−1

+
an−3n
an−1n

)yn−3 ≤
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( an−2n

−an−1n
+ an−2n−1

an−1n−1
)yn−2, which implies

−In−3 7→1
1,n

I1,n
y1+

−In−3 7→2
1,n

I1,n
y2+· · ·+

−In−3 7→n−4
1,n

I1,n
yn−4 ≥

yn−3. By continuing this process, we obtain
−I2 7→1

n−4,n

In−4,n
y1 ≥ y2 ≥ a12

−a22y1. It shows that

a22I
27→1
n−4,n − a12In−4,n ≤ 0 and then In−3,n ≤ 0, a contradiction. So, this does not

happen.
Step (III). Ty ≤ 0. Similar Step (II) it is proved that this step can not

happen. So, Step (I) just happens. Therefore, T preserves ≺rsgut. �

Theorem 2.5. Let T : Rn → Rn be a linear function, n ≥ 3 and

[T ] =



a11 a12 a13 . . . a1n−2 a1n−1 a1n
0 a22 a23 . . . a2n−2 a2n−1 a2n
...

...
. . .

...
...

...
...

0 0 . . . 0 an−2n−2 an−2n−1 an−2n
0 0 0 . . . 0 0 0
0 0 0 . . . 0 0 0

 ,

i1 = min{l|n− 2 ≤ l ≤ n, an−2l 6= 0},
i2 = min{l|i1 < l ≤ n, an−2l 6= 0, sgn(an−2i1) 6= sgn(an−2l)},
i3 = {l|n− 2 ≤ l ≤ n, an−2l = 0},
j1 < j2 < · · · < jn−3 < i1,

Jn−3,n = an−3i1an−2i2 − an−2i1an−3i2 ,

Jk,n = ak+1jk+1
Jk+17→k
k+1,n − akjk+1

Jk+1,n, ∀ 1 ≤ k ≤ n− 4.

(∗) If for some p the set

{l|jp < l ≤ n, apl 6= 0, ap+1l = · · · = anl = 0, sgn(apjp) = sgn(apl)}

is nonempty, namely, {w1, . . . , ws}, then Jwi
p−1,n := J

jp 7→wi

p−1,n , ∀ 1 ≤ i ≤ s.

Then, T preserves ≺rsgut if and only if one of the following conditions occurs.
(a) r1 = · · · = rn−2 = 0.

(b) sgn(Jn−3) = sgn(an−3jn−3an−2i1), and for each k = 1, 2, . . . , n− 4, if (∗) holds,

sgn(Jk,n), . . . , or sgn(Jws
k,n) is equal to sgn(akjkak+1jk+1

. . . an−3jn−3an−2i1), if (∗) does

not hold, sgn(Jk,n) = sgn(akjkak+1jk+1
. . . an−3jn−3an−2i1).

Proof. First, we prove the suficiency of the condition, by induction on n. Case
n = 3 is easy to see. Now suppose that n ≥ 4. Let x, y ∈ Rn such that x ≺rsgut y.

We want to prove Tx ≺rsgut Ty. If y1 = 0, then x1 is zero, too. The induction
hypothesis ensures that Tx ≺rsgut Ty. If y1 6= 0, we have three following cases.

Case (I). Ty � 0 and Ty � 0, we see that Tx ≺rsgut Ty.
Case (II). Ty ≥ 0, we know that a1j1 , a2j2 , . . . , an−3jn−3 can be positive or

negative also, we have an−2i1an−2i2 < 0. Consider without loss of generality
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a1j1 , a2j2 , . . . , an−3jn−3 > 0, and an−2i1 > 0 > an−2i2 . Since Ty ≥ 0, we have

(1) : a1j1y1 ≥ 0,

(2) : a1j2y1 + a2j2y2 ≥ 0,

...
(n− 3) : a1jn−3y1 + a2jn−3y2 + · · ·+ an−3jn−3yn−3 ≥ 0,

(i1) : a1i1y1 + a2i1y2 + · · ·+ an−3i1yn−3 + an−2i1yn−2 ≥ 0,

(i2) : a1i2y1 + a2i2y2 + · · ·+ an−3i2yn−3 + an−2i2yn−2 ≥ 0.

First, assume that (∗) does not hold. From (i1) and (i2), we conclude that

−Jn−37→1
n−3 y1 +−Jn−37→2

n−3 y2 + · · ·+−Jn−37→n−4n−3 yn−4 ≥ Jn−3yn−3,

which implies

Jn−4 7→1
n−4

Jn−4
y1 +

Jn−47→2
n−4

Jn−4
y2 + · · ·+

Jn−47→n−5n−4

Jn−4
yn−5 ≥ yn−4.

By continuing this process we observe that
−J2 7→1

2,n

J2,n
y1 ≥ y2 ≥ a1j

−a2j y1. Therefore, we

get a1j1J2,n−a2j2J27→1
2,n ≤ 0, which implies J1,n ≤ 0, that is a contradiction. So, in

this case Ty ≥ 0 can not be happen. If (∗) holds, then since sgn(apjp) = sgn(apwi
)

for each 1 ≤ i ≤ s, the claim can be proved in a similar fashion.
Case (III). Ty ≤ 0. Similar to Case (II) one can prove it.
For the converse, assume that T preserves ≺rsgut. If r1 = · · · = rn−2 = 0, there

is nothing to prove. Otherwise, at least one of them is nonzero. We proceed by
induction on n. Case n = 3 is easy to see. Suppose that n ≥ 4 and that the
assertion has been established for all linear preservers of ≺rsgut on Rn−1. Let
S : Rn−1 → Rn−1 be the linear function with [S] = [T ][2, 3, . . . , n]. Since T
preserves ≺rsgut on Rn, we see that S preserves ≺rsgut on Rn−1. We should just
to prove the statement for sgn(J1,n).

Case (I). If (∗) does not hold. We prove sgn(J1,n) = sgn(a1j1 . . . an−3jn−3an−2i1).
Without loss of generality, a1j1 , a2j2 , · · · , an−3jn−3 > 0, and an−2i1 > 0 > an−2i2 .
So, we should prove sgn(J1,n) > 0. If not; sgn(J1,n) ≤ 0. It shows that a2j2J

27→1
2,n −

a1j2J2,n ≤ 0, which implies
a1i1y1+a2i2y2+···+an−3i1

yn−3

−a2j2an−2i1
≤ a1i2y1+a2i2y2+···+an−3i2

yn−3

−a2j2an−2i2
.

Choose yn−2 such that
a1i1y1+a2i2y2+···+an−3i1

yn−3

−a2j2an−2i1
≤ yn−2 ≤

a1i2y1+a2i2y2+···+an−3i2
yn−3

−a2j2an−2i2
.

So, (Ty)i1 , (Ty)i2 ≥ 0. Set y1 = 1, yn−1 = −1, yn = 0. One can select y2, . . . , yn−3
such that Ty ≥ 0. Since at least one of r1, . . . , rn−2 is nonzero, we can choose
x such that x ≺rsgut y but Tx ⊀rsgut Ty, which is a contradiction. Therefore,
J1,n > 0.

Case (II). If (∗) holds. The proof is similar to the first case. �
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Theorem 2.6. Let T : Rn → Rn be a linear function, n ≥ 3 and

[T ] =



a11 a12 a13 . . . a1n−3 a1n−2 a1n−1 a1n
0 a22 a23 . . . a2n−3 a2n−2 a2n−1 a2n
...

...
. . .

...
...

...
...

...
0 0 . . . 0 an−3n−3 an−3n−2 an−3n−1 an−3n
0 0 . . . 0 0 an−2n−2 an−2n−1 an−2n
0 0 . . . 0 0 0 0 0
0 0 . . . 0 0 0 0 0


,

i1 = min{l|n− 2 ≤ l ≤ n, an−2l 6= 0},
i2 = min{l|i1 < l ≤ n, an−2l 6= 0, sgn(an−2i1) 6= sgn(an−2l)},
i3 = {l|n− 2 ≤ l ≤ n, an−2l = 0},

sgn(an−3jn−3) 6= sgn(an−3i3), j1 < j2 < · · · < jn−3 < i1,

Jn−3,n = an−3i1an−2i2 − an−2i1an−3i2 ,

Jn−(k+1),n = an−kjn−k
J
n−k 7→n−(k+1)
n−k,n − an−(k+1)jn−k

Jn−k,n, ∀k = 3, 4, . . . , n− 2,

Tn−4,n = an−4i3ajn−3jn−3 − an−4jn−3ajn−3i3 ,

Tn−(k+1),n = an−kjn−k
T
n−k 7→n−(k+1)
n−k,n − an−(k+1)jn−k

Tn−k,n, ∀k = 4, . . . , n− 2.

If one of the following holds, then T preserves ≺rsgut.
(a) r1 = r2 = · · · = rn = 0.

(b) a1j1a2j2 . . . an−3jn−3an−2i1J1,n > 0, . . . , an−4jn−4an−3jn−3an−2i1Jn−4,n > 0,

an−3jn−3an−2i1Jn−3,n ≥ 0.

(c) a1j1a2j2 . . . an−3jn−3an−2i1J
jn−3 7→n−2
1,n < 0, . . . , an−4jn−4an−3jn−3an−2i1

J
jn−3 7→n−2
n−4,n < 0, an−3jn−3an−2i1Jn−3,n ≤ 0.

(d) a1j1a2j2 . . . an−4jn−4an−3i3T1,n > 0, a2j2 . . . an−4jn−4an−3i3T2,n > 0, . . . ,

an−4jn−4an−3i3Tn−4,n > 0.

Proof. If (a) holds, then T clearly preserves ≺rsgut. Assume that x ≺rsgut y. We
should prove that Tx ≺rsgut Ty. If n = 3; then the result is trivial. We proceed
by induction on n. Suppose that n ≥ 4 and the assertion has been established
for all linear preservers of ≺rsgut on Rn−1.

We can assume without loss of generality that jk = k, ∀ 1 ≤ k ≤ n − 3,
a11, . . . , an−3n−3 > 0, i1 = n − 2, i2 = n − 1, i3 = n, an−2n−2 > 0 > an−2n−1,
an−3n−3 > 0 > an−3n, an−2n = 0.

We claim that Ty ≥ 0 or Ty ≤ 0 can not be happen. So, Ty � 0 and Ty � 0
imply that Tx ≺rsgut Ty. Suppose that Ty ≥ 0.



128 A. MOHAMMADHASANI, A. ILKHANIZADEH MANESH

If y1 = 0, by the induction hypothesis Tx ≺rsgut Ty. Let y1 6= 0. We have

(1) : y1 > 0,

(2) : a12
−a22y1 ≤ y2,

(3) : a13
−a33y1 + a23

−a33y2 ≤ y3,

...
(n− 4) : a1n−4

−an−4n−4
y1 + a2n−4

−an−4n−4
y2 + · · ·+ an−5n−4

−an−4n−4
yn−5 ≤ yn−4,

(n− 3) : a1n−3

−an−3n−3
y1 + a2n−3

−an−3n−3
y2 + · · ·+ an−4n−3

−an−3n−3
yn−4 ≤ yn−3,

(n− 2) : a1n−2

−an−2n−2
y1 + a2n−2

−an−2n−2
y2 + · · ·+ an−3n−2

−an−2n−2
yn−3 ≥ yn−2,

(n− 1) : a1n−1

−an−2n−1
y1 + a2n−1

−an−2n−1
y2 + · · ·+ an−3n−1

−an−2n−1
yn−3 ≥ yn−2,

(n) : a1n
−an−3n

y1 + a2n
−an−3n

y2 + · · ·+ an−4n

−an−3n
yn−4 ≥ yn−3.

If (b) happens; by using the relation (n− 2) and (n− 1), we conclude Jn−3 7→1
n−3,n y1 +

Jn−37→2
n−3,n y2 + · · · + Jn−37→n−4n−3,n yn−4 ≤ −Jn−3,nyn−3. Also, we know that Jn−3,n ≥ 0.

First consider Jn−3,n > 0 and observe that
Jn−3 7→1
n−3,n

−Jn−3,n
y1 + · · ·+ Jn−37→n−4

n−3,n

−Jn−3,n
yn−4 ≥ yn−3.

By using (n−3), we get Jn−47→1
n−4,n y1+Jn−47→2

n−4,n y2+· · ·+Jn−47→n−5n−4,n yn−5 ≤ −Jn−4,nyn−4,
and as Jn−4,n > 0, we have

Jn−4 7→1
n−4,n

−Jn−4,n
y1+ · · ·+ Jn−4 7→n−5

n−4,n

−Jn−4,n
yn−5 ≥ yn−4. By using (n−4)

and continuing this process, we deduce J1,n ≤ 0, which is a contradiction. If
Jn−3,n = 0, we have Jn−37→1

n−3,n y1+Jn−37→2
n−3,n y2+· · ·+Jn−3 7→n−5n−3,n yn−5 ≤ −Jn−37→n−4n−3,n yn−4.

By multiply this relation with an−3n−3 > 0, we get Jn−4 7→1
n−4,n y1 + Jn−47→2

n−4,n y2 + · · ·+
Jn−47→n−5n−4,n yn−5 ≤ −Jn−4,nyn−4, a contradiction. Therefore, in this case, Ty ≥ 0
can not be happen.

If (c) holds; from (n− 2) and (n− 1) we deduce
Jn−3 7→1
n−3,n

−Jn−3,n
y1 + · · ·+ Jn−3 7→n−4

n−3,n

−Jn−3,n
yn−4 ≤

yn−3, whenever Jn−3,n < 0. Now, if use (n) and continue as before, we obtain
some contradiction. If Jn−3,n = 0, similarly, one can prove.

If (d) holds; from (n) and (n−3) conclude
Tn−4 7→1
n−4,n

−Tn−4,n
y1 + · · ·+ Tn−47→n−5

n−4,n

−Tn−4,n
yn−5 ≤ yn−4.

By continuing the same process, we have that T1,n ≥ 0, a contradiction. Thus,
Ty ≥ 0 can not be happen, too. Similarly, the case Ty ≤ 0 can be proved. �

Theorem 2.7. Let T : Rn → Rn be a linear function, n ≥ 4 and

[T ] =



a11 a12 a13 . . . a1n−3 a1n−2 a1n−1 a1n
0 a22 a23 . . . a2n−3 a2n−2 a2n−1 a2n
...

...
. . .

...
...

...
...

...
0 0 . . . 0 an−3n−3 an−3n−2 an−3n−1 an−3n
0 0 0 . . . 0 0 0 0
0 0 0 . . . 0 0 0 0
0 0 0 . . . 0 0 0 0


,

i1 = min{l|n− 3 ≤ l ≤ n, an−3l 6= 0},
i2 = min{l|i1 < l ≤ n, an−3l 6= 0, sgn(an−3i1) 6= sgn(an−3l)},
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{l1, l2} = {n− 3, n− 2, n− 1, n} \ {i1, i2},where l1 < l2,

j1 < j2 < . . . < jn−4 < i1,

I i,jn−4,n = an−4ian−3j − an−4jan−3i,

I i,jn−(k+1),n = an−kjn−k
I
i,jn−k 7→n−(k+1)
n−k,n − an−(k+1)jn−k

I i,jn−k,n, ∀k = 4, 5, . . . , n− 2.

Then T preserves ≺rsgut if one of the following holds.
(a) r1 = r2 = · · · = rn = 0.
(b)
• If sgn(an−3l1) 6= sgn(an−3l2), one of the following holds.
(1)a1j1a2j2 . . . an−4jn−4an−3i1I

i1,i2
1,n > 0, . . . , an−4jn−4an−3i1I

i1,i2
n−4,n > 0.

(2) a1j1a2j2 . . . an−4jn−4an−3i1I
l1,l2
1,n > 0, . . . , an−4jn−4an−3i1I

l1,l2
n−4,n > 0.

(3) If an−3i1an−3li < 0,

a1j1a2j2 . . . an−4jn−4an−3i1I
i1,li
1,n > 0, . . . , an−4jn−4an−3i1I

i1,li
n−4,n > 0.

(4) If an−3i2an−3li < 0,

a1j1a2j2 . . . an−4jn−4an−3i1I
i2,li
1,n > 0, . . . , an−4jn−4an−3i1I

i2,li
n−4,n > 0.

• If sgn(an−3l1) = sgn(an−3l2),

a1j1a2j2 . . . an−4jn−4an−3ikI
ik,t
1,n > 0, . . . , an−4jn−4an−3ikI

ik,t
n−4,n > 0,

where sgn(an−3ik) 6= sgn(an−3l1) and t = {l1, l2, i1, i2} \ {ik}.
• If an−3l1 = an−3l2 = 0; one of the following holds.

n− t0 = max{t|1 ≤ t ≤ n− 4, atn−1oratn 6= 0}, t1 = {li|an−t0li > 0},
t2 = {li|an−t0li = 0}, an−t0jn−t0

an−t0l1 , an−t0jn−t0
an−t0l2 ≥ 0, t2 may be empty.

(1) a1j1a2j2 . . . an−t0jn−t0
an−3i1I

i1,i2jn−t0 7→t1
1,n > 0, . . . , an−(t0+1)jn−(t0+1)

an−t0jn−t0

an−3i1I
i1,i2jn−t0 7→t1
n−(t0+1),n > 0, an−t0jn−t0

an−3i1I
i1,i2
n−t0,n > 0.

(2) a1j1a2j2 . . . an−t0jn−t0
an−3i1I

i1,i2jn−k 7→t2
1,n > 0, . . . , an−(k+1)jn−(k+1)

. . . an−t0jn−t0

an−3i1I
i1,i2jn−k 7→t2
n−(k+1),n > 0, an−kjn−k

. . . an−t0jn−t0
an−3i1I

i1,i2
n−k,n > 0, . . . , an−t0jn−t0

an−3i1I
i1,i2
n−t0,n > 0.

(3) a1j1a2j2 . . . an−t0jn−t0
an−3i1I

i1,i2
1,n > 0, . . . , an−t0jn−t0

an−3i1I
i1,i2
n−t0,n > 0.

(4) a1j1a2j2 . . . an−t0jn−t0
an−3i1I

i1,i2jn−t0 7→t1jn−k 7→t2
1,n > 0, . . . , an−(k+1)jn−(k+1)

. . .

an−t0jn−t0
an−3i1I

i1,i2jn−t0 7→t1jn−k 7→t2
n−(k+1),n > 0, an−kjn−k

. . . an−t0jn−t0
an−3i1

I
i1,i2jn−t0 7→t1
n−k,n > 0, . . . , an−(t0+1)jn−(t0+1)

an−t0jn−t0
an−3i1I

i1,i2jn−t0 7→t1
n−(t0+1),n > 0,

an−t0jn−t0
an−3i1I

i1,i2
n−t0,n > 0.

• If an−3l1 = 0, an−3l2 6= 0, one of the following holds.
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n−k = max{t|1 ≤ t ≤ n−4, atl1 6= 0, at+1l1 = · · · = an−3l1=0}, an−kjn−k
an−kl1 ≥ 0,

(1) a1j1a2j2 . . . an−40jn−4an−3i1I
i1,i2
1,n > 0, . . . , an−4jn−4an−3i1I

i1,i2
n−4,n > 0.

(2) a1j1a2j2 . . . an−4jn−4an−3i1I
i1,i2jn−k 7→l1
1,n > 0, . . . , an−(k+1)jn−(k+1)

. . . an−4jn−4

an−3i1I
i1,i2jn−k 7→l1
n−(k+1),n > 0, an−kjn−k

. . . an−4jn−4an−3i1I
i1,i2
n−k,n > 0, . . . , an−4jn−4an−3i1

I i1,i2n−4,n > 0.

(3) If an−3i1an−3l2 > 0,

a1j1a2j2 . . . an−40jn−4an−3i1I
i2,l2
1,n < 0, . . . , an−4jn−4an−3i1I

i2,l2
n−4,n < 0,

or a1j1a2j2 . . . an−40jn−4an−3i1I
i2,l2jn−k 7→l1
1,n < 0, . . . , an−(k+1)jn−(k+1)

. . . an−4jn−4

an−3i1I
i2,l2jn−k 7→l1
n−(k+1),n > 0, an−kjn−k

. . . an−4jn−4an−3i1I
i2,l2
n−k,n > 0, an−4jn−4an−3i1

I i2,l2n−4,n < 0.

(4) If an−3i1an−3l2 < 0,

a1j1a2j2 . . . an−40jn−4an−3i1I
i1,l2
1,n < 0, . . . , an−4jn−4an−3i1I

i1,l2
n−4,n < 0,

or a1j1a2j2 . . . an−40jn−4an−3i1I
i1,l2jn−k 7→l1
1,n < 0, . . . , an−(k+1)jn−(k+1)

. . . an−4jn−4

an−3i1I
i1,l2jn−k 7→l1
n−(k+1),n > 0, an−kjn−k

. . . an−4jn−4an−3i1I
i1,l2
n−k,n > 0, an−4jn−4

an−3i1I
i1,l2
n−4,n < 0.

• If an−3l1 6= 0, an−3l2 = 0; in the case before replacing l1 ↔ l2.

Proof. If (a) happens, we see that T preserves x ≺rsgut y. Let x, y ∈ Rn be such
that x ≺rsgut y. We prove Tx ≺rsgut Ty, by induction on n. Clearly, if n = 4, then
Tx ≺rsgut Ty. Suppose that n ≥ 5 and the statement holds for n = 5, 6, . . . , n−1.
We should prove it for n.

We claim that Ty ≥ 0 and Ty ≤ 0 can not be happen. So, Ty � 0 and Ty � 0.
In this case, Tx ≺rsgut Ty. Without loss of generality, assume that Ty ≥ 0, and
jk = k for each k = 1, 2, . . . , n − 4, i1 = n − 3, i2 = n − 2, l1 = n − 1, l2 = n,
a11, a22, . . . , an−3n−3 > 0 > an−3n−2. If y1 = 0, by the hypothesis induction, we
have Tx ≺rsgut Ty. If y1 6= 0; as Ty ≥ 0, we see

(1) : y1 > 0,

(2) : a12
−a22y1 ≤ y2,

(3) : a13
−a33y1 + a23

−a33y2 ≤ y3,

...
(n− 4) : a1n−4

−an−4n−4
y1 + a2n−4

−an−4n−4
y2 + · · ·+ an−5n−4

−an−4n−4
yn−5 ≤ yn−4,

(n− 3) : a1n−3

−an−3n−3
y1 + a2n−3

−an−3n−3
y2 + · · ·+ an−4n−3

−an−3n−3
yn−4 ≤ yn−3,

(n− 2) : a1n−2

−an−3n−2
y1 + a2n−2

−an−3n−2
y2 + · · ·+ an−4n−2

−an−3n−2
yn−4 ≥ yn−3.
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Step (I). If sgn(an−3l1) 6= sgn(an−3l2). Let an−3n−1 > 0 > an−3n. So,

(n− 1) : a1n−1

−an−3n−1
y1 + a2n−1

−an−3n−1
y2 + · · ·+ an−4n−1

−an−3n−1
yn−4 ≤ yn−3,

(n) : a1n
−an−3n

y1 + a2n
−an−3n

y2 + · · ·+ an−4n

−an−3n
yn−4 ≥ yn−3.

If (1) holds; we have I i1,i21,n , I i1,i22,n , . . . , I i1,i2n−4,n > 0. From (n − 3) and (n − 2) we

conclude
I
i1,i2n−4 7→1
n−4,n

−Ii1,i2n−4,n

y1 + · · ·+ I
i1,i2n−4 7→n−5
n−4,n

−Ii1,i2n−4,n

yn−5 ≥ yn−4. By using (n−4) we observe

that
I
i1,i2n−5 7→1
n−5,n

−Ii1,i2n−5,n

y1 + · · · + I
i1,i2n−5 7→n−6
n−5,n

−Ii1,i2n−4,n

yn−6 ≥ yn−5. By continuing this process we

get
I
i1,i22 7→1
2,n

−Ii1,i2n−4,n

y1 ≥ y2 ≥ a12
−a22y1, and then I i1,i21,n ≤ 0, a contradiction.

Similarly about (2), (3) and (4) by using (n− 3, n), (n− 2, n− 1), or (n− 1, n),
we obtain contradiction. Thus, Ty � 0.

Step (II). Suppose sgn(an−3l1) = sgn(an−3l2). Let an−3n−1, an−3n > 0. By the
hypothesis, for t = {l1, l2, i2}, we have I i2,t1,n < 0, I i2,t2,n < 0, . . . , I i2,tn−4,n < 0. So,

(n− 1) : a1n−1

−an−3n−1
y1 + a2n−1

−an−3n−1
y2 + · · ·+ an−4n−1

−an−3n−1
yn−4 ≤ yn−3,

(n) : a1n
−an−3n

y1 + a2n
−an−3n

+ · · ·+ an−4n

−an−3n
yn−4 ≤ yn−3.

First, we use (n−3) and (n−2), and see that I i2,i11,n ≥ 0, which is a contradiction.
Similarly, in cases (n− 1, n− 2) and (n, n− 2) we obtain a contradiction. So, in
this case Ty ≥ 0 can not be happen, too.

Step (III). Suppose an−3l1 = an−3l2 = 0.
We see an−4l1 , an−4l2 ≥ 0. Here, we consider four cases.

Case (I). an−4n−1, an−4n > 0.
In this case, t0 = 4, t1 = {n, n − 1} and t2 = ∅. The hypothesis implies that

(I
i1,i2jn−4 7→n
1,n > 0, . . . , I

i1,i2jn−4 7→n
n−5,n > 0, I i1,i2n−4,n > 0), (I

i1,i2jn−4 7→n−1
1,n > 0, . . . , I i1,i2n−4,n >

0), or (I i1,i21,n > 0, . . . , I i1,i2n−5,n > 0, I i1,i2n−4,n > 0),

(n− 1) : a1n−1

−an−4n−1
y1 + a2n−1

−an−4n−1
y2 + · · ·+ an−5n−1

−an−4n−1
yn−5 ≤ yn−4,

(n) : a1n
−an−4n

y1 + a2n
−an−4n

y2 + · · ·+ an−5n

−an−4n
yn−5 ≤ yn−4.

Since I i1,i2n−4,n > 0, from (n − 2) and (n − 3) we conclude
I
i1,i2n−4 7→1
n−4,n

−Ii1,i2n−4,n

y1 + · · · +

I
i1,i2n−4 7→n−5
n−4,n

−Ii1,i2n−4,n

yn−5 ≥ yn−4. Now, we can use (n), (n− 1) or (n− 4).

If I
i1,i2jn−4 7→n
1,n > 0, . . . , I

i1,i2jn−4 7→n
n−5,n > 0, I i1,i2n−4,n > 0, we use (n). Hence,

I
i1,i2n−5 7→1jn−4 7→n

n−5,n

−Ii1,i2jn−4 7→n

n−5,n

y1 + · · ·+ I
i1,i2n−5 7→n−6jn−4 7→n

n−5,n

−Ii1,i2jn−4 7→n

n−5,n

yn−6 ≥ yn−5. By applying (n− 5) and

continuing the process, we obtain I
i1,i2jn−4 7→n
1,n ≤ 0, which is a contradiction.

If (I
i1,i2jn−4 7→n−1
1,n > 0, . . . , I i1,i2n−4,n > 0), or (I i1,i21,n > 0, . . . , I i1,i2n−5,n > 0, I i1,i2n−4,n > 0),

then it is easy to prove.
Case (II). an−4n−1 = 0 and an−4n > 0.
Case (III). an−4n−1 > 0 and an−4n = 0.
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Case (IV ). an−4n−1 = an−4n = 0. By the same reasoning to arrive at the same
paradox.

Step (IV ). an−3l1 = 0, an−3l2 6= 0.
Step (V ). an−3l1 6= 0, an−3l2 = 0.

Similarly to the previous steps, Step (IV ) and Step (V ) are investigated. �

Lemma 2.8. Let T : Rn → Rn be a linear function and

[T ] =



0 . . . 0 ∗ ∗ ∗ . . . ∗
...

...
...

...
...

...
...

...
0 . . . 0 ∗ ∗ ∗ . . . ∗
0 . . . 0 akl ∗ ∗ . . . ∗
0 . . . 0 0 ∗ ∗ . . . ∗
...

...
...

...
...

...
...

...
0 . . . 0 0 ∗ ∗ . . . ∗
0 . . . 0 0 al+1l+1 ∗ . . . ∗
0 . . . 0 0 0 ∗ . . . ∗
...

...
...

...
...

...
...

...
0 . . . . . . . . . . . . . . . 0 ann



,

akl 6= 0, 2 ≤ k ≤ n− 1, and k < l. Then T does not preserve ≺rsgut.
Proof. Set x = ek and y = e1 + ( a1l

−akl
)ek − ek+1. We observe that x ≺rsgut y but

Tx ⊀rsgut Ty. Thus, T does not preserve ≺rsgut. �

Remark Theorems 2.6 and 2.7 give both sufficient and necessary conditions
for n = 4. As we know, if T : Rn → Rn preserves ≺rsgut, and S : Rn−i → Rn−i is
the linear function with [S] = [T ][i + 1, . . . , n], then S preserves ≺rsgut on Rn−i,
too. Pay attention to Lemma 2.8. So only states may for that T preserves ≺rsgut
on Rn, states are listed in the above cases.

Lemma 2.9. Let T : Rn → Rn be a linear function. If T strongly preserves
≺rsgut, then T is invertible.

Proof. Suppose that x ∈ Rn and let Tx = 0. As Tx = T0 and T strongly preserves
≺rsgut, this implies that x ≺rsgut 0. Hence x = 0 and T is invertible. �

In the following theorem the structure of linear functions T : Rn→ Rn strongly
preserving rsgut-majorization will be characterized.

Theorem 2.10. Let T : Rn → Rn be a linear function. Then, T strongly pre-
serves ≺rsgut if and only if [T ] = αIn, for some α ∈ R \ {0}.
Proof. As the sufficiency of the condition is easy to see, we only prove the necessity
of the condition.

Assume that T strongly preserves ≺rsgut. So, T is invertible, by Lemma 2.9.
Then T and T−1 preserve ≺rsgut. It shows that [T ] have the form Theorem 2.3.
If n = 1; then the result is trivial.

We proceed by induction on n. Suppose that n ≥ 2 and the assertion has been
established for all linear preservers of ≺rsgut on Rn−1. Let S : Rn−1 → Rn−1 be
the linear function with [S] = [T ][2, 3, . . . , n].
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First, we prove S strongly preserves ≺rsgut on Rn−1. As T preserves ≺rsgut
on Rn, we observe that S preserves ≺rsgut on Rn−1. Let x′, y′ ∈ Rn−1, and
let Sx′ ≺rsgut Sy′. Set x = (0, x′), y = (0, y′) ∈ Rn. Observe that Tx =
(0, Sx′) and Ty = (0, Sy′). Since Sx′ ≺rsgut Sy′, we have Tx ≺rsgut Ty. The
hypothesis ensures that x ≺rsgut y, and thus x′ ≺rsgut y′. Therefore, S strongly
preserves ≺rsgut on Rn−1. According to the induction hypothesis, [S] = αIn−1,
for some α ∈ R \ {0}. So, it is enough to show that a12 = · · · = a1n = 0.
Consider x = (0, 1 + 1

α
, 0, . . . , 0), and y = (1, −a12

α
, . . . , −a1n

α
). Without loss of

generality, assume that a11 = 1. Since T preserves ≺rsgut, Theorem 2.3 implies
that α > 0. Thus, Tx ⊀rsgut Ty. If at least one of the a12, . . . , a1n is positive,
we see that x ≺rsgut y is a contradiction. Hence a12, . . . , a1n ≤ 0. Now set
x = (0, 1 +α, 0, . . . , 0) and y = (1, a12, . . . , a1n). If at least one of the a12, . . . , a1n
is nonzero, we have x ≺rsgut y and T−1x ⊀rsgut T

−1y, which is a contradiction.
Thus, a12 = · · · = a1n = 0.

On the other hand, since T preserves ≺rsgut, Theorem 2.3 ensures that α = 1.
Therefore, T = In. �
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