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ABSTRACT. The aim of this paper is to introduce a new class of harmonic
functions defined by use of a subordination. We find necessary and sufficient
conditions, radii of starlikeness and convexity and compactness for this class of
functions. Moreover, by using extreme points theory we also obtain coefficients
estimates, distortion theorems for this class of functions. On the other hand,
some results (corollaries) on the paper are pointed out.

1. INTRODUCTION AND PRELIMINARIES

Let H denote the family of continuous complex valued harmonic functions
which are harmonic in the open unit disk U = {z: 2 € C and |z| <1} and let A
be the subclass of H consisting of functions which are analytic in U. A function
harmonic in U may be written as f = h + g, where h and g are members of
A. We call h the analytic part and ¢ co-analytic part of f. A necessary and
sufficient condition for f to be locally univalent and sense-preserving in U is
that |h'(z)| > |¢'(z)] (see Clunie and Sheil-Small [1]). To this end, without loss
of generality, we may write

h(z)=z+ Zakzk and g(z) = Zbkzk. (1.1)
k=2 k=2
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Let SH denote the family of functions f = h+g which are harmonic, univalent,
and sense-preserving in U for which f(0) = f,(0)—1 = 0. The subclass SH® of SH
consists of all functions in SH which have the additional property fz(0) = b; = 0.

In 1984 Clunie and Sheil-Small [1] and (more recently) by Jahangiri and Sil-
verman [5] investigated the class SH as well as its geometric subclasses and
obtained some coefficient bounds. Since then, there have been several related
papers on SH and its subclasses. In the present sequel to these earlier investi-
gations, Jahangiri et al. [6] applied the Alexander integral transforms of certain
analytic functions (which are starlike or convex of positive order) with a view to
investigating the construction of sense-preserving, univalent, and close-to-convex
harmonic functions.

Note that SH reduces to the class S of normalized analytic univalent functions
in U, if the co-analytic part of f is identically zero.

For f € S, the differential operator D" (n € Ny = NU{0}) of f was introduced
by Salagean [9]. For f = h + g given by (1.1), Jahangiri et al. [8] defined the
modified Salagean operator of f as

D"f(z) = D"h(z) + (~1)"Dg(2), (1.2)

where
D"h(z) =z + Z k"apz®, D"g(z) = Z k" by 2",
k=2 k=2

We say that a function f : U — C is subordinate to a function g : U — C, and
write f(z) < g(z), if there exists a complex valued function w which maps U into
itself with w(0) = 0, such that

f(z) = g(w(z)) (z€U).
Furthermore, if the function g is univalent in U, then we have the following
equivalence:

f(z) <g(2) & f(0) = g(0) and f(U) C g(U).

The Hadamard product (or convolution) of functions f; and fy of the form
fu2) =2+ awd+> bk (2€U te{1,2})
k=2 k=2
is defined by
(fl * fg)(Z) =z + Z aik angZk =+ Z bl,k b27kz’f (Z -~ U)
k=2 k=2

Denote by SHJ(n, A, B) the subclass of SH consisting of functions f of the
form (1.1) that satisfy the condition

OD"2f(2)+ (1 —=86) D" f(z) 1+ Az
OD" M f(2)+ (1 —0)D"f (2) 1+ Bz’
(0<6<1,-B<A<B<1)
where D™ f (z) is defined by (1.2).

(1.3)
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By suitably specializing the parameters, the class SHJ(n, A, B) reduces to the
various subclasses of harmonic univalent functions, such as,

(i) SHY(\, A, B) = H* A, B), A € Ny =NU{0} ([4]),

(i) SHY(0, 4, B) = S5 (A, B) N SH° (2],

(ii)y SHY(n, 20— 1,1) = H%(n, 0) ([5]),

(iv) SH(0,200 — 1,1) = S0(c) ([7], [10], [11]),

(v) SHY(1, 20 — 1,1) = SHY(0,2a — 1,1) = 5%,(c) ([7]).

Making use of the techniques and methodology used by Dziok (see [2], [3]),
Dziok et al. [4], in this paper we find necessary and sufficient conditions, distortion
bounds, radii of starlikeness and convexity, compactness and extreme points for

the above defined class SH{(n, A, B).

2. MAIN RESULTS

First theorem provides a necessary and sufficient convolution condition for the
harmonic functions in SHY(n, A, B).

Theorem 2.1. A function f belongs to the class SHY(n, A, B) if and only if
f e SH® and

D'f(z)x®(z0) #0  (CeC [(|=1, z€l),

where

B(z;¢) = (1+A<)(571)z3+(6+1)z2+£113£2zz;;1)+A(276)]<z2+(BfA)<z

_(_ 1)n (1—6)(1+A<)23—3(1—6)22—[B+(2—§§)A]§22+(1—26)[2+(B+A)dz
(1-2) '

Proof. Let f € SH. Then f € SH)(n, A, B) if and only if (1.3) holds or equiv-
alently

SD"2f(2) + (1= 8) D" f(2) , 14+ AC )
SO () - (1=0) D (2) 7 14 B¢ CeC =1, 2€U). (21
Now for
D"h(z) = D"h(z) % 1 f = D"t'h(z) = D"h(z) * a fz)z and D"2h(2) = D"h(z) + (ff;s

the inequality (2.1) yields
(1+ BOBD™ 2 f(2) + (1= 8) D" f (2)] = (1 + AQED" "' f(2) + (1~ 6) D" f ()]

- wfa [S252, 00 g 2 020

e {50 (525 - 4] 0 [ - 422

= D"f(2)x () #0.

Next we give the sufficient coefficient bound for functions in SHY(n, A, B).



HARMONIC UNIVALENT FUNCTIONS OBTAINED BY MEANS OF ... 31

Theorem 2.2. Let f = h+ g be so that h and g are given by (1.1). Then
f € SH(n, A, B), if

> (@ la] + v [be]) < B - A, (2.2)
where
b =k"[(B+1)k—(A+1)][1+d(k—1)] (2.3)
and
Ve =Kk'[(B+1)k+ (A+1D]|1—0(k+1)|. (2.4)

Proof. 1t is easy to see that the theorem is true for f(z) = z. So, we assume that
ar # 0 or by # 0 for k > 2. Since ¢, > k(B — A) and ¢ > k(B — A) by (2.2),

we obtain

W =19 = 1= klag =" =D kbl 12"
k=2 k=2

L2 ) (K lax] + K [bi)

v

>

- BiAZ(Cbk\aH‘f‘%\ka
k=2

> 1—|z|>0.

Therefore f is sense preserving and locally univalent in U. For the univalence
condition, consider zq, zo € U so that z; 7é Z5. Then

E mlkm

21 _22

< Z |27 | <k, k> 2.

21 — 22

Hence
|f(z1) = f ()] = [h(z1) —h(22)| =g (21) — g ()]

o0

> zl—zQ—Zak( —22 Zbk —zQ
k=2
(o ¢] o0

> Jm =zl =3 Jal |2 = 2 = 3 bl [ — 24
k=2 k=2

_ . B = <1 _ = 21

= o=l (1= Dt [ - S
k=2 k=2

> |z — 2| (1—Zklak\—2k|bkl>20
k=2 k=2

k
Z9
2
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which proves univalence.
On the other hand, f € SHY(n, A, B) if and only if there exists a complex
valued function w; w(0) =0, |w(z)| < 1 (z € U) such that
OD" 2 f(z)+ (1 —0) D" f(2) 14 Aw(z)
SD"Hf(2) + (1 =8)Drf(2) 14 Buw(z)

or equivalently
0D 2f(2) + (1 —26) D" f(2) — (1 =) D" f (2)
—BoD"2f (2) + 16 (A+ B) — B| D" f(2) + A(1 = 6) D" f(2)
The above inequality (2.5) holds, since for |z| =7 (0 < r < 1) we obtain
6D™2f(2) + (1 =26) D" f(2) = (1 = 8) D" f (2)]

<1l (25)

— |BSD™?f (2) = [0 (A+ B) — B]D""' f(2) — A(1 — 8) D" f(2)|

{6k> + (1 —28)k — (1 = &)} ar" + (-1)" ik"[ék%a—za)k—u—a)]m
k=2

_ (B—A)z+§:k"{Bék2+[B—é(A+B)}k—A(1—6)}akz’“

Zk”{35k2 [B—6(A+B)k—A(l—26)} bk

IN

D> K" (k=1)[6(k — 1) + 1] ax| "

+D K (k+1)[6(k + 1) — 1] [b|r* — (B — A)r

k=2

+ik” (Bk — A) [6(k — 1) + 1] |ax| r*

+ > K" (Bl + A)[6(k + 1) — 1] |bk| 7"
k=2

< r {Z¢k ‘ak|'r‘k_l + Z¢k |bk|7"k_1 — (B — A)} < 0.
k=2 k=2

Therefore f € SHY(n, A, B), and so the proof is complete. O

Next we show that the condition (2.2) is also necessary for the functions f € SH
to be in the class SHTY(n, A, B) = T" N SHY(n, A, B), where T™ is the class of
functions f = h +g € SHY so that

f=h+g=2-> la|z"+ ()" > ||z" (z€D). (2.6)
k=2 k=2

Let ¢, be defined by (2.4). For 3 <6 < 1, we have
=k"(B+1)k+(A+1D]0(k+1)—1].



HARMONIC UNIVALENT FUNCTIONS OBTAINED BY MEANS OF ... 33

Theorem 2.3. Let f = h+g be defined by (2.6). Then f € SHT}(n, A, B) if
and only if the condition (2.2) holds where § < § < 1.

Proof. The ‘if” part follows from Theorem 2.2. For the ‘only-if’ part, assume that
f € SHTY(n, A, B), then by (2.5) we have
5k {[5k2+(1—26)k—(1—6)] aj | =" +[6k2 —(1=28)k— (1-8)] |bs |2 }

k=2
= < 1.
(B=A)z— 3 k" {[Bok2+[B—5(A+B)lk—A(1-0)]|ar |2k +[Bok2 —[B—6(A+B)|k—A(1-5)] by |2F }
k=2

For z = r < 1 we obtain

kf k™ { [5k2+(1—26)k—(1—8)] |ag, |+ [6k% — (1—28) k— (1—8)] by, | }r*
=2

(BfA)szi kn{[BSk2+[B—8(A+B)lk—A(1-0)]|ar|+[Bok2 —[B—6(A+B)|k—A(1—8)]|by | }rk—1
c=2

Thus, for ¢ and v as defined by (2.3) and (2.4), we have

> [k lar] + i lbel] < B—A (0<r<1). (2.7)
k=2
Let {0y} be the sequence of partial sums of the series
[ |ar| + P |bk] -
k=2

Then {0y} is a nondecreasing sequence and by (2.7) it is bounded above by B— A.
Thus, it is convergent and

> [ lak] + i |bil] = Jim o, < B — A
2 —00
This gives the condition (2.2). O

In the following we show that the class of functions of the form (2.6) is convex
and compact.

Theorem 2.4. The class SHTY(n, A, B) is a convex and compact subset of SH.
Proof. Let f, € SHT)(n, A, B), where

fz2) =2 = lage| 25+ ()" D _|bisl ¥ (€U, t€N). (2.8)
k=2 k=2

Then 0 < n < 1. Let f1, fo € SHT)(n, A, B) be defined by (2.8). Then
K(z) = nfi(z) + (1 =n)fa(z)

o0

= 2= (nlasl+ (1 =) lazgl) 2"
k=2

o0

=1y (bl + (1 =) [bag]) 2

k=2
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and

> Ao nlanl + (1 =n) lagsl] + ¢ [n bl + (1= n) [bo[]}
k=2

= ?72{¢k’a1k|+1/1k\b1k!}+ (1—n Z{¢k‘a2k’+wk|b2k‘}

< pB-A)+1-n)(B-A)=B-A

Thus, the function x = nf; + (1 — n) f2 belongs to the class SHT} (n, A, B). This
means that the class SHTY (n, A, B) is convex.

On the other hand, for f; € SHT)(n,A,B),t € Nand |z| <7 (0 <r < 1), we
get

@l < Y {lans] + bl
k=2

o
< > (b lank] + v bl }
K—2

< r+(B-A)r?
Therefore, SHTY (n, A, B) is locally uniformly bounded. Let

—z—Z|atk|z+ Z|btk|zk (€U, teN)

and let f = h + g be so that h and g are given by (1.1). Using Theorem 2.3 we
obtain

> " {n lack] + i lbexl} < B - A. (2.9)
k=2

If we assume that f; — f, then we conclude that |a; x| — |ax| and [by x| — |bk]
as k — oo (t € N). Let {0y} be the sequence of partial sums of the series

Z {ok |a| + Vg |bk|}. Then {0k} is a nondecreasing sequence and by (2.9) it is
bounded above by B — A. Thus, it is convergent and

> Ak lar] + x|} = Jim oy < B~ A
h—2

Therefore f € SHTY (n, A, B) and therefore the class SHT?(n, A, B) is closed. In
consequence, the class SHTY (n, A, B) is compact subset of SH, which completes
the proof. O

We continue with the following lemma due to Jahangiri [7].
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Lemma 2.5. Let f = h+7 be so that h and g are given by (1.1). Furthermore,
let

k-« k+a
b <1 U
> (el + g} 1 Ge)

where 0 < o < 1. Then f is harmonic, orientation preserving, univalent in U
and f is starlike of order a.

In the following theorems we obtain the radii of starlikeness and convexity for
functions in the class SHT?(n, A, B).

Theorem 2.6. Let 0 < a < 1, ¢p and ¢y, be defined by (2.3) and (2./). Then

{ e
ro(SHTY(n, A, B)) = inf {B—_‘Z min{]i—ka, kﬁ’“a H . (2.10)

Proof. Let f € SHTY(n, A, B) be of the form (2.6). Then, for |z| = r < 1, we get

Df(z) = (1 +a)f(2)
Df(z) + (1 - a)f(2)

—az— Y (k—1—a)|ap] 2" = (=1D)" Y (k+ 1+ ) |bp| Z*
k=2 =2

(2—a)z—é(k+1—a)|ak|zk—(—1)né(k—1+a)|bk|2k

a+ Y {lk—1—a)|ap| + (k+ 14 a) |bg|}r*!
k=2

IN

2—a— > {(k+1—a)l|ar] + (k=14 ) |bg|}rF!
k=2

Note (see Lemma 2.5) that f is starlike of order « in U, if and only if

D _
Q- +afG) | oy
Df(z) + (1 - a)f(2)
or
k-« k+a _
Z{l_alakHl_albkl}r’“ <L (2.11)
k=2
Moreover, by Theorem 2.3, we have
= Pk (" k-1
b <1.
;{B—AMH-B—/H flpr s
Since ¢y and 1 be defined by (2.3) and (2.4).
The condition (2.11) is true if
k—a oy i ja
l—« ~ B-A

and
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or if

l—a ¢ P
< = cal).
T_B—Amln{k—a’k+a} (k=2,3,...)

It follows that the function f is starlike of order « in the disk U,» where
e T B A" k= a ko ‘

B-A
K (=1)n Z
o

proves that the radius 77 cannot be any larger. Thus we have (2.10). 0J

The function

fi(2) = hi(2) + gr(2) = 2 —

Using a similar argument as above we obtain the following.

Theorem 2.7. Let 0 < o < 1 and ¢y, and ¢y, be defined by (2.3) and (2.4). Then

1

. . l—a . O, Ui =
ro(SHT3 (n, A, B)) = inf [B—— A mln{k(k: —a) k(k +a) H '

Our next theorem is on the extreme points of SHT?(n, A, B).

Theorem 2.8. Extreme points of the class SHTY (n, A, B) are the functions f of
the form (1.1) where h = hy and g = gx are of the form

h’l(z) =%, hk(z) =z ijkAzk)

(2.12)
ge(2) = ()" B4 (2 e U, k>2),

(md%<5§1.

Proof. Let gx =nf1 + (1 —n)fy where 0 <n < 1 and fi, fo € SHT?(n, A, B) are
functions of the form

o0 o0

fulz) = 2= a2+ (=1)" Y bkl 2F (2 €U, te{1,2}).
k=2 k=2
Then, by (2.2), we have
B-A
01| = |ba| = S

and therefore a;; = agy = 0 for t € {2,3,...} and by, = byy = 0 for t €
{2,3,.. .} \ {k}. It follows that gi(z) = fi(z) = fa(2) and g; are in the class
of extreme points of the function class SHT?(n, A, B). Similarly, we can verify
that the functions hy(2) are the extreme points of the class SHT?(n, A, B). Now,
suppose that a function f of the form (1.1) is in the family of extreme points
of the class SHTY(n, A, B) and f is not of the form (2.12). Then there exists
m € {2,3,...} such that

B-A
mr[(B+1)m—(A+1)][1+d(m—1)]

0 < lan| <
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or

B—-A
m*'(B+1)m+ (A+1)][6(m+1)—1]

0< |bn| <

If
B-A

0 < lan| <

then putting
y = || m™ {m"[(B+1)m — (A+ D][1+d(m —1)]}

B—-A
and
_f_nhm
(10_ 1 )
-1

we have 0 <n < 1, h,, # p, and

mr» {m"[(B+1)m— (A+1)][1+d(m—1)]}

37

Therefore, f is not in the family of extreme points of the class SHT?(n, A, B).

Similarly, if
B—A
mr[(B+1)m+ (A4 1D)][6(m+1) —1]

0 < |bm| <

then putting

)= b | M [(B+1)m + (A+1)][0(m + 1) — 1]

B—A

and
_ = ngm
=T

we have 0 <n <1, g, # ¢, and
f=n9m+ (1 —n)e.

It follows that f is not in the family of extreme points of the class SHT? (n, A, B)

and so the proof is completed.

Therefore, by Theorem 2.8, we have the following corollary.

O

Corollary 2.9. Let f € SHT}(n, A, B), be a function of the form (2.6). Then

] < B-A
=B+ 1)k — (A+ D) [0(k—1) + 1]
and
| O | b4

SBI DT AT D PGE) =1

The result is sharp for the extremal functions h,, g, of the form (2.12).

Corollary 2.10. Let f € SHT?(n, A, B) and |z| =r < 1. Then
B—-A B—-A

“wGrnEBE_AzD) SHEIsTEs

The following covering result follows from Corollary 2.10.

(6+1)(2B—A+1)
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Corollary 2.11. If f € SHT)(n, A, B), then U, C f(U) where

B-—A
27 [(6+1)(2B—A+1)]
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