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ABSTRACT. The commuting graph of a finite non-abelian group G with center
Z (@), denoted by ', is a simple undirected graph whose vertex set is G\ Z(G),
and two distinct vertices z and y are adjacent if and only if zy = yx. A
finite non-abelian group G is called super integral if the spectrum, Laplacian
spectrum and signless Laplacian spectrum of its commuting graph contain
only integers. In this paper, we first compute Laplacian spectrum and signless
Laplacian spectrum of several families of finite non-abelian groups and conclude
that those groups are super integral. As an application of our results we obtain
some positive rational numbers r such that G is super integral if commutativity
degree of G is r. In the last section, we show that G is super integral if G is not
isomorphic to Sy and its commuting graph is planar. We conclude the paper
showing that G is super integral if its commuting graph is toroidal.

1. INTRODUCTION

Let A(G) and D(G) denote the adjacency matrix and degree matrix of a graph
G respectively. Then the Laplacian matrix and signless Laplacian matrix of G
are given by L(G) = D(G) — A(G) and Q(G) = D(G) + A(G) respectively. We
write Spec(G), L-spec(G) and Q-spec(G) to denote the spectrum, Laplacian spec-

trum and Signless Laplacian spectrum of G. Also, Spec(G) = {af*, a5%, ..., ;" },
L-spec(G) = {B%, 5%, ..., %} and Q-spec(G) = {7{,752,. .., v} where oy, as,
..., are the eigenvalues of A(G) with multiplicities ay, as, ..., a; 51, Bay- -+, Bm

are the eigenvalues of L(G) with multiplicities by, bo, ..., b, and v1, 72, ..., y, are
the eigenvalues of Q(G) with multiplicities ¢y, co, .. ., ¢, respectively. A graph G
is called integral or L-integral or Q-integral according as Spec(G) or L-spec(G)
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or Q-spec(G) contains only integers. G is called super integral if it is integral,
L-integral and Q-integral. The notion of integral graph was introduced by Harary
and Schwenk [16] in the year 1974. A very impressive survey on integral graphs
can be found in [6]. Ahmadi et al. noted that integral graphs have some in-
terests for designing the network topology of perfect state transfer networks, see
[1] and the references there in. L-integral graphs are also studied extensively
over the years while Q-integral graphs are not studied much. One may conf.
(2, 8, 18, 20, 28] and some of the references in [18] for several interesting results
of these graphs.

Let G be a finite non-abelian group with center Z(G). The commuting graph of
G, denoted by I'g, is a simple undirected graph whose vertex set is G\ Z(G), and
two distinct vertices x and y are adjacent if and only if xy = yx. Various aspects
of commuting graphs of finite groups can be found in [5, 11, 12, 17, 21, 25]. A
finite non-abelian group G is called integral or L-integral or Q-integral according
as ['g is integral or L-integral or Q-integral. One may ask the following questions.
Question 1. Which finite non-abelian groups are integral?

Question 2. Which finite non-abelian groups are L-integral?

Question 3. Which finite non-abelian groups are Q-integral?

A finite non-abelian group G is called super integral if ' is integral, L-integral
and Q-integral. Therefore, in the line of above questions, we can also ask the
following question.

Question 4. Which finite non-abelian groups are super integral?

In [11, 12], we have computed the spectrum of I'g for several families of finite
non-abelian groups and determined several finite non-abelian integral groups. In
[24], we have computed Laplacian spectrum and signless Laplacian spectrum of
n-centralizer finite groups for n = 4,5 and showed that those groups are super
integral. In this paper, we compute Laplacian spectrum and signless Laplacian
spectrum of commuting graphs of finite groups whose central quotient is isomor-
phic to Sz(2) (the Suzuki group of order 20) or Z, x Z, (for any prime p) or Dy,
(the dihedral group of order 2m). We also consider the quasidihedral groups,
generalized quaternion groups, general linear groups, some projective special lin-
ear groups, the groups constructed by Hanaki in [15] etc. Our computations in
Section 2 reveal that all the above mentioned groups are super integral. Further,
we shall show that all finite AC-groups are super integral. The rest part of this
paper is devoted to some applications of the results obtained in Section 2.

The commutativity degree of G denoted by Pr(G) is the probability that a
randomly chosen pair of elements of G commute. Clearly, Pr(G) = 1 if and only
if G is abelian. For a non-abelian group, it was shown in [14] that Pr(G) < 5/8.
Since then many mathematicians have studied this notion. The readers may conf.
[7, 22] for various results on Pr(G). A survey of recent works on Pr(G) can be
found in [9]. Using our results, in Section 3, we shall show that G is super integral

if Pr(G) € {3, 2, 5,5, 2}

Recall that genus of a graph is the smallest non-negative integer n such that
the graph can be embedded on the surface obtained by attaching n handles to
a sphere. A graph is said to be planar or toroidal if the genus of the graph is

zero or one respectively. It is worth mentioning that Afkhami et al. [3] and Das
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et al. [10] have classified all finite non-abelian groups whose commuting graphs
are planar or toroidal recently. In the last section, we shall show that a finite
non-abelian group G is super integral if it is not isomorphic to Sy, the symmetric
group of degree 4, and the commuting graph of G is planar. We also show that
a finite non-abelian group is super integral if its commuting graph is toroidal.

2. LAPLACIAN AND SIGNLESS LAPLACIAN SPECTRUM

It is well-known that L-spec(K,) = {0',n""'} and Q-spec(K,) = {(2n —
2)L (n — 2)"1} where K, denotes the complete graph on n vertices. Further,
we have the following theorem.

Theorem 2.1. If § = || K,,,, U LKy, U -+ Ul K,,,, where [;K,,, denotes the
disjoint union of l; copies of K,,, for 1 <i <k, then

L-spec(G) = {QZL L mlll(ml—l)7 ml;(m—n7 o ,mi’“(m’“_”}
and
Qespec(G) = {(2my — 2, (my — 2201 (2my — 2)2, (my — 2)20m2D),
s (2m = 2%, (= 2D,

Now we compute the Laplacian spectrum and signless Laplacian spectrum of
the commuting graphs of some families of finite non-abelian groups. We begin
with some families of groups whose central factors are some well-known groups.

Theorem 2.2. Let G be a finite group and % = Sz(2), where Sz(2) is the
Suzuki group presented by (a,b: a® = b* = 1,b7tab = a®). Then

L-Spec(FG) — {067 (4|Z(G)|)4\Z(G)\—1’ (3|Z(G)|)15|Z(G)|_5} and
Q-spec(T'e) = {(8]2(G)| - 2)",(4]2(G)| — 2)1#,
(612(G)| = 2)°, (3]12(G)| - 2)*# @2},

Proof. It was shown in [11, Theorem 2.2] that I'¢ = Kyjz(q) U 5K3z(c)- There-
fore, by Theorem 2.1, the result follows. O

Theorem 2.3. Let G be a finite group such that % & Zy X 7y, where p is a
prime integer. Then

Lespec(T'6) ={07, ((p — )| Z(G) )"~ I#@ 71} and
Qspec(T) ={(2(p — DIZ(G)] - 27 (0 — DIZ(G)] — 2" ZClw-1y,

Proof. It was shown in [12, Theorem 2.1] that I'¢ = (p + 1)K (,—1)|z(c)- Hence
the result follows from Theorem 2.1. O

As a corollary we have the following result.

Corollary 2.4. Let G be a non-abelian group of order p®, for any prime p, then
L-spec(I'g) ={0"", (p* — p)?" =2~} and
Q-spec(Tg) ={(2p° —2p — 2", (0 —p— 2" "'},



80 J. DUTTA, R.K. NATH

Proof. Note that |Z(G)| = p and % = 7, X Z,. Hence the result follows from
Theorem 2.3. 0J

Theorem 2.5. Let G be a finite group such that Z(G 2 Dy,,, for m > 2. Then
L-spec(T'e) ={0"*, ((m — 1)|Z(G)) " V@I (|2(6)|)m1# = } and
Q-spec(Ta) ={(2(m — 1)|Z(G)| = 2)", ((m - 1)|Z(G)| - 2)"~ VI

(212(G)] = 2)™,(12(G)| - 2)"(ZD=Dy,

Proof. It was shown in [12, Theorem 2.5] that I'c = Kgn_1)z() U mE|z)-
Hence the result follows from Theorem 2.1. O

Using Theorem 2.5, we now compute the Laplacian and signless Laplacian spec-
trum of the commuting graphs of the groups Mo, Doy, and (4, respectively.

Corollary 2.6. Let My, = {a,b: a™ = b* = 1,bab™" = a™') be a metacyclic
group, where m > 2. Then
m-+1 . mn—n—1 mn—m : ; dd
Lespec(Tap, ) = 4 Ly 020710 0y e
{0z (mn — 2n)™ 271 (2n)™ "2} if m is even

and

{2mn —2n —2)!, (mn —n —2)m—n"1

(2n —2)™ (n — )m” ™Y ifmois odd
{(2mn — 4n — 2)t, (mn — 2n — 2)mn—2n=1,
(4n —2)%,(2n — 2)™ "2} if m is even.

Proof. Observe that Z(Ma,,) = (b%) or (b*) Ua? (b?) according as m is odd or

even. Also, it is easy to see that Z%Z”" ) = Ds,, or D, according as m is odd or

even. Hence, the result follows from Theorem 2.5. [l

As a corollary to the above result we have the following results.

Corollary 2.7. Let Do, = (a,b:a™ =b* = 1,bab™" = a™1) be the dihedral group
of order 2m, where m > 2. Then

{0m (m — 1)m2} if m is odd

{02+ (m —2)™3,2%}  if m is even

L-spec(T'p,, ) = {

and
C{em =t (m =32, (20— 2)™, 0™y if m s odd
Qspectlion,) = {{(Qm —6)', (m—4)"7° 27, 02} if m is even.

1

Corollary 2.8. Let Qu = (z,y : y*" = 1,2% = y", zyx™" =y~ ), where n > 2,

be the generalized quaternion group of order 4n. Then
L-spec(Tg,,) = {0", (2n — 2)**72 2"} and
Q-spec(Tg,,) = {(4n — 6)', (2n — 4)>"3 2" 0"}.
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Proof. The result follows from Theorem 2.5 noting that Z(Q4,) = {1,a"} and

Q n ~
Z(é‘w = Do,. 0

Now we compute the Laplacian spectrum and signless Laplacian spectrum of
the commuting graphs of some well-known families of finite non-abelian groups.

Proposition 2.9. Let G be a non-abelian group of order pq, where p and q are
primes with p | (¢ —1). Then

L-spec('g) ={07" (¢ — 1)772 (p — )P %} and
Q-spec(l'e) ={(2¢ —4)", (¢ = 3)"*, (2p — 4", (p = 3)" 1},

Proof. It was shown in [11, Lemma 3.2] that I'¢ = K, U ¢K,_1. Hence, the
result follows from Theorem 2.1. O

Proposition 2.10. Let QDyn denote the quasidihedral group {(a,b : = =
1,bab™' = a®" 1), where n > 4. Then

L-spec(I'gp,n ) {02 (20— )2 92 g
Qrspec(Tgn,,) ={(27 = )%, (271 — 4) 73,97 272},

Proof. Tt was shown in [11, Proposition 2.1] that Tgp,, = Kon-1_o L 2" 2K,
Hence, the result follows from Theorem 2.1. O

Proposition 2.11. The Laplacian spectrum and signless Laplacian spectrum of
the commuting graph of the projective special linear group PSL(2,2%), where k >
2, are given by

{022’“+2’“+1’ (2k _ 1)22k—2k—2’ (2k _ 2)2’%1(2%—2’#1—3)’ (219)2’6*1(22’@—2’“““)} and

Y

{(2k+1_4)2k+1 <2k _ 3)22k—2k—2 <2k+1 _ 6)2’6*1(2’%1)
(2k: _ 4)2’9*1(22’6—2’9“—3)’ (2k+1 _ 2)2’“1(2’&1)7 (21<; _ 2)2k*1(22’€—2k+1+1)}
respectively.
Proof. 1t was shown in [11, Proposition 2.2] that
FPSL(Q,Qk) = (2]C + 1)K2k_1 |_| 2k_1(2k + 1)K2k_2 |_| 2k_1(2k - ].)K2k
ence, the result tollows from Theorem 2.1.
H , th 1t foll f Th 2.1 0J

Proposition 2.12. The Laplacian spectrum and signless Laplacian spectrum of
the commuting graph of the general linear group GL(2,q), where ¢ = p" > 2 and
p s a prime integer, are given by

alq+1)(a®~3q+1)

[0+ (g2 —3q+2) P (@2 — ) T (2 — 20+ 1)1 DD} and
{(2(]2 B 6q B 2) q(q;l) 7 (q2 _ Sq)w, (2q2 - 2(] - 2) 0(02—1)’

ala=1)(¢2—q-1)
2

(¢*—q—2) ,(2¢° — 49)™, (g7 +2¢ — 1)V

respectively.
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Proof. 1t was shown in [11, Proposition 2.3] that

qlg+1)
2
Hence, the result follows from Theorem 2.1. O

q(qg—1)

FGL(ZQ) = Kq273q+2 . Kq?fq U (q + 1)Kq272q+1'

Proposition 2.13. Let F' = GF(2"),n > 2 and ¥ be the Frobenius automorphism
of F,i. e., 9(x) =22 for allz € F. Let A(n,9) denote the group

1 0 0
U(a,b)=|a 1 0| :a,beF
b d(a) 1

under matriz multiplication given by U(a,b)U(a’,b") = U(a+ d',b+ b + a'd(a)).
Then

L-spec(Tag,0) ={0*" ", (2")*" """} and
Q-SpeC(FA(nﬂg)) :{(2n+1 . 2)2"_1, (2n . 2)22n_2n+1+1}‘

Proof. It was shown in [11, Proposition 2.4] that I 4,9 = (2" — 1)Ks.. Hence
the result follows from Theorem 2.1. O

Proposition 2.14. Let F' = GF(p") where p is a prime. Let A(n,p) denote the
group

1 00
V(a,b,c)=1a 1 0| :a,b,c€F
b ¢ 1

under matriz multiplication V (a,b,c)V (a’,b', ') = V(a+d' b+ + cd',c+ ).
Then

L-spec(L ) ={07" 1, (p™" — p")P" 2"} and
Q-spec(Tagny)) ={(2p™" — 2" — 27"+, (p™ — p" — 27" 2" 1},

Proof. 1t was shown in [11, Proposition 2.5] that I'a¢, ) = (p™ 4+ 1) Kp2n_pn. Hence
the result follows from Theorem 2.1. O

Our computations reveal that all the groups considered above are both L-
integral and Q-integral. Also, it was shown in [11, 12] that theses groups are
integral. Hence, all these groups are super integral.

A group G is called an AC-group if C(x) is abelian for all z € G\ Z(G), where
Ce(x) is the centralizer of x given by the set {y € G : xy = yx}. Various aspects
of AC-groups can be found in [1, 10, 26]. In [I1], the authors have shown that
finite AC-groups are integral. In the following two results we shall show that if G
is an AC-group or G is isomorphic to H x A, where H is a finite non-abelian AC-
group and A is any finite abelian group then G is L-integral as well as Q-integral.
Hence, G is super integral.

Theorem 2.15. Let G be a finite non-abelian AC-group. Then
Lespec(Ta) = {07, (1Xa] = [Z(@)F 4O (X,| - |2(@)) 2@
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and
Q-spec(Ta) = {2(1X1] = |Z(G)]) = 2)', (1 X | = |2(G)| — 2) =@t
2(1Xal = 12(@)]) = 2)', (1X] = |2(G)| = 2) =171,

where X1, ..., X, are the distinct centralizers of non-central elements of G.

Proof. By [11, Lemma 2.1}, we have I'g = ‘Q1K|XZ.|_|Z(G>|. Therefore, the result
follows from Theorem 2.1. O

Corollary 2.16. Let G = H x A where H is a finite non-abelian AC-group and
A is any finite abelian group. Then

L-spec(Tg) = {07, (JA|(1X: |=|Z(H)|)) A2t
(JAI(IXa] = [Z(H)[))HAI D=1

and Q-spec(L'g) is given by

{IAI(1X1] = |Z(H)]) = 2)", (JA|(1 X | = | Z(H)]) — 2)A0al=zEh=t

2/ A|(1Xa] = 1Z(H)]) = 2)", (|A](1X0| = |Z(H)]) — 2)HH - EZED=

where X1, ..., X, are the distinct centralizers of non-central elements of H.
Proof. Tt is easy to see that Z(Hx A) = Z(H)x Aand X1 x A, Xox A, ..., X, x A
are the distinct centralizers of non-central elements of H x A. Therefore, if H

is an AC-group then H x A is also an AC-group. Hence, the result follows from
Theorem 2.15. 0

3. COMMUTATIVITY DEGREE AND SUPER INTEGRAL GROUP

Let GG be a finite group. The commutativity degree of GG is given by the ratio
€GXxG:ay=yx}
GI? '

The origin of the commutativity degree of a finite group lies in a paper of Erdos
and Turan (see [13]). Readers may conf. [7, 9, 22| for various results on Pr(G).
In this section, we ask the following question.
Question 5. Can we determine all the positive rational numbers r such that any
group G with Pr(G) = r is super integral?

The following theorems give some rational numbers r such that G is super
integral if Pr(G) = r.

Theorem 3.1. If Pr(G) € {2, 2, 1L L 5% then G is super integral.

pr(cy — o)

Proof. It Pr(G) € {3, 2, 35, 3. 2} then as shown in [27, pp. 246] and [23, pp. 451],

we have % is isomorphic to one of the groups in { D14, D1g, Dg, D¢, Zo X Zso}.
If % is isomorphic to D4, D1g, Dg or Dg then by [12, Theorem 2.5], we have

G is integral and by Theorem 2.5, we have GG is both L-integral and Q-integral.
Hence, in this case G is super integral. If % is isomorphic to Zy X Zy then by

[11, Theorem 3.1], it follows that G is integral. Also, by Theorem 2.3 we have G
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is both L-integral and Q-integral. Hence, G is super integral. This completes the
proof. O

Theorem 3.2. Let G be a finite group and p the smallest prime divisor of |G|.
If Pr(G) = % then G s super integral.

Proof. If Pr(G) = % then by [19, Theorem 3] we have %G) is isomorphic
to Z, x Z,. Now, by [12, Theorem 2.1|, we have that G is integral. Again, by
Theorem 2.3, it follows that GG is L-integral as well as Q-integral. Hence, G is
super integral. O

We conclude this section by the following result.

Theorem 3.3. If G is a finite non-solvable group with Pr(G) = % then G is
super integral.

Proof. By [7, Proposition 3.3.7] we have that G is isomorphic to As x B for some
abelian group B. Therefore G is an AC-group and hence super integral. O

4. MORE APPLICATIONS

In this section, we show that a finite non-abelian group G not isomorphic to Sy
is super integral if its commuting graph is planar. We also show that G is super
integral if its commuting graph is toroidal. We begin with the following useful
lemma.

Lemma 4.1. Let G be a group isomorphic to any of the following groups

(1) ZQXDS

(2) ZQXQS

(3) Myg = {(a,b: a8—62—1 ,bab = a®)

(4) Zy X Zy = {a,b : :b4—1,bab_ =at)

(5) Dg* Zy = {a,b,c:a*=1*=c®> =1,ab = ba, ac = ca, bc = a’cb)
(6) SG(16,3) = (a b: a4—b4—1 ab="b"1ta"t ab™t = ba™1).

Then L-spec(T'g) = {0%,4°} and Q-spec(T'g) = {63, 29},

Proof. 1f G is isomorphic to any of the above listed groups, then |G| = 16 and
|Z(G)| = 4. Therefore, Z(G) = Zo X Zs. Thus the result follows from Theorem 2.3.
O

Now we state and proof the main results of this section.

Theorem 4.2. Let I'¢ be the commuting graph of a finite non-abelian group G.
If G is not isomorphic to Sy and U'g is planar then G is super integral.

Proof. It was shown in [11, Theorem 3.2] that G is an integral group if it is not
isomorphic to Sy and I' is planar.

By [3, Theorem 2.2], we have that I'¢ is planar if and only if G is isomor-
pth to either Dg,Dg,Dlo, D12,Q8,Q12,Z2 X DB,ZQ X Q87M16,Z4 X Z4,D8 *
Z4, SG<16, 3), A4, A5, 54, SL(2, 3) or SZ(Q)

If G = Dg, Dg, D1g or D15 then by Corollary 2.7, one may conclude that I'g is
both L-integral and Q-integral. Hence, G is both L-integral and Q-integral. If
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G = Qg or (1o then G is both L-integral and Q-integral, by Corollary 2.8. If
G =7y x Dg, Zig X Qg, M16, Zig X Z4, Dg x 7., or SG(16, 3) then, by Lemma 41, G
is L-integral as well as Q-integral.

If G2 Ay = (a,b:a*=1* = (ab)® = 1) then the distinct centralizers of non-
central elements of G are Cg(a) = {1, a, bab* b*ab}, Cg(b) = {1,b,0*}, Cq(ab) =
{1,ab,b*a},Cq(ba) = {1,ba,ab®} and Cg(aba) = {1,aba,bab}. Note that these
centralizers are abelian subgroups of G. Therefore, I'¢c = K3 U 4K,. Using
Theorem 2.1, we have L-spec(I'¢) = {0°,3%,2%} and Q-spec(T'g) = {4', 12,24, 0}.
Hence, GG is both L-integral and Q-integral.

If G = Sz(2) then by Theorem 2.2, we have L-spec(I'g) = {0643 3%} and
Q-spec(T'g) = {6',23,4%,1%}. Hence, G is both L-integral and Q-integral.

If G is isomorphic to SL(2,3) then it was shown in the proof of [11, Theorem
3.2] that I'¢ = 3K, U4K,. Therefore, by Theorem 2.1, we have L-spec(I'g) =
{07,234} and Q-spec(T'g) = {03,2'° 6*}. Hence, G is both L-integral and
Q-integral.

If G = Aj then by Proposition 2.11, we have

L-spec(T'g) = {0%,3',2'%, 4"} and Q-spec(T'g) = {4°,1'7,21°,0",6°,2'%},

noting that PSL(2,4) = As. Hence, G is both L-integral and Q-integral.
Finally, if G = S then it can be seen that the characteristic polynomial of
L(Tq) is 2°(z — 1)3(z — 2)*(z — 3)%(z — 5)(z* — 8z + 3)? and so

L-spec(T¢) = {05, 13,2438 51(4 + V13)?, (4 — \/13)2} .

Also, the characteristic polynomial of Q(T'g) is z*(z — 1)%(z — 2)*(z — 3)3(2? —
11z + 20)(2* — 8z + 11)? and so Q-spec(I'g) is given by

1 1
11+ v41 11 —v41
04,16,24,33,51<4+¢5)2,<4—¢5>2,( 5 ) ( 2 )

This shows that if G = S, then it is neither L-integral nor Q-integral. This
completes the proof. 0

Theorem 4.3. Let ' be the commuting graph of a finite non-abelian group G.
Then G is super integral if I is toroidal.

Proof. By [10, Theorem 6.6], we have I'¢; is toroidal if and only if G is isomorphic
to either D14, D167 Q167 QD167 DG X Z3, A4 X ZQ or Z7 X Zg.

If G =2 Dyy or Dyg then, by Corollary 2.7, one may conclude that G is both
L-integral and Q-integral. If G = ()14 then, by Corollary 2.8, G becomes both
L-integral and Q-integral. If G = QD¢ then, by Proposition 2.10, G becomes
both L-integral and Q-integral. If G = Z; % Z3 then G is both L-integral and
Q-integral, by Proposition 2.9. If G is isomorphic to Dg X Zg or Ay X Zs then G
becomes both L-integral and Q-integral by Corollary 2.16, since Dg and A, are
AC-groups. Further, it was shown in [I1, Theorem 3.4 that G is integral if '
is toroidal. Hence, G is super integral if I'g is toroidal. O

We conclude the paper with the following result.
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Proposition 4.4. Let ' be the commuting graph of a finite non-abelian group

G

. Then T'q is super integral if the complement of ' is planar.

Proof. 1f the complement of ' is planar then, by [1, Proposition 2.3], we have

G

is isomorphic to either Dg, Dg or Qg. If G = Dy or Dy then, by Corollary 2.7

and [11, Proposition 3.1 |, we have that G is super integral. If G = Qg then, by
Corollary 2.8 and [11, Proposition 3.2 |, it follows that G is super integral. This
completes the proof. O
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