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ABSTRACT. In the present paper, we find a condition under which a Finsler
space with Randers change of generalized mth root metric is projectively re-
lated to an mth root metric. Then we find a condition under which Randers
change of generalized mth root Finsler metric is locally projectively flat and
also find a condition for locally dually flatness.

1. INTRODUCTION

In 1941, Randers [6] introduced a special class of Finsler space defined by
F = F + 3, where F is a Riemannian metric and 8 = b;(z)y’ is a one-form.
Matsumoto [1] studied Randers spaces and generalized Randers spaces in which
F' is Finslerian. The theory of mth root metrics has been developed by Mat-
sumoto and Shimada (see [5] and [7]) and applied to ecology by Antonelli [1] and
studied by many authors (see [10, 11, 12, 13]). Recent studies show that mth
root Finsler metrics plays a very important role in physics, space-time, general
relativity as well as in unified gauge field theory (see [2]). In [9], Tayebi and
Najafi characterized locally dually flat and Antonelli mth root metrics.

Recently, Tayebi, Peyghan, and Shahbazi Nia [10] has introduced generalized
mth root Finsler metrics in which they studied locally dually flatness of general-
ized mth root Finsler metrics and found a condition under which a generalized
mth root metric is projectively related to an mth root metric.

Throughout this paper, we call the Finsler metric F as transformed mth root
metric and (M™, F') = F™ as transformed Finsler space. We restrict ourselves
to m > 2, throughout the paper and also the quantities corresponding to the
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transformed Finsler space F™ will be denoted by putting bar on the top of that
quantity.

In this paper, we obtain the condition under which the transformed Finsler
space is projectively related with the given Finsler space. Also we find the con-
dition under which the transformed Finsler space is locally projectively flat and
locally dually flat.

2. PRELIMINARIES

Let M™ be an n-dimensional C'*°-manifold, and let T, M denote the tangent
space of M™ at x. The tangent bundle T'M is the union of tangent spaces, TM :=
U,eas TeM. We denote the elements of TM by (z,y), where = (') is a point
of M™ and y € T, M, called supporting element. We denote T'My =TM \ {0}.

Definition 2.1. A Finsler metric on M" is a function F' : TM — [0, 00) with
the following properties:
(i) Fis C*° on T'M,,
(ii) F is positively 1-homogeneous on the fibers of tangent bundle 7'M, and
(iii) the Hessian of F? with element g;; = %% is positive definite on T M.
The pair (M", F) = F™ is called a Finsler space. F' is called the fundamental
function, and g,; is called the fundamental metric tensor of the Finsler space F™.
The normalized supporting element [/; and angular metric tensor h;; of F™ are
defined, respectively, as:
2
li = a—F and hij = Fa—F
ayt oyt 0y’
Let F = %/A be an mth root Finsler metric, where A is given by A :=
Uirin. i, (T) Yy .yt with ag,;  is symmetric in all its indices [7].
The generalized mth root metric is defined as F' = vF? + B. Here F'is called an
associated mth root metric of the generalized mth root metric F' [3].
Consider the transformed Finsler metric

F=VF2+B+C, (2.2)

where B = b;;(z)y'y’ and C' = ¢;(x)y" is a one-form on the manifold M™.
This transformed metric F' is called Randers change of generalized mth root
metric. Clearly F' is also a Finsler metric on M™.

(2.1)

Let,
0A 0?A 0A ;
Ai:_w i T A o Axi:_-u A :AIZ 17
oy’ T Oyioyd Oz’ ’ Y
0B 0B 4
B;=—, B, =—, Byg= By,
oy O 0 Y

oy’ oxt’
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3. FUNDAMENTAL METRIC TENSOR WITH RANDERS CHANGE
OF GENERALIZED mTH ROOT METRIC

From (2.2), we have

F? = Aw + B+ C*+20\/ Aw + B. (3.1)

Differentiating equation (3.1) with respect to y* yields

2 421 ]
F2 2 EAm AZ + szyj C
OF" 2 j2m1, 4 obyy +ZCO+2C\/Am+B+< ) .

gyt m VAw + B o)
3.2
Again, differentiating equation (3.2) with respect to 7 yields
1 O*F? 1,2 1
- = — ——1AH*2AA AH*IAZ bij + CiC;
2 0ytoy’ m(m ) * U
CZ' (EAﬁilAj + 2b]kyk>
+ 2
2V A= +B
VAZ + B { (%(% — DARTZAA; + LAFTIA, + bij) c}
+ 3
Am + B
0 VA% + B (1 AZUA + bl-jyﬂ')
Aw + B
AiflA b;
—0( AnlA, +bwy) + by
(Aw + B)2
Therefore,
_ 1 2 2 _9 1 2 _q
gij E(E — 1)Am AZAJ + EAM Aij + bij + ClC]

C; <iA%*1A- + bjkyk)

+

7n

L(AR 4 B) {( 2
m
+C< Am A4, + bwy)}

2 -3 1 2 . 1 2 .
~C(Aw +B) (aAm‘lAi + bm/) (EA"‘_IAJ’ " b"jyz) |

— 1)An2AA; + —AilAijerij)c

SIH

The metric tensor of Finsler space with Randers change of generalized mth root
metric is given by
C;D; + C;D; D;D;
Lo0+ SEiE O g i (33

C
Gij = Gy | 1+ ——— | +C: : :
’ J( \/m> " VaryB (Aw + B)3/2
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where
A 1 2_9q j 1 2_1 i
Gij = gij + bij, D; = EAW A+ by’ Dj= EAW Aj + bijy

and
2_9

m

Proposition 3.1. The covariant metric tensor g;; of Randers change of gener-
alized mth root metric is given as:

VAT+B (AR BpR

+CiC; +

_ . C
9ij = 9ij | 1 + —F—=
VAm + B

4. SPRAY COEFFICIENTS OF RANDERS CHANGE OF GENERALIZED mTH
ROOT METRIC

The geodesics of a Finsler space F™ are given by the following system of equa-
tions:

d?zt . dz :
dt2 +G (w,£>20, 2:1,2,...,TL,
where
i1
¢ = 29" {[F) 0 v = [F2),1} (4.1)

are called the spray coefficients of F™.
Two Finsler metrics F' and F on a manifold M" are called projectively related if
there is a scalar function P(z,y) defined on T' My such that G* = G* + Py*, where
G and G' are the geodesic spray coefficients of F™ and F", respectively.

In other words, two metrics F and F are called projectively related if any
geodesic of the first is also geodesic for the second and vice versa.
The spray coefficients of Randers change of generalized mth root Finsler space
F™ is given by

I T _
' =7" { [F?) v — [FQ]xl} . (4.2)
Lemma 4.1. [10]. Let A = [A;j] be an nxn invertible and symmetric matriz, and

let D = [D;] and E = [E;] be two nonzero n x 1 and 1 X n vectors, respectively,
such that D;E; = D;E;. Suppose that 1 + AP"D,E, # 0. Then, the matriz
B = [B;;] defined by B;j :== A;; + D;E; is invertible and

1

(Y Nl AW
BY:=(By)— =4 1+ AraD,E,

A¥AY DL E,,
where matriz (A"Y) denotes the inverse of matriz (A;;).

Theorem 4.2. Let F = \/Awu + B+ C and F = Aw be Randers change of

generalized mth root and an mth root Finsler metric on an open subset U C R",



ON RANDERS CHANGE OF GENERALIZED mTH ROOT METRIC 73
respectively, where A = a; i, i, (2)y"y"? ... y"™, B = b(2)y'y’, and C = ¢;(x)y’
with m # 1. Suppose that the following holds:

1

(m—1)

AT AN+ 20) + [~Lb — KOO+ I (G + 27)
Lbil _ Iz'l ;
iy (1 n W) Al =0, (4.3)

where

Cl By — xl +2C,Cy 4 2CCy — 20011,

R2(CV AW + B _O(CVAm + B)}

u

Oxkoy! ox!
KC!
7= 4 { [FQ] zhyl yk o [FQ} xf} )
- 1
A' = (m— 1)A ApCp,

C!' = ¢'"*C), and K, L are constants. Then F is projectively related to F.
Proof: By equation (2.2), we have

F?=F>+ B+ C?+2C\ Aw + B. (4.4)

Then using Proposition (3.1), we obtain

B R C C;D; + C;D; D;D;
Gij = Gij <1+ﬁ) +C¢Cj+ ]H J - C HBJ’ (45)

where
Gij = Gij + bij,
gij = A [(m — 1) AA;; + (2 — m) A Ay, (4.6)

andH:\/A%jLB.

From Lemma 4.1, we get
gl =g — KC'CI 4 17, (4.7)
where K is a constant, /¥ will be the inverse of the last two term in equation

(4.5), which easily may not be calculate explicitly,

and
1 ij (m—2) il 7
(m = 1>AA + —(m — 1)3/ Y } Lb", (4.8)

where L is a constant and ¢ is the inverse of g;;.
Then by equations (4.2), (4.4), and (4.7), we have

gAij = gij — Lb9 = Afﬁ |:

G % [g}l _KCiC! _|_Iil:|

. [82(F2 +B+C24+2C\/An +B) , O(F2+ B+C2+2C\/An +B)}

0xk oyl 4y Ox!
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Then from equation (4.8), we can write

O*(F?) & 3(F2)]

arkayt? T T odd

Gi — i gl — L' — KCic! +I“] [

Lr g il ia ] [9X(B) x  9(B)
Sl — it — K I _
Tyl RS RCCHIT550Y T o }
Lra i il a] [9%(C?) _ a(C?)
ot -t - KO T [P0 - S }

Y

Oxk oyl ox!

- 4 . PO\ Am + B d(C\/Am + B
4= gzl_Lbzl_KCzCl+Izl ( + ) k ( + )

B

O(F?)

G L[ [P AP (RO )
4 Oxk oyl Ox! 4 Oxk oyl
1
+

4
17 . 4 . .
+5 [o" - Lbt - KCict 4 1]

where
o [02(0\/Ai +B) ,  9(Cy An + B)]
: Oxk oyt 4 Ox! ’
Therefore,
_. . Lbt — i A ) ) )
G = G-~ [1 I iialle] )} C'+ 3 [g“ — Lb' — KC°C +1@l] G
171 . . , ,
_|_§ [gzl _ Lbzl _ KCzCl +Izl:| Jy,
where
KC' 2 k 2
v= = { P vt - [P}
¢ = Boy— By +2CCo +2CCy —2CC .
Putting
(m—2) 2 - 1 m=2
P .= A" myPC A= — A m APC
(m—1)" " (m—1) "
we have
C'=gPC,=A"m AA™ yP | Cp = Al + Dyt
By (4.8), (4.9), and (4.12), we get

~i i _2 (m—=2) 4 Lot — 1" i
G = G+[A m74(m_1)y(4z+2Jz) 7<1+Kcicl ‘P}y

Lbll - Ill 5 ]. m—2 .
v (14+ = | Al ———— A" A" 2J

1 A A A
+7 [Fov - KOO+ 1 (G + 20,

Ox!
[gil — L' — KCiC + I“} [Boy — Byt + 2C1Co + 2CCoy — 20C,1]

|

(4.10)

(4.11)

(4.12)

(4.13)
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If the relation (4.3) holds, then by (4.13) the Finsler metric F' is projectively related to
F.

5. LOCALLY PROJECTIVELY FLATNESS OF RANDERS CHANGE OF GENERALIZED mTH
ROOT METRIC

A Finsler metric is called locally projectively flat if, for any point, there is a local
coordinate system in which the geodesics are straight lines as point sets. It is known
that a Finsler metric F'(z,y) on an open domain U C R* is locally projectively flat
if and only if its geodesic coefficients G take the form G*(z,y) = P(x,y)y’, where
P :TU = U x R* — R is positively homogeneous with degree one and P(z, \y) =
AP(x,y), A > 0 [3]. We say that P(x,y) is the projective factor of F.

In other words, a Finsler metric F' = F(x,%) on a manifold M™ is said to be locally
projectively flat, if and only if

(F)a:kylyk = (F)xl

Using equation (2.2), we have
245 Ay + By

o 2\/Aw + B

. ZANT AL+ B

[F] + Cy. (5.1)

From (5.1), we get

[F]xk = + Ck
zm
and
- (zm) (%(%Tm)f?i’" Ay Age + 2 A% Ageyt + Bmkyl)
F =
1 2 —-m 2 —m
3 <A2mAxk + sz> <A27"Ayl + Byl> + Oyt (5.2)
4(Awm + B)2 \m m

Let the Finsler metric F be locally projectively flat. Then we have
[F] ey " = [Fl =0 (5.3)

Therefore, from (5.1), (5.2), and (5.3), we obtain

Floss = [F (2y/ A7 + B) (2(52)A%3" 440 + A% Ag + By
zhy! - 2l T

A(Aw + B)
1 2 2m 2 2m
e <A2mA0 + Bo) (AzmAl + Bl) + Coy
4(Am + B)z \ m
%AQ;Lm sz —+ sz
— —Cu=0.

2\ A + B
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Hence, F is locally projectively flat metric if and only if

2 — m—
Ay = (2=m) gyt Ay + ARy, S (
mA 2 2(Aw + B)

2 —m m— —m
x <mA2mAl n Bl> +(Co — C)ymA™ S\ A + B — %BQ,ZA%. (5.4)

Thus, we have the following result.

Ag + %A%BO)

Theorem 5.1. Let F = 4/ Am + B+ C be a Randers change of generalized mth root
Finsler metric on a manifold M™. Then, F is a locally projectively flat metric if and
only if equation (5.4) satisfied.

6. LOCALLY DUALLY FLATNESS OF RANDERS CHANGE
OF GENERALIZED mTH ROOT METRIC

In Finsler geometry, Shen extended the notion of locally dually flatness for Finsler
metrics. A Finsler metric F' = F(z,y) on a manifold M™ is said to be locally dually
flat, if at any point there is a standard coordinate system (%, 5%) in TM such that
[F2] ey v* =2 [F2],

Every locally Minkowskian metric is locally dually flat.

Using equation (2.2), we have
+ CB,
- +20,\/ A + B. (6.1)

\/Am + B
From (6.1), we get

2—m
_ 2 2-m 20A % Ay +CB
[F?] , = EAQW Ak + By +20C0 + ™ ot TPk o0 AR + B

\/ A= + B
2(2 ) 2-2m

2 2-m
l:*A%Aﬁkyl +r— A m AjA

k
vy m m m

+ szyz + QCCkyz + 2C1C 1k

b [ Ai+B{2(2_m)c
(Aﬁ—i-B) m m

[FZ] 7A m Axl+Bxl+QCCl+

and

7]

2 2-m
ok T %CA m Awkyl
2 2-m
+EA m Aszl + Clek + CBxkyl

- <20A27J”Axk + osz> _ <2A2J‘AI + Bl)
m m

2\/Am + B

2 A% A+ B
+ 20,0\ A + B+ Cp L (6.2)
2
\/ Am + B
Let the Finsler metric F be locally dually flat. Then we have
[F?] i v® =2 [F?] =0 (6.3)
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Therefore, from (6.1), (6.2), and (6.3), we obtain

2 —-m 2 2 m
:—AQM AOl—F—( )AQWQL AlAO
m

+ By + 2CCy; + 2C,Cy

22=m) gz a4 2 CA " Ay

(2] " =2 [F]

!

2 1
Am + B) 2
Hn e n) D I
+ 2 4B A+ CiBo + C’BOI}
m
3
— <2CA2mon + CBo> —(A +B): <2A2mmz41 + Bz>
m 2 m

/ —A*A + B
+ 2Cy, Aw + B+ Cy2 l l
\/AH + B

A uEE A, — 9B, —acCy,
m

2—m
2045 A, +CB
—om o TP ) yooJaE + B
\/Aw + B

Therefore, F is locally dually flat metric if and only if

1 1
Ay :TAOZ\/A% + B+ 5 FA(2 —m)A;Ap\/ Am + B

/ 1
+E(BOZ+QCCOZ+2CZCO)A m Am + B+ 2 AF( —m)CAA

1
+ ﬁCAOZ + oF A[)Cl + (CZBO + CBOl) A m

2 -
- <CA0 +CBDAm> L < A5 A, +Bl>
m F(A% + B)

=0.

mCo
+—_COZA (Am +B) T (mA,+B,A D )

m m=2 2 mC
— 57 (B +20C,) A" AT + B— T2 B A" _70 AT (Am +(B>)
6.4

Thus, we have the following results

Theorem 6.1. Let F =/ Aw + B+ C be a Randers change of generalized mth root

Finsler metric on a manifold M™. Then, F is a locally dually flat metric if and only if
equation (6.4) satisfied.

Corollary 6.2. [9]. Let F = Aw be an mth root Finsler metric on an open subset
U C R". Then F is a locally dually flat metric if and only if the following holds

1 2—m
Axl = ﬂ |:( m )A()Ayz + AAg | . (6.5)

Putting C' = 0 in equation (2.2) and equation (6.4), we get the following corollary.
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Corollary 6.3. [8]. Let F' = Aw be an mth root Finsler metric on an open subset
UCR" Then F = F?+ B is a locally dually flat metric if and only if the following
holds

]. m m—2 m—2 \/ A% + B
A=A+ —02-—m)AjAo+ —BgA m —mBuA _—
mA 2 2F
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