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ON APPROXIMATION OF FUNCTIONS BELONGING TO
SOME CLASSES OF FUNCTIONS BY (N, p,,¢.)(E,0) MEANS OF
CONJUGATE SERIES OF ITS FOURIER SERIES

XHEVAT ZAHIR KRASNIQI'", DEEPMALA?

Communicated by J. Brzdek

ABSTRACT. We obtain some new results on the approximation of functions
belonging to some classes of functions by (N, py,, ¢,)(E, ) means of conjugate
series of its Fourier series. These results, under conditions assumed here, are
better than those obtained previously by others. In addition, several particular
results are derived from our results as corollaries.

1. INTRODUCTION AND PRELIMINARIES

Given two sequences p := (p,) and q := (g,), the convolution (p*q),, is defined
by

Rn = (]9 * Q)n = meanm-
m=0

We write P, := (p*1), = _oPmand Qp = (1%q)n = > 0 0 Gm =D o Gn—m.-
Let (s,) be the sequence of partial sums of the numerical series ), u,. The
generalized Norlund transform of the sequence (s,,) is the sequence {29} obtained

by putting

tpvq — L
" R
where R, is a sequence of nonzero real numbers. If s, — s as n — oo implies
that t#7 — s as n — oo, then the method (V,p,,qn,) is said to be regular. A
necessary and sufficient condition for the method (N, p,, ¢,) to be regular is that

Prn—mdmSm,
=0

n
m=
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> o 1Prem@m| = O(l(p*q)n|) and p,_pm = o(|(p* q)n|) as n — oo for every fixed
m > 0 (see Borwein [1]).

The method (N, py,, ¢,) reduces to the Norlund method (N, p,), if ¢, = 1 for
all n; and to the Riesz method (N, g,), if p, = 1 for all n. It is a well-known fact
that the (IV,p,) mean (respectively, (N, q,) mean), includes as a special case,
Cesaro and harmonic means (respectively, logarithmic mean).

Let E% = (1+0)n Sico ()0 sk, 0> 0. If EY — s as n — oo, then the series

Y oo Un is said to be summable to s by the Euler method (£, 6) and this method
is regular; see [2].

The product summability (N, p,, ¢,)(E, 0) is obtained if we superimpose (E, 6)
summability on (N, p,, ¢,) summability. The (N, p,, ¢,) transform of the (F, @)
transform defines the (N, p,, ¢,)(E, 0) transform #29% of the nth partial sums s,
of the series >~  u, which is defined by the equality

n—k
tp,q,@ - kan k n — k eks ]
" (1+6)n ’“ — v Y

If 179 — s as n — oo, then the series ano up, or the sequence (s,) is said
to be summable (N, p,, ¢,)(E, 0) to the sum s if the limit lim,, ., t7? exists and
is equal to the same number s.

Let f be a 27 periodic signal (function) and Lebesgue integrable, that is, f €
L[0,27]. Then the Fourier series of the signal (function) f at the point z is given
by

f(z) ~ %%—mzl(amcosmx%—bmsinmx), (1.1)
with its partial sums s,(f;2) being a trigonometric polynomial of order n with
n + 1 terms.

The conjugate series of the Fourier series (1.1) is given by
Z(bm COSMT — Gy, SINMNT). (1.2)
m=1

A signal (function) f € Lip a if |f(z +1t) — f(z)] = O(|t|*) for 0 < o < 1.

A signal (function) f € Lip (o, 7) for 0 < o < 27 if

{ T - f<x>|f}w < M(J°) (13)

forr > 1and 0 < a < 1, where M is an absolute positive constant not necessarily
the same at each occurrence (see McFadden [5]).

Moreover, it is said that f € Lip (£(¢),r), £(t) > 0 if
fel0,2n] and |[[f(z+1t) = f(x)ll- = O (1))
for r > 1, where the L,-norm of a function f : R — R is defined by

2 1/r
||f||r=(/0 |f<x>|rda:) R
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The Lo-norm of a function f : R — R is defined by

[fllee = sup{[f(2)] - © € R}.

It should be noted here that if £(¢) = ¢, then Lip (£(t),r) = Lip («,r), and if
r — oo in Lip(p,r) class, then this class reduces to the Lipa class.

A signal (function) f is approximated by the trigonometric polynomial 7, (f; )
of order n, and the degree of approximation F,(f) of a function f € L, is given

by
E,(f) = min [|f(z) = 7 (f5 )],
in terms of n.

The degree of approximation of a function f : R — R by a trigonometric
polynomial 7,,(f;x) of order n under sup norm || - || is defined by

1 (@) = 7u(f3 )l = sup{[f(z) — 7u(f; 2)[ - @ € R}.
Throughout this paper, we will write
Ve (t) =0(t) = flx+t)— flx —1t), Acy=cp— a1, n>0,

and

(k+1)t 6—1

—~— n kcos | “=L — ktan™! tan &
KR*O(t) = : > ek (R(t) ) [ ’ (= 2)]
k=0

7R, 1+6 Sin% ’

where

R(t) = \/(9+ 1)2 — 40 sin? %

The theory of approximation, which is originated from a well-known theorem of
Weierstrass, has been an excitatory interdisciplinary field of study till nowadays.
The approximations of the functions have a wide applications in signal analysis,
digital communications, theory of machines in mechanical engineering, and in
particular in digital signal processing; see [12] and [13] (also the interested reader
could find several new results on these approximations and their applications into
references given in [11], see also [3] and [6-8]).

Very recently, Mishra and Sonavane [11] determined the degree of approxi-
mation of a conjugate function f of a function f € Lip(a,r) (r > 1), by an
(N, q,)(E, 1) transform of partial sums of the conjugate series of a Fourier series.

Their results are the following statements.

Theorem 1.1 ([11]). Let (N,p,) be a regular Nérlund method of summability
defined by a positive generating sequence (p,). Let f : [0,2nr] — R be a 27
periodic function, Lebesgue integrable, and belonging to the Lip(a,r), (r > 1)
class. If either

Q) (n+Dp.=0E), (i) imm:o( P") (1.4)

— n+1
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s()|-ol). 0o

Then the degree of approximation of the function f by the (N, p,)(E, 1) transform

n —k
1 n—
NE —
Ty ()
of the partial sums s, (f,x) of the series (1.2) is given by the following estimations:

— = O((n+1)"%) for0<a<l1
[EE = fll» = O (10g(n+1)> fora =1,

or

(i)/ (n + 1)pn = O(Pn)’ (ii)/ Z
k=0

n+1
for allm € {0,1,2,...}.

Theorem 1.2 ([11]). Let (N,p,) be a reqular Nérlund method of summability
defined by a positive generating sequence (p,). Assume that £(t) is a modulus of
continuity such that

/vﬁdt:O(f(v)), 0<wv<m. (1.6)

Let f : [0,2n1] — R be a 2w periodic function, Lebesque integrable, and be-
longing to the Lip(&(t),r), (r > 1) class. Then the degree of approximation of the

function f by tNE means of the partial sums s,(f,z) of the series (1.2) is given

by
o A0
NE _ _
I8 ~ 7l O<n+1 / . dt>

for allmn €{0,1,2,...}.

Theorem 1.3 ([11]). Let (N,p,) be a reqular Nérlund method of summability
defined by a positive generating sequence (py) satisfying (1.4) or (1.5). Let f :
[0,27] — R be a 2mw-periodic function Lebesgue integrable, and belonging to the
Lip(£(t),7), (r > 1) class and let *2 be monotone decreasing in (m/(n+1),).

Then the degree of approximation of the function f by t,]yE means of the partial
sums S, (f, ) of the series (1.2) is given by

167 = 7l = 0 (¢ (4 ) stn+ 1),

for allm € {0,1,2,...}.

The purpose of this paper is to determine the degree of approximation of the

function f by 2% means of the partial sums Su(f, ) of the series (1.2), in

the cases when f € Lip(a,r) and f € Lip(§(t),r),(r > 1). Our results will
significantly extend the above mentioned results.
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2. HELPFUL LEMMAS

The following auxiliary statements are needed for the proofs of our main results.

Lemma 2.1. If 0 < ¢ < -, then ’Kﬁ’q’a(t)’ — O, nef0,1,2,...}.

Proof. If0 <t < .75 and n € {0,1,2,...}, then according to Young’s inequality
sinf > L we get

k ’cos [(kgl)t — ktan~' (41 tan %)} ‘

o 1 R(t) 0+1
KR*(1)| < e
‘ (>‘ - 277anpkq "11+0 ‘sin£|
k=0 2
k
1 ¢ [R(H)]*2 1
3R, 2P (T gy T
k
R (6 +1)? — 40sin* |2 7
< B z
= orR. Zopk% k (11 0)F f
_ 1 z”: [(0+1)%° 1

O
Lemma 2.2. [fnL—H <t<m, 0<k<n,0+#3, and either
n—1 R
O (4 P = O, @) 3 Spanal =0 (225 ) (2)
— (n+1)
or
— R R
N/ 2 o AN k o n
(2.2)
then

— 1
tf{q’g(t)‘ = Op (m) , nef0,1,2,...}.

Proof. Let the conditions (2.1) be satisfied. For the sake of brevity, we denote

0—1 t
. e e -1 _
o(t; 0) := ¢ := tan (9+1tan2)
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and

t t
Py(t) = cos 5~ Cosp— 2 cos B cos(¢ + 1) (

. ([t R t
+ sin (5—30) sin {5—1—(5—%1) (5

/ / /
+2sin 5 sin(C + 1) (5 - 4,0) sin® (Z - g) .

Then, applying the summation by parts, we obtain

t 2
é—gp)cos (

)

lw]

2R, ‘ 1+6

(k+1)t
ol R gy
fﬁ’q’e(t)’ = > kan—k;( ()> e
=0

t
Sin 5

t

4

¥
2

)

(0 +1)% — 40 sin® t} Cos [(jzl)t —

n—1 k
1
= A e
2R, Z (Prn-r) Z (14 6)Jsin 5
— ]:0 2
n [(0+1)* — 460 sin’ %]% cos [(]H)t jgo]
+Pnqo .
part (1+0)/sint
n—1 V4 G+t 1
1 cos [ 5 jgo]
< JAN _
< o, 2| 8 ) [ | D
(J+1)t
+ ~ s [ R ]
Pndo OIE&X sin %
]:

IA

T {ZIA Prdn-k) | max

%Zei[@_”]

J=0

+ max
Prdo 0<t<n

}

%Zei[wﬁ‘p]

it 1 - 6 (£+1)(%

,(p)

- 2tR, {Z|A Dkdn—k ‘m?é Rez
1 — eD(59)
+Pnqo Jnax. Rez 0 }
Py

:2tR {Z|A PkGn—k ‘&1339

5l

+anO max

Z
0<t<n 45111 (i — %)

—

t)

4 sin® (i - 525)

1— ¢i(3-%)
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T | A DL k) Pndo
N 8tRn{Z sin® ) Jrsin2 (ﬁ—%)}

2

|A Pr4n— k Pndo
“uin {Z : ||}

2 4

Using the inequality of [4, pp. 288f289]

tan'u <u for u>0,

we have
- 77]'2 n—1
t%qﬁ(t)' < o 2{ | A (pkqn—k) | +anO}
32tR, [ 36T tAn 5 ] k=0
T2 Rn R,
0-1 (n
B2R, |4 ity tan |

+
=0
(n+1)% < 0+1 tan

1
:O((n+1)2t3(9+1) ): 0 (n +1)2t3)

The proof of this lemma, under conditions (2.2), can be done in a similar way.
We will skip it, and the proof of the lemma is completed. O

Lemma 2.3 ([11]). Let f € Lip(a,r), let 0 < a <1, and let r > 1. Then

Ji ; el s "o,

Lemma 2.4 ([11]). Let f € Lip(&,r), and let r > 1. Then

| ) w:c,t)rda:r )

Now we pass to the main results of this paper.

3. MAIN RESULTS
We prove firstly the following main result.

Theorem 3.1. Let (N, p,, q,) be a generalized regular Norlund method of summa-
bility defined by two positive generating sequences (py,) and (¢,). Let f : [0,27] —
R be a 27 periodic function, Lebesque integrable, and belonging to the Lip(«,r),
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(r > 1) class. If either (2.1) or (2.2) holds true, then the degree of approzimation
of the function f by (N, pn,q,)(E,8) transform

—_— n k
tp,q,O(x) _ L Prdn—k k Hk’”fsv (.I')
n Rn (1 4 G)k g v

(%
k=0

of the partial sums s,,(f, x) of the series (1.2) is given by the following estimation:

the? — ﬂ‘L =0 ((n+1)7"), 0<a<l,

for alln € {0,1,2,...} and 0 # 3.

Proof. For the partial sums s,(f, x) of the series (1.2), the following equality holds
true
- ~ 1 4 cos (v+ 1)t
T Jo

Therefore, the (E,0) means of 3,(f,z) — f(x), have this form

7o Py L (@, 1) o (5 e 1
E’z<x>_f(x)—27r(1+0)k Sy Z(U>9 cos<v+§)tdt,

v=0

dt.

it
SlIl2

which can be rewritten as follows:

B{(z) - flz) = 5 (119 Mt?ﬁ{Z(k)@’““”* }dt
k

sin £ —\v
(14-9 wsjlt%{eg; v gkth} dt
- (1+9 iit%{eg(“ez )}t
= o 1+9 ili; %{el(kﬂ)t 96 2 —i—ei‘;)k}dt
_ o 1_1_9 ﬁli 2 §R{ Hep cos—z(@—l)smﬂk}dt

Denoting
R(t)cosp(t;0) = (6 + 1) COS% and R(t)sinp(t;0) = (0 — 1) sin %,

we easily obtain that

t
R(t) = \/(9+ 1?2 — 4fsin’ 7,

and

0—1 t
. _ -1 _
o(t; 0) = tan (9+1tan2).
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So, we have
— ~ 1 T 1[)(33 t) ikt Dt s
E@ — = ’ — t io(t;0)k dt
(@) = 1@ = 55 | int §R{e 7 RE(1)e }
_ 1 Y(x,t) R {ei(k;mRk(t)e_ik“’(t;e)} i@t
2n(1+6)% Jy sini
1 g 1 -1
= w(.x’tt)Rk(t) cos (k+ 1)t — ktan™! o tanE dt.
2n(1+0)% Jy sin} 2 6+1 2

Consequently, the (N, p,, ¢,) means of EE(J&) — f(z) are

LS petes { ) — o)}
" k=0

Phlln—k w(x’t)Rk(t) cos [(k —; Lt — ktan! <9 -1 tan t>] dt

1 n
_27arkZ:0(1+9)k o sini

: o+1 "2

or

A w) - Flo) = [ "l KD ()t
0

Whence, using generalized Minkowski’s inequality (see [15, p. 18]) and Lemma

2.3, we have

o _ . 1/r
279 (2) - J2) dx]

t(z) - f()|

.
- |/
= [ [ T
= /O”Lc’)(ta)

= J1+J27

- - 1/r
/ zb(:v,t)K,’{’q’e(t)dt‘ das}
0

. 1/r
dx} ‘Kﬁ’q’e(t) ‘dt

T

K299 (1) ‘dt + / Ot

T
+

K9P (¢1) ‘dt

since by Lemma 2.3 the implication f € Lipa = 1 € Lipa holds true.
Based on Lemma 2.1, we obtain

Jy = - OOt Hdt = O((n+1)7°).

0
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Now applying Lemma 2.2, we have

J :‘/ OWﬁKWe‘ﬁ

_ / 0100 (s )

Therefore, we have

twﬂ—ﬂ

Note that 7% means generalize tN¥ means considered in [, 11], in the case
when ¢, = 1 for all n, and therefore this theorem has a wider range of applications.
Another advantage of this theorem is the fact that, for a = 1, it gives a degree of
approximation of Jackson’s order, even in this case, while in the previous results
proved by others do not.

1
— Oy [ ——— <1
. 09<<n+1>a>, 043 0<a<

O

Example 3.2. In order to Support our main results, we take p, =n+1, g, = 1,
and § = 1, then E}(f;2) = 55> r_o (1)sk(f;2) means as well as tN(f;z) =
W%H?) Y peo(n — k + 1)sk(f; x) means, converge to f(z) faster than s,(z) in
the interval [—m, 7], where s, () denotes the partial sums of the series

= 21 — (=1)"
Zwsmmj, —nm<zx<m,

™
n=1

which is the Fourier series of the function

~1 if —r <z <0,
ﬂ@:{1 if 0<z<m

This nice example given in [11] (see its details at the end of it) shows that the

product summability means tN#( f; x) (these are special cases of the means consid-
ered in this paper) of the Fourier series of f(x) overshoots the Gibbs Phenomenon
and presents the smoothing effect of this method providing better approximates
than partial sums s, (f;z).

Theorem 3.3. Let (N, p,, q,) be a generalized regular Norlund method of summa-
bility defined by two positive generating sequences (p,) and (q,) satisfying condi-
tions (2.1) or (2.2). Assume that &(t) is a modulus of continuity such that

/vﬁdt:(’)@(v)), O<v<m. (3.1)

Let f : [0,21] — R be a 2w periodic function, Lebesque integrable, and be-
longing to the Lip(&(t),r), (r > 1) class. Then the degree of approximation of the
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function f by t2%° means of the partial sums Sn(f,x) of the series (1.2) is given

by
Pk 1 T
50 — ”‘ =0 / dt
/ Lr 9<(n+1)2 = t3
for alln €{0,1,2,...}.
Proof. Using the generalized Minkowski’s inequality and Lemma 2.4, we have

2w r 1/r
-1 d
LT 0
2m s —_~ r 1/r
_ { / / (e, )RR (1) dx]
0 0

LU

:/0 o<§(t))(?<§_q5(t)|dt+/

_m
F

#549(x) — la) 549(x) — (o)

. 1/r
W(x,t) dm] ‘Kﬁ’q’e(t)‘dt

T

O(zg(t)))?(?’?(t))dt

= Jl(l) + Jz(l).

Based on Lemma 2.1 and condition (3.1), we obtain

s = /0+ O(e(w)|K2(n)|ar = 0 (/0+ @dt)
- 0(5 (nil)) :O((nil)Q /W gg)dt>’

n+1
(I A0) §(i) [ dt
mrig). 82 Grig). B
n+1l n+l
1

i (o)

On the other hand, Lemma 2.2 gives

s = /jco(ﬁ(ﬂ)\%(ﬂ\dt:og<(n+11>2 / 5<t>dt>.

n+1

since

Consequently, we clearly have

et 7 _ 1 T el
tn ﬂLT—OG <(n+1)2/nil t3 dt)a

which proves the statement of the theorem. O
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Theorem 3.4. Let (N, p,, q,) be a generalized reqular Norlund method of summa-
bility defined by two positive generating sequences (p,) and (q,) satisfying (1.4)
or (1.5) and (3.1). Let f :[0,27] — R be a 2w-periodic function, Lebesgue in-
tegrable, and belonging to the Lip(§(t),r), (r > 1) class, and let f(t—t) be monotone
decreasing in (r/(n+1),7). Then the degree of approximation of the function fv

by {poaf

means of the partial sums s,(f,x) of the series (1.2) is given by

-0 (%)

for allm € {0,1,2,...} and 0 # 3.

Proof. Under conditions of our theorem and from the proof of the previous the-

orem, we have

oy A0

! — T = 0 dt
f LT o ((n + 1)2 o 3 >

4. COROLLARIES

Several corollaries can be derived from our main results. Let us see some of
them as follows. If we take p, = 1 for all n and 6 = 1, then we obtain (note that
conditions (2.1) or (2.2) become simpler) the following corollary.

Corollary 4.1. Let (N, q,) be a reqular Norlund method of summability defined
by a positive sequence (q,). Let f : [0,2n] — R be a 27 periodic function,
Lebesgue integrable, and belonging to the Lip(a, 1), (r > 1) class. If either (2.1)
or (2.2) holds true for p, = 1, then the degree of approximation of the function
f by the (N, q,)(E,1) transform

n k

ORI DM WEID

k=0 v=0

of the partial sums s, (f, x) of the series (1.2) is given by the following estimation:

t:LNVE—ﬂ‘L —0(n+1)"), 0<a<l,
for allmn € {0,1,2,...}.

Corollary 4.2. Let (N, q,) be a reqular Norlund method of summability defined by
a positive generating sequence (q,) satisfying conditions (2.1) or (2.2) for p, = 1.



ON APPROXIMATION OF FUNCTIONS BELONGING TO SOME CLASSES 85

Assume that £(t) is a modulus of continuity such that

/v@dtzmg(v)), 0<v<r

Let f : [0,21] — R be a 2w periodic function, Lebesgue integrable, and be-
longing to the Lip(&(t),r), (r > 1) class. Then the degree of approximation of the

function f by tNE means of the partial sums s,(f, ) of the series (1.2) is given

by
Y 0]

Corollary 4.3. Let (N,py,q,) be a regular Nérlund method of summability de-
fined by a positive generating sequence (py,,) satisfying (1.4) or (1.5) and (3.1). Let
f:10,27] — R be a 2m-periodic function Lebesgue integrable, and belonging to
the Lip(£(t), ), (r > 1) class, and let %2 be monotone decreasing in (r/(n+1),7).

Then the degree of approrimation of the function f by tnNE means of the partial
sums S, (f, ) of the series (1.2) is given by

-1, -0 (c(;5)).

5. CONCLUSION

for allmn €{0,1,2,...}.

for allm € {0,1,2,...}.

The theory of approximations is a very important field of study in many re-
searchers. In particular, the theory of trigonometric approximation is of great
mathematical interest and still receives considerable attention. In many prob-
lems, we encountered the determination of the degree of approximation of periodic
functions belonging to generalized Lipschitz classes using the product of matrix
operators. In this paper, we considered the product (N, p,,q,)(E, ), which is
obtained by superimposing (£, ) summability, (6 > 0,0 # 3), on (N, pn,qn)
summability, to determine the degree of approximation (under some special con-
ditions on the sequences {p,} and {g,}) of periodic functions belonging to gen-
eralized Lipschitz classes (Theorems 3.1, 3.3, and 3.4). These results, presented
here, are more general than those proved earlier by others, and from them, we
derived several new corollaries.

Acknowledgement. The authors are thankful to the anonymous referee for
her/his valuable comments and several useful suggestions that helped for im-
provements of this paper.
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